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The long orthopositronium lifetime observed by Paul and Graham and Wackerle and Stump in liquid 
helium is evidence of a pickoff annihilation rate smaller by more than one order of magnitude than the 
rate to be expected on the basis of the average electron density. This discrepancy is removed by taking 
into account the repulsive positronium-helium exchange force already derived in previous work. By repelling 
the helium atoms and creating a cavity, or bubble, in the liquid, a positronium atom is able to avoid contact 
with the liquid and thereby greatly increase its lifetime. The small pickoff rate observed is attributed to 
the saturated vapor in the bubble. The repulsive exchange force further decreases this rate, and good 
agreement is obtained with experiment. It is predicted that increasing the temperature one degree Kelvin, 
from the boiling point to the critical point, will decrease the lifetime by a factor of three. Positron lifetime 
measurements in helium gas at liquid-nitrogen temperature and 0-100 atmospheres pressure would also 


provide a check on the theory. 


HE purpose of this note is to point out that the 

recently discovered!” very long lifetime of ortho- 
positronium in liquid helium can be explained in a 
simple manner by extending some work already re- 
ported.’ We also want to suggest some crucial measure- 
ments to test our proposed explanation of the long 
lifetime. Before concentrating on the long lifetime 
(mean life), r2, it should be mentioned that the shorter 
lifetime,* 7,, due to free positrons, is satisfactorily 
explained, at least qualitatively, by Ore’s calculation.® 
He found that the increase in the density of the positron 
at the electron shells of the helium atoms, caused by 
the attractive polarization force, is simulated by 
increasing the number of electrons per atom from two 
to Z,=2.8. This would give a mean life of 3.42 10~° 
sec/1.4, or 7;=2.44X10~ sec. (The value 3.42 10~° 
sec is the mean life expected for plane-wave positrons 
Office of Naval 


* Investigation supported in part by the 


Research. 

1D. A. L. Paul and R. L. Graham, Phys. Rev. 106, 16 (1957). 

2 J. Wackerle and R. Stump, Phys. Rev. 106, 18 (1957) 

*R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). In partic 
ular, see pp. 332-3. 

‘ Concerning notation, it seems desirable to retain these desig- 
nations, first introduced by R. E. Bell and R. L. Graham [ Phys. 
Rev. 90, 644 (1953) ], and to designate the very short para 
positronium lifetime of 1.24% 10~ sec, in those cases where it 
can be resolved, by the symbol ro. 

5A. Ore, Univ. i Bergen Arbok, Naturvitenskap. Rekke, No. 9 
(1949). 


in liquid helium at 4.2°K and one atmosphere.) The 
experimental value is' (1.83+0.15)K10~ sec. Thus, 
there is some evidence for additional enhancement of 
the annihilation by electron-positron correlation, which 
was not included by Ore (he mentions that it is not 
strictly correct to use the electron distribution of the 
unperturbed helium atom to calculate 7,), but this 
effect does not seem to be by any means as large as was 
suspected in reference 3. Although the problem of 
understanding +r; cannot be considered completely 
settled until correlation is taken into account, it seems 
that there is no essential difficulty involved here. 

The situation in regard to re is quite different. 
Before the recent measurements!’ it was puzzling that 
there was no lifetime longer than that for plane-wave 
positrons. Equation (59) was derived in reference 3 to 
represent the exchange repulsion between a positronium 
and a helium atom and was expected to decrease 
considerably the pickoff rate for orthopositronium 
The discovery of the long mean life’ 7.= (9.14+0.5) 
 10~* sec in liquid helium at 4.2°K and one atmosphere 
removes this discrepancy, but, going from one extreme 
to another, confronts us with a pickoff rate so low as to 
be equally difficult to understand. Subtracting the 
three-y rate from rz, we find (3,.7+0.6) X 10° sec™', or 

® We are accepting the value given in reference 1, rather than 


the value (124.2) K 10~* sec of reference 2, because of the smaller 
experimental error quoted 
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a pickoff rate about 804-15 times slower than plane- 
wave positrons. Since reference 3 was written, the 
inhibiting effect of the repulsive potential given by 
Eq. (59) has been calculated’ and found to be approxi- 
mately simulated by decreasing the number of electrons 
per helium atom from two to 


Z,=0.0784(1—1.872/rs)~*, (1) 


where rg is the radius of the sphere (in Bohr radii) 
whose volume is equal to the volume per helium atom. 
(It is identical to the parameter r,’ of reference 3. We 
have dropped the prime and capitalized the subscript 
to avoid confusion with the similar parameter in the 
electron theory of metals.) The radius rg=4.35 for 
liquid helium at 4.2°K and one atmosphere. Equation 
(1) yields Z,=0.426, implying a pickoff rate only 
(Z;/2)-'= 4.69 times slower than that for plane-wave 
positrons. Thus, there is a discrepancy between the 
theoretically expected pickoff rate and the experi- 
mentally observed one by a factor of about seventeen. 
It is this discrepancy which we want to consider here. 

Evidently there must be some very effective mecha- 
nism in liquid helium which prevents the orthoposi- 
tronium atoms from coming into contact with the 
helium atoms. One does not actually have to look far 
to find such a mechanism, for one very direct conse- 
quence of Eq. (59) of reference 3 is that it is energeti- 
cally favorable for a positronium atom to be in a region 
of lower-than-average helium atom density. Once in 
such a region, the positronium atom will push the 
remaining helium atoms away and create a cavity or 
bubble in the liquid. The outward zero-point kinetic 
pressure of the positronium atom, arising from its 
anomalously small mass, will be balanced by the surface 
tension of the bubble. The determination of the posi- 
tronium zero-point energy is a simple spherical square- 
well problem. Although the potential walls at the surface 
of the bubble are finite, it is easy to establish that no 
appreciable error is committed by taking them to be 
infinite.* Thus, the zero-point energy is 2°h?/4ma’, 
where m is the electron mass and a the bubble radius. 
On the other hand, the increase in surface energy due 
to the creation of the bubble is 41a’, where a is the 
coefficient of surface tension. Minimizing the total 
energy determines the radius as 


a= (rh*/16mo)'. (2) 


7 The potential of Eq. (59) was weakened by a factor Z’ to 
allow for screening. It is planned to publish a more detailed 
description of this calculation in the future. 

* This is at least true in the present case of large bubbles, but 
is probably not true when the helium is subjected to high pressure. 
The partial collapse of the bubbles in such cases is still under 
investigation 
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Substituting? o=0.10 erg cm~ gives a=22.1 A, or a 
diameter of 44.2 A. This can be compared with the 
interatomic spacing of about 4.60 A. The ratio of these 
dimensions seems to be sufficient for the present simple 
picture to apply, at least qualitatively. 

We attribute the very low pickoff rate in liquid 
helium to the bubbles which form immediately around 
each orthopositronium atom, thereby “protecting” it 
from contact with the liquid. The small residual rate 
which is actually found must be attributed to the 
saturated helium vapor which fills the inside of the 
bubble. At 4.2°K and one atmosphere, the vapor density 
corresponds to rg=8.57. Substitution into Eq. (1) 
yields Z,=0.164, which leads to a pickoff rate of 3.19 
X 10° sec™!, in satisfactory agreement with the experi- 
mental value. As the temperature is reduced to the 
\ point, the saturated vapor density becomes so dilute 
that the pickoff rate becomes completely negligible. 
At 2.2°K one should expect r2= 1.34 10’ sec, or only 
2% shorter than the free orthopositronium mean life. 
Although Paul and Graham! report no change in 
passing from 4.2°K to 2.2°K, it is possible that this 
relatively small increase in the lifetime could go 
unnoticed. A more crucial test of the present theory 
would be the variation of 72 from 4.2°K and one 
atmosphere to the critical point at 5.2°K and 2.26 
atmospheres. Here the saturated vapor rises to a value 
which corresponds to rg=5.29 and Z,=0.291. The 
calculated pickoff rate is 23.7 10° sec~. Including the 
three-y rate of 7.3 10* sec gives a net mean life of 
3.2X10-* sec. Thus, upon passing from the boiling 
point to the critical point rz should decrease by almost 
a factor of three. This prediction should provide an 
especially sharp test for the present theory, especially 
since the trend is just the opposite to what might be 
expected, based on the decrease in the bulk density of 
the liquid. 

A further check on the above ideas would be provided 
by positron lifetime measurements in compressed 
helium gas. The saturated vapor at 4.2°K has a density 
about one hundred times that of helium at normal 
temperature and pressure (i.e., 0°C and one atmos- 
phere), while the saturated vapor at 5.2°K is about 
four times more dense yet. These densities could be 
achieved at liquid nitrogen temperature by using 
pressures in the range 0-100 atmospheres. Such data 
would be very desirable, since they would enable one 
to avoid possible uncertainties in the derivation of 
Eq. (1) and to check the bubble hypothesis directly. 

In conclusion, we wish to thank Dr. Frank Stern for 
many helpful discussions. 

*W. H. Keesom, Helium (Elsevier Publishing Company, 
Inc., Amsterdam, 1942), p. 263. 
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Observation of Delbriick scattering is most feasible on heavy elements and in the 1-3 Mev region, where 
the Born approximation is expected to be very poor. The Coulomb corrections to the known forward scat 
tering amplitude in Born approximation can be computed with the aid of the dispersion relations, making 
use of theoretical and experimental knowledge of the total cross section for pair production. Explicit calcu 
lations are carried out for a lead target. The results show that the corrections are effectively much smaller 
than anticipated. In the energy region of interest the corrections to the dispersive amplitude are only a 
few percent. The corrections to the absorptive amplitude are largest (a factor of two near 1.33 Mev) where 
this amplitude is negligible compared to the dispersive scattering amplitude. 


HE scattering of photons by a Coulomb potential, 
known as Delbriick scattering, is known for all 
energies only in the Born approximation and only for 
forward scattering.' In the high-energy limit the angular 
distribution known.” Whereas the effect of 
screening is only a small correction to these results,* 
the use of the Born approximation is expected to lead 
to large errors at low energies (1.33 Mev and 2.62 Mev) 
where the relevant experiments are performed. The 
reason for this expectation lies in the fact that the Born 
approximation is the first term in an expansion of the 
S-matrix in powers of the external field. The next term 
is therefore a correction of order (aZ)’ in the amplitude 
(Furry’s theorem does not permit odd powers). For 
heavy nuclei this implies a 30% correction. As a further 
argument the connection of the absorptive Delbriick 
scattering amplitude with the pair production cross 
section is cited, and it is noted that the Born approxi- 
mation for the latter breaks down in the 1-Mev region. 
It is the purpose of this note to show that these 
arguments are fallacious, and that the Coulomb cor- 
rections are effectively at most of the order of 10%, and 
usually much smaller. By “effectively” is meant that 


is also 


the large Coulomb corrections occur only in the absorp- 
tive part of the amplitude and only at those energies 
where this part is small compared to the dispersive part 
(example: 1.33 Mev). 

Consider first the total cross section for pair produc- 


tion, 


aZ*re7T' (w). (1) 


T pair(w) 


The function I'(w) is well known in Born approximation 
(Bethe-Heitler formula). At high energies Coulomb 
corrections were computed analytically. At lower 
energies the Coulomb corrections were obtained numer- 


* The support of this work by the National Science Foundation 
is gratefully acknowledged. 

1 F, Rohrlich and R. Gluckstern, Phys. Rev. 86, 1 (1952). 

2H. A. Bethe and F. Rohrlich, Phys. Rev. 86, 10 (1952); J. S 
Toll, Doctoral thesis, Princeton, 1952 (unpublished). 

4 J. S. Toll, reference 2. 

‘Davies, Bethe, and Maximon, Phys. Rev. 93, 788 (1954); 
Olsen, Maximon, and Wergeland, Phys. Rev. 106, 27 (1957). 


ically for several elements and energies.’ I'(w) is con- 
veniently separated into Born approximation and 
Coulomb corrections, 


I'(w) = I'p(w) +l e(w). (2) 


Davies, Bethe, and Maximon obtain for Pb (we use 
natural units) 


Ie? >(w) = — 1.03+11.8/w, (3) 


the first term being the theoretical high-energy limit, 
the second one an empirical correction. Equation (3) 
agrees with experiments very well above 15 Mev. 

A semiempirical formula between threshold and 15 
Mev can easily be found using the few computed values® 
and recent experimental results.* The complete semi- 
empirical curve I'¢(w) for Pb is shown in Fig, 1. 

The Delbriick scattering amplitude in the forward 
direction, (a@Z)*ro(a;+-1d2), is also conveniently sepa- 
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Pe) 



































Fic. 1. The functions 10f/(w) and I'e(w) which determine the 
dispersive and absorptive parts of the Delbriick forward scattering 
amplitude for Pb, The semiempirical] description of pair production 
by Davies, Bethe, and Maximon is indicated. The asymptotic 
forms are drawn as dashed lines 


& C. Jaeger and H. R. Hulme, Proc. Roy. Soc. (London) 
A153, 443 (1946); J. C. Jaeger, Nature 137, 781 (1936) and 148, 
86 (1941) 

* 7. E. Dayton, Phys. Rev. 89, 544 (1953) ; Rosenblum, Schrader, 
and Warner, Phys. Rev. 88, 612 (1952); G. D. Adams, Phys 
Rev. 78, 1707 (1948); R. S. Paul, Phys. Rev. 96, 1563 (1954) 
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Fic. 2, Coulomb corrections for Pb to the dispersive part (a;" 
and absorptive part (a7”) of the forward scattering amplitude in 
Korn approximation. Note that different scales apply in the two 
cases. The dashed lines are the asymptotic values 


rated into Born approximation and Coulomb correction, 


4;(w) = ay? (w)+a,"(w), d2(w) = az (w)+a,°(w). (4) 


The amplitude a;°+- ia,” was given previously.’ 
The Bohr-Peierls-Placzek relation’ gives 
Ww 


I; (w) 
tir 


dy” (w) 


Thus, a2°(w) for Pb is known from I'¢(w) in Fig. 1. 
The calculation of a,° proceeds exactly as in Born 
approximation. The dispersion relation yields 


*T'c(w’)dw’ w* 
f(w) (6) 
w= Or” 
Phe function I'¢(w) was so chosen that it not only gives 
a fair representation of the experimental results, but 
also can be expressed in terms of simple analytical 
expressions, so that (6) can be integrated in closed form. 
Phe result, expressed by /(w), is also given in Fig. 1. 
The shape of f(w) is not very surprising. Since I'¢ 
has the general appearance of a distorted absorption 
curve, f, as computed via the dispersion integral (6), 
has the typical appearance of a distorted dispersion 
curve. We further note that I'¢=0 at about 6 Mev 
(Born approximation incidentally exact at that energy). 
Near that zero f has a minimum. The maximum of f 
occurs near the production threshold (very close to 
1.33 Mev). 


’ Bohr, Peierls, and Placzek, Nature 144, 200 (1939). For 
further details see J. M. Jauch and F. Rohrlich, Theory of Photons 
and Electrons (Addison-Wesley, Cambridge, 1955), especially 
Appendix 7 


For very small and very large w, asymptotic expres- 
sions can be derived. One finds, for small w, 


73 wt 
72.32’ 


a;°/a,? =— 0.94% 


a, a," = —0.0059.", 


(w<1), 


and for very large w, 


7 9 Inw 11.8 
—w—-+(2In2—1)—, a,°=——— Ino, 
is 4 w Qn’ 


a= 


a;°/a,® = —154(Inw/w)% (w>>1), 


and 


7 109 w 11.8 
= onde _ ), a,° = ( — 1.03+—— 
Or 42 4a w 

a,° 1—11.46/w 
= -33.1( - )%. 
a In2w— 109/42 


The asymptotic values are indicated in Fig. 1. 

Of special interest are the relative Coulomb correc- 
tions. These are given in percent in Fig. 2. The correc- 
tions to the dispersive part are seen to be small. They 
are largest (—10 to —15%) in the region from 4 to 30 
Mev. The largest positive correction is 2.5% and occurs 
near 1.3 Mev. 

The absorptive part has a correction of ~—10% 
above 10 Mev, no correction at 6 Mev, and a positive 
correction below this energy. At 2.62 Mev, a;%+ ia," 

0.912+20.265 is changed to a)+1id.=0.88+70.33. 
At 1.33 Mev, a;2+ ia,’ =0.241+70.0058 is changed to 
a+ ia,= 0.247+10.0122. Thus, although the percentage 
correction to ay® is very large, it makes relatively little 
difference in the cross section, since the dispersive part 
is dominant. 

The results just presented are for Pb and for the 
forward scattering amplitude only. However, they 
permit estimates of the Coulomb corrections for other 
elements and for finite angles. In particular, the Born 
approximation can now be expected to be fairly satis- 
factory for all Z and for small enough impact param- 
eters; this reasoning is based on the validity of the 
impact parameter method at high energies,? on the 
results for the related process of Rayleigh scattering,*® 
and on the fact that for low energies and smal] angles 
the dispersive part is dominant. 


*G. E. Brown and D. F. Mayers, Proc. Roy. Soc. (London) 
A234, 387 (1955) and later work (in press) 
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Treatment of the predictive aspect of statistical mechanics as 
a form of statistical inference is extended to the density-matrix 
formalism and applied to a discussion of the relation between 


irreversibility and information loss. A principle of “statistical 


complementarity” is pointed out, according to which the empiri 
cally verifiable probabilities of statistical mechanics necessarily 
correspond to incomplete predictions. A preliminary discussion is 
given of the second law of thermodynamics and of a certain class 
of irreversible processes, in an approximation equivalent to that 
of the semiclassical theory of radiation. 

It is shown that a density matrix does not in general contain 


INTRODUCTION 


N a previous paper! the prediction of equilibrium 

thermodynamic properties was developed as a form 
of statistical inference, based on the Shannon® concept 
of entropy as an information measure, and the sub- 
jective interpretation of probabilities. The guiding prin- 
ciple is that the probability distribution over microscopic 
states which has maximum entropy subject to whatever 
is known, provides the most unbiased representation of 
our knowledge of the state of the system. The maxi- 
mum-entropy distribution is the broadest one com- 
patible with the given information; it assigns positive 
weight to every possibility that is not ruled out by 
the initial data. 

This method of inference is extended in the following 
sections (numbered consecutively from those of I), to 
the density-matrix formalism, which makes possible the 
treatment of time-dependent phenomena. It is then 
applied to a discussion of the relation of information 
loss and irreversibility, and to a treatment of relaxation 
processes in an approximation equivalent to that of 
the semiclassical theory of radiation. The more rigorous 
treatment, corresponding to quantum electrodynamics, 
will be taken up in a later paper. 

Our picture of a prediction process is as follows. At 
the initial time /=0 certain measurements are made. 
In practice, these will always represent far less than 
the maximum observation which would enable us to 
determine a definite” pure™’state. Therefore, we must 
have recourse to maximum-entropy inference in order 
to represent our degree of knowledge about the system 
in a way free of arbitrary assumptions with regard to 


missing information.’ As time goes on, each state of 

'E. T. Jaynes, Phys. Rev. 106, 620 (1957). Hereinafter referred 
to as J 

2C, E. Shannon, Bell System Tech. J. 27, 379, 623 (1948 
These papers are reprinted in C. E. Shannon and W. Weaver, 
The Mathematical Theory of Communication (University of Illinois 
Press, Urbana, 1949). 

4A very interesting quotation from J. W. Gibbs [Collected 
Works (Longmans, Green and Company, New York, 1928), Vol 
II, p. 180] suggests the same basic idea, In discussing the inter 


all the information about a system that is relevant for predicting 
its behavior. In the case of a system perturbed by random fluctu 
ating fields, the density matrix cannot satisfy any differential 
equation because #(t) does not depend only on p(t), but also on 
past conditions The rigorous theory involves stochastic equations 
in the type p(t) == G(t,0)p(0), where the operator G is a functional 
of conditions during the entire interval (0-+t). Therefore a general 
theory of irreversible processes cannot be based on differential 
rate equations corresponding to time-proportional transition 
probabilities. However, such equations often represent useful 


approximations 


the maximum-entropy distribution changes due to 
perturbations that are in general unknown; thus it 
“spreads out” into several possibilities, and our initial 
knowledge as to the state of the system is gradually 
lost. In the “semiclassical” approximation considered 
here, the final state of affairs is usually one in which the 
initial information is completely lost, the density matrix 
relaxing into a multiple of the unit matrix. The pre 
diction of thermal equilibrium, in which the limiting 
form of the density matrix is that of the Boltzmann 
distribution with finite temperature, is found only by 
using a better approximation which takes into account 
the quantum nature of the surroundings. 

It is of the greatest importance to recognize that in 
all of this semiclassical theory it is possible to maintain 
the view that the system is at all times in some definite 
but unknown pure state, which changes because of 
definite but unknown external forces; the probabilities 
represent only our ignorance as to the true state. With 
such an interpretation the expression “irreversible 
process” represents a semantic confusion; it is not the 
physical process that is irreversible, but rather our 
ability to follow it. The second law of thermodynamics 
then becomes merely the statement that although our 
information as to the state of a system may be lost in a 
variety of ways, the only way in which it can be gained 
is by carrying out further measurements. Essential for 
this is the fact, analogous to Liouville’s theorem, that 
in semiclassical approximation the laws of physics do 
not provide any tendency for systems initially in 
different states to in certain final states 
in preferen e to others; iLe., 
matrix is unitary 

In opposition to the foregoing views, one may assert 


“accumulate” 
the time-development 


action of a body and a heat-bath, he says “The series of phases 
through which the whole system runs in the course of time may 
not be entirely determined by the energy, but may depend on 
the initial phase in other respects. In such cases the ensemble 
obtained by the microcanonical distribution of the whole system 
which includes time-ensembles combined in the 
proportion which seems least arbitrary, will better 
than any one time-ensemble the effect of the bath.” 


all possible 
represent 
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that irreversibility is not merely a loss of human 
information ; it is an experimental fact, well recognized 
long before the development of statistical mechanics. 
Furthermore, the relaxation times calculated below are 
not merely measures of the rate at which we lose 
information ; they are experimentally measurable quan- 
tities expressing the rate at which physical systems 
approach equilibrium. Therefore, the probabilities in- 
volved in our calculations must be ascribed some 
objective meaning independent of human knowledge. 

Objections of this type have already been answered 
in large part in I, particularly Sec. 4. However, we wish 
to indicate briefly how those arguments apply to the 
case of time-dependent phenomena, The essential fact 
is again the “principle of macroscopic uniformity.” In 
the first place, it has been shown that the only quantities 
for which maximum-entropy inference makes definite 
predictions are those for which we obtain sharp proba- 
bility distributions. Since maximum-entropy inference 
uses the broadest distribution compatible with the 
initial data, the predictable properties must be char- 
acteristic of the great majority of those states to which 
appreciable weight is assigned. Maximum-entropy in- 
ference can never lead us astray, for any quantity 
which it is incapable of predicting will betray that fact 
by yielding a broad probability distribution. 

We can, however, say much more than this. We take 
it as self-evident that the features of irreversible 
processes which are experimentally reproducible are 
precisely those characteristic of most of the states 
compatible with the conditions of the experiment. 
Suppose that maximum-entropy inference based on 
knowledge of the experimentally imposed conditions 
makes a definite prediction of some phenomenon, and 
it is found experimentally that no such phenomenon 
exists. Then the predicted property is characteristic of 
most of the states appearing in the subjective maximum- 
entropy distribution, but it is not characteristic of most 
of the states physically allowed by the experimental 
conditions. Consider, on the other hand, the possibility 
that a phenomenon might be found which is experi- 
mentally reproducible but not predictable by maximum- 
entropy inference. This phenomenon must be character- 
istic of most of the states allowed by the experimental 
conditions, but it is not characteristic of most of the 
states in the maximum-entropy distribution. In either 
case, there must exist new physical states, or new con- 
straints on the physically accessible states, not con 
tained in the presently known laws of physics. 

In summary, we assert that if if can be shown that the 
class of phenomena predictable by maximum-entropy in 
ference differs in any way from the class of experimentally 
reproducible phenomena, that fact would demonstrate the 
existence of new laws of physics, not presently known. 
Assuming that this occurs, and the new laws of physics 
are eventually worked out, then maximum-entropy in- 
ference based on the new laws will again have this 
property. 
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From this we see that adoption of subjective proba- 
bilities in no way weakens the theory in its ability to 
give reliable and useful results. On the contrary, the 
full power of statistical mechanics cannot be seen 
until one makes this distinction between its subjective 
and objective aspects. Once this is done, its mathe- 
matical rules become a methodology for a very general 
type of scientific reasoning. 


7. REPRESENTATION OF A QUANTUM- 
MECHANICAL SYSTEM 


We now develop a method of representing any state 
of knowledge of a quantum-mechanical system, leaving 
aside for the moment any consideration of how this 
knowledge might have been obtained. Suppose that on 
the basis of the information available we conclude that 
the system may be in the “pure state” y, with proba- 
bility w;, or it may be in the state ¥. with probability 
W2, etc. The various alternative possibilities y; are not 
necessarily mutually orthogonal, but each may be 
expanded in terms of a complete orthonormal set of 
functions u,: 


Vi= Die Und: (7.1) 


This state of knowledge may be visualized in a geo- 
metrical fashion by considering a complex function 
space, whose dimensionality may be finite or infinite, 
in which the state y; is represented by a point P; with 
coordinates dy;, k=1, 2, ---. At P;, place a weight w,;; 
thus the state of knowledge is described by a set (which 
may be discrete or continuous) of weighted points; 
such a set will be called an array. Since each of the 
possible wave functions is normalized to unity, 


(Wii) = fivslea L, 


we have 


Ds] ans |?= i, 
and all points P; are at unit “distance” from the origin, 
on the surface of the unit hypersphere. 

If each of the possible states y, satisfies the same 
Schrédinger equation, 


ih) = Hy, 


(7.2) 


then as time goes on the function space as a whole is 
subjected to a unitary transformation, so that all 
“distances” and scalar products 


(Wis) 2s [vevar 


remain invariant, and the entire motion of the array 
may be visualized as a “rigid rotation” of the hyper- 
sphere. An array with this behavior will be called 
simple. A simple array is conceptually somewhat like a 
microcanonical ensemble; it consists of points lying on 
a closed surface which are subjected, in consequence of 





INFORMATION 


the equations of motion, to a measure-preserving 
transformation which continually unfolds as ¢ increases. 

The transformation with time may be of a different 
type; much more interesting is the case where the 
initial information is of the form: “The system may be 
in state y, with probability w,, and in this case the 
Hamiltonian will be H;.” Then different parts of the 
array are subjected to different rotations, and separa- 
tions or interpenetrations occur. Such an array will be 
called compound. It arises, for example, when we have 
a system consisting of two coupled spins in a strong 
magnetic field, and we wish to describe our knowledge 
of the state of one of them. 

Consider a measurable quantity represented by a 
Hermitian operator F ; in state y; its expectation value is 


(F),.= (Wits) - pam OniOni* F ne, (7.3) 


where F,,= (u,,Fu,) are the matrix elements of F in 
the u, representation. The average of (7.3) over the 
array is 


(F)= | wdl)=Tr(pF), (7.4) 
where 


Pken= D4 Wideidni* = (40_"*) (7.5) 


is the density matrix. The probability p(/) that a 
measurement of F will yield the particular eigenvalue /, 
is also expressible as an expectation value; define the 
projection operator O by O~=(¢,~)¢, where ¢ is the 
corresponding normalized eigenfunction of F: Fy= f¢. 
Then 


b(f)=(O)=Tr(p0). (7.6) 


From (7.5) it is seen that in general an infinite 
number of different arrays, representing different mix- 
tures of pure states, all lead to the same density matrix. 
The most general discrete array which leads to a given 
density matrix p corresponds to the most general 

‘matrix A (not necessarily square) for which 


p=AAl, (7.7) 


the dagger denoting the Hermitian conjugate. An array 
is uniquely determined by A, for from (7.2) and (7.5) 
we have 


>| A ai | ?= Wy. 


To find another array with the same density matrix, 
insert a matrix U: 


p=(AU)(U-A}), 


This has the form BB! with B= AU if and only if U 
is unitary; thus the group of transformations from one 
array of m states to another of m states is isomorphic 
with the group of unitary transformations in n dimen- 
sions. These are not, however, transformations of the 
wave functions y¥;, but of the probability-normalized 
wave functions 


A “= a, (w;', 


Vayu. (7.8) 
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If we carry out the unitary transformation 


=); VU i, 
and write 
,= ¢ip;', 


where ¢; is normalized to unity, then the array in 
which state ¢,; has probability p; leads to the same 
density matrix as the original array {y,,w,}. Evidently 
an array is determined uniquely by specifying a set 
{¥,} of probability-normalized states. 

From an array {V,} of m states we can construct new 
arrays of (m+1) states. Define V,,:=0; then new 
transformations of the form (7.9) are possible, in which 
U is a unitary matrix of dimensionality (m+ 1). These 
generate an infinite number of new arrays for which, 
in general, all (m-+-1) states @, are different from each 
other and from zero, The inverse process of contracting 
an array to one of fewer states is possible if any linear 
combination of the y, vanishes. 

An array of n states will be called minimal with 
respect to its density matrix p if no array exists which 
leads to p with fewer than n states. The states of an 
array are linearly independent if and only if the array 
is minimal, 

In general, a given density matrix can be represented 
in only one way as a mixture of orthogonal states 
Since p is Hermitian, there always exists a unitary 
matrix U which diagonalizes it ; 


d=UpU—, (7.10) 


With dinn=dmOmn. If the eigenvalues d,, of p are non- 
degenerate, only one such matrix U exists. The basis 
functions of the new representation in which p is 
diagonal, 


Um* we ul km .. 


are the orthogonal states which, when mixed with 
probabilities d,,, lead to the given density matrix. 

Suppose we have a density matrix p and a state ¢ 
which is considered a “candidate” for inclusion in a 
minimal array which will lead to p. What is the proba 
bility pa(¢) which should be assigned to ¢ in such an 
array? ‘To answer this, we first construct the orthogonal 
array {Um,d,}, and expand 


y= oo Vm oe 


If this is to be equivalent to one of the columns of 
(7.9), it is necessary that 


(7.11) 


1 Cul? 


(7.12) 


pa m ba 


This is uniquely determined by the density matrix and 
the state y, regardless of which other states y,; might 
also appear in the array.yThe array probability pa is 
in general different from the measurement probability 
(7.6), which is equal to 


Paul?) = dom dm|Cm|?. (7 13) 
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It is readily shown that pu 2 pa, with equality if and 
only if ¢ is an eigenstate of p. 

The representation in terms of orthogonal states is 
important in connection with the entropy which meas- 
ures our knowledge of the system. It might be thought 
that for an array {~,;,w,;} we could define an entropy by 


Sa=—D, w, Inw,. (7.14) 


This, however, would not be satisfactory because the 
w, are not in general the probabilities of mutually 
exclusive events. According to quantum mechanics, if 
the state is known to be y,, then the probability of 
finding it upon measurement to be wy, is | (Ws,~i)|’. 
Thus, the probabilities w,; refer to independent, mutu- 
ally exclusive events only when the states y, of the 
array are orthogonal to each other, and only in this 
case is the expression (7.14) for entropy satisfactory. 
This array of orthogonal states has another important 
property; consider the totality of all possible arrays 
which lead to a given density matrix, and the corre- 
sponding expressions (7.14). The array for which (7.14) 
attains its minimum value is the orthogonal one, which 
therefore provides, in the sense of information content, 
the most economical description of the freedom of 
choice implied by a density matrix (Appendix A). 

For the orthogonal array, the w,; in (7.14) are 
identical with the eigenvalues d; of the density matrix, 
so for numerical calculation of entropy given p, one 
would find the eigenvalues and use the formula 


S id Ind. 


In general discussions it is convenient to express this 


(7.15) 


Ss Tr(p Inp). (7.16) 


Since this could also be written as S=—(lInp), it is 
the natural extension to quantum mechanics of the 
Gibbs definition of entropy. 

Equation (7.16) assigns zero entropy to any pure 
state, whether stationary or not. It has been criticized 
on the grounds that according to the Schrédinger 
equation of motion it would be constant in time, and 
thus one could not account for the second law of 
thermodynamics ; this has led some authors** to propose 


instead the expression 


5 De Pkk Inpex, 


which involves only diagonal elements of p in the 
“quantum-mechan- 


(7.17) 


energy representation, for which a 


ical spreading” phenomenon can be demonstrated. It 


will be shown in detail below how the objections to 
(7.16) may be answered. With regard to (7.17), we 
note that it does not assign the same entropy to all 
pure states; but von Neumann® has shown that any 


*R. C. Tolman, The Principles of Statistical Mechanics (Claren 
don Press, Oxford, 1938). 

*1. ter Haar, Elements of Statistical Mechanics (Rinehart and 
Company, Inc., New York, 1954) 

*J. von Neumann, Mathematische Grundlagen der Quanten 
mechanik (Dover Publications, New York, 1943), Chap. V 
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pure state may be converted reversibly and adiabati- 
cally into any other pure state. 

Since, according to (7.4), knowledge of p enables one 
to calculate the expectation value of any Hermitian 
operator, it is tempting to conclude that the density 
matrix contains all of our information as to the objective 
state of the system. Thus, although many different 
arrays would all lead to the same density matrix, the 
differences between them would be considered physi- 
cally meaningless, only their second moments (7.5) 
corresponding to any physical predictions. The concept 
of any array as something separate and distinct from a 
density matrix might then appear superfluous. That 
this is not the case, however, will be seen in Sec. 13 
below, where it is shown that the resolution of a 
compound array into independent simple arrays may 
represent useful information which cannot be expressed 
in terms of the resultant density matrix. 


8. SUFFICIENCY AND COMPLETENESS OF 
THE DENSITY MATRIX 


If a density matrix provides a definite probability 
assignment for each possible outcome of a certain 
experiment, in a way that makes full use of all of the 
available relevant information, we shall say that p is 
sufficient for that experiment. A density matrix that is 
sufficient for all conceivable experiments on a system 
will be called complete for that system. Strictly speaking, 
we should always describe a density matrix as sufficient 
or complete relative to certain initial information. 

The assertion that complete density matrices exist 
involves several assumptions, in particular that all 
measurable quantities may be represented by Hermitian 
operators, and that all experimental measurements may 
be expressed in terms of expectation values. We do not 
wish to go into these questions, but only to note the 
following. Even if it be granted that it is always possible 
in principle to operate with a complete density matrix, 
it would often be extremely awkward and inconvenient 
to do so in practice, because it would require us to 
consider the density matrix and dynamical quantities 
as operators in a much larger function space than we 
wish to use. 

To see this by a simple example, consider a ‘molecular 
beam” experiment in which particles of spin 5 are 
prepared by apparatus A, then sent into a detection 
system B which determines whether the spin is up or 
down with respect to some chosen z axis. Assume, for 
simplicity, that only one particle at a time is processed 
in this way. A particle thus has, for our purposes, two 
possible states u, and u_; our knowledge of the nature 
of the apparatus A could be incorporated into an array 
and its corresponding (2X2) density matrix, from 
which we can calculate the probability of finding the 
spin aligned in any particular direction. Thus, the 
(2X2) density matrix adequately represents our state 
of knowledge as to the outcome of any spin measure- 
ment made on a single particle; i.e., it is a sufficient 
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statistic for any such measurement. The question is, 
does it also adequately represent our knowledge of the 
ensemble of particles (assuming that the apparatus A is 
“stationary,” so that each particle, considered by itself, 
would be represented by the same density matrix). 
More specifically, is it possible for apparatus A to 
produce a physical situation which can be measured in 
our detection apparatus, but for which the (2X2) 
density matrix gives no probability assignment? One 
such property is easily found; the detecting apparatus 
tells us not only the fraction of spins aligned along the 
+z axis, but also the order in which spin up and spin 
down occurred, so that correlations between spin states 
of successive particles can be observed. Now all possible 
such correlations can be described only by considering 
the entire ensemble of NV particles as a single quantum- 
mechanical system with 2” possible states, and therefore 
a density matrix which is a sufficient statistic for all 
conceivable measurements on the spin system must 
have 2% rows and columns.’ This, however, would 
completely destroy the simplicity of the theory, and 
in practice we would probably prefer to retain the 
original (2 2) density matrix for predicting the results 
of measurements on single particles, while recognizing 
its insufficiency for other measurements which the same 
apparatus could perform. 


9. SUBJECTIVE AND OBJECTIVE 
INTERPRETATIONS 


The topic of Sec. 8 is closely related to some of the 
most fundamental questions in physics. According to 
quantum mechanics, if a system is known to be in state 
yi, then the probability that measurement of the 
quantity F will result in the particular eigenvalue f, is 
(O);, where O is the projection operator of Eq. (7.6). 
Are we to interpret this probability in the objective or 
subjective sense; i.e., are the probability statements of 
quantum mechanics expressions of empirically verifiable 
laws of physics or merely expressions of our incomplete 
ability to predict, whether due to a defect in the theory 
or to incomplete initial information? The current 
interpretation of quantum mechanics favors the first 
view, but it is important to note that the whole content 
of the theory depends critically on just what we mean 
by “probability.” In calling a probability objective, 
we do not mean that it is necessarily “correct,” but 
only that a conceivable experiment exists by which its 
correctness or incorrectness could be empirically deter- 
mined. In calling a probability assignment subjective, 
we mean that it is not a physical property of any 
system, but only a means of describing our information 
about the system; therefore it is meaningless to speak 
of verifying it empirically. 

Is there any operational meaning to the statement 


’ This is a very conservative statement. It would be more 
realistic to assume that all the coordinates of apparatus A must 
also be included in the space upon which this complete density 
matrix operates. 


AND 


STATISTICAL MECHANICS 

that the probabilities of quantum mechanics are objec 

tive? If so, we should be able to devise an experiment 
which will measure these probabilities, for example the 
probability that a measurement of the quantity F will 
give the result f. In order to do this, we will need to 
repeat a measurement of F an indefinitely large number 
N of times,:with systems that have all been prepared 
in exactly the same way, and record the fraction of 
cases in which the particular result f was obtained. 
Which density matrix should we use to predict the result 
of this experiment? In principle, we should always use 
the one which contains the greatest amount of infor- 
mation about the ensemble of NV systems; i.e., which is 
complete. The apparatus which prepares them may be 
producing correlations; thus the ensemble of V systems 
should be considered as a single large quantum- 
mechanical system. The probability statements which 
come from the theory are then of the form, “the 
probability that system 1 will yield the result /;, and 
system 2 will yield the value fo, ---, is p(fi--+fw).” 
But then measurement of F in each of the N small 
systems is not N repetitions of an experiment; it is 
only a single experiment from the standpoint of the 
total system. Clearly, no probability assignment can 
be verified by a single measurement. Note that the 
question whether correlations were in fact present 
between different systems is irrelevant to the question 
of principle involved ; even if the distribution factors 


P( fi: ++ fu) = pr fi) pal fa) - - « pw) 
it remains a joint distribution, not one for a single 
system. We can, of course, always obtain the single 
system probabilities by summation : 


LL pl fife: ++ fn), 


f2 IN 


(9.1) 


pili) (9.2) 
but pi( fi) now refers specifically to system 1, and the 
results of measurements on the other systems are 
irrelevant to the question whether p,(/;) was verified. 
We cannot avoid the difficulty by repeating all this M 
times, because for that experiment the complete density 
matrix would refer to all NM systems, and we would be 
in exactly the same situation. Thus, the probability 
statements obtained from a complete density matrix 
cannot be verified. 

In practice, of course, one will never bother with 
such considerations, but will find a density matrix 
which operates only on the space of a single system and 
incorporates as much information as possible subject 
to that limitation. The probability p(/) computed from 
this density matrix is presumably equal to p,(f) in 
(9.2). If the result f is obtained approximately Np(/) 
times, one says that the predictions have been verified, 
and p(f) is correct in an objective sense. This result is 
obtained, however, only by renouncing the possibility 
of predicting any mutual properties of different systems, 
and the record of the experiment contains some infor 
mation about those mutual properties. 
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Thus, we enunciate as a general principle: Empirical 
verifiabilily of a probability assignment, and completeness 
of the density matrix from which the probabilities were 
obtained, are incompatible conditions. Whenever we use 
a density matrix whose probabilities are verifiable by 
certain measurements, we necessarily renounce the 
possibility of predicting the results of other measure- 
ments which can be made on the same apparatus. 

This principle of “statistical complementarity”’ is not 
restricted to quantum mechanics, but holds in any 
application of probability theory; in a very funda- 
mental sense no experiment can ever be repeated, and 
the most comprehensive probability assignments are 
necessarily incapable of verification. 

If an operational viewpoint*~" is to be upheld con- 
sistently, it appears that the probabilities computed 
from a complete density matrix must be interpreted in 
the subjective sense. Since this complete density matrix 
might be a projection operator corresponding to a pure 
state, one is led very close to the views of Einstein" 
and Bohm” as to the interpretation of quantum 
mechanics. 

Entirely different considerations suggest the same 
conclusion. A density matrix represents a fusion of two 
different statistical aspects; those inherent in a pure 
state and those representing our uncertainty as to 
which pure state is present. If the former probabilities 
are interpreted in the objective sense, while the latter 
are clearly subjective, we have a very puzzling situation 
Many different arrays, representing different combi- 
nations of subjective and objective aspects, all lead to 
the same density matrix, and thus to the same predic- 
tions. However, if the statement, ‘‘only certain specific 
aspects of the probabilities are objective,” is to have 
any operational meaning, we must demand that some 
experiment be produced which will distinguish between 


these arrays. 


10. MAXIMUM-ENTROPY INFERENCE 


‘The methods of maximum-entropy inference de 
scribed in I may be generalized immediately to the 
density-matrix formalism. Suppose we are given the 
expectation values of the operators F,---/,,; then the 
density matrix which represents the most unbiased 


picture of the state of the system on the basis of this 
much information is the one which maximizes the 
entropy subject to these constraints. As before, this is 
accomplished by finding the density matrix which 


*P. W. Bridgman, The Logic of Modern Physics (The Mac 
Millan Company, New York, 1927) 

*P. A.M. Dirac, The Principles of Quantum Mechanics (Claren 
don Press, Oxford, 1935), second edition, Chap. I 

Hans Reichenbach, Philosophic Foundations of Quantum 
Mechanics (University of California Press, Berkeley, 1946). 

4 Albert Einstein Philosopher-Scientist, edited by P. A. Schilpp 
(Library of Living Philosophers, Inc., Evanston, 1949), pp 
665-084. 

21D. Bohm, Phys. Rev. 85, 166, 180 (1952); 89, 458 (1953). 
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unconditionally maximizes 
S—(Fi)— +++ —Am(Fm); (10.1) 


in which the \, are Lagrangian multipliers. The result 
may be described in terms of the partition function 


Z (n° + hm) =TrLexp(—AiFi—+*+—Amlm)], (10.2) 


with the A, determined by 


0 
(F,)= —— |nZ. 


Or. 
The maximum-entropy density matrix is then 
p= exp —Aol —AiPi— + +» —AmPm | (10.4) 
which is correctly normalized (Trp=1) by setting 
Ao=InZ, (10.5) 
and the corresponding entropy becomes 
S=otAi(Pi)+ ++» +Am(Pm)- 


Use of (10.5) and (10.6) enables us to solve (10.3) for 
the Ax: 


(10.6) 


hy=0S/O(F 4). (10.7) 


If the operator /, contains parameters a;, we find as 
before that the maximum-entropy estimates of the 
derivatives are given by 


(—\ 
0a; 
For an infinitesimal change in the problem, A, is the 


integrating factor for the kth analog of infinitesimal 
heat; 


1 @ 


AN‘ Oa; 


InZ. (10.8) 


6S => AdO, (10.9) 


ep = 5(F,) med (6F, ). 


All of these relations except (10.2) and (10.4) are 
formally identical with those found in I, the Fy now 
being interpreted as matrices instead of functions of a 
discrete variable x. 

The definitions of heat bath and thermometer given 
in I remain applicable, and the discussion of experi- 
mental measurement of temperature proceeds as before 
with the difference that maximization of entropy of the 
combined system now automatically takes care of the 
question of phase relations. We have two systems o; 
and 2, with complete orthonormal basis functions 
u,(1), %(2), respectively. A state y,; of the combined 
system o= 0) Xo; is then some linear combination 


Vi(1,2)=>> en (1) 04 (2) Anas. 
nk 


with 


(10.10) 


If y; occurs with probability w,;, the density matrix is 


(mk |p| n’h’) = 30, Widaridnn d* = (Gnedn’*). 
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An operator G(1,2) has matrix elements 


(nk| S| 


w= f fuera) )on* (2) G(1,2) Une(1)04+(2)dridre 


and its expectation value is 


> (nk|p|n'k’)(n’'k'| S| nk). 


nn'kk’ 


(G)= ¥ r(pG)* 


An operator F; which operates only on the coordinates 
of system 1 is represented in the space of the combined 
system by a direct product matrix," )};= 711, with 
matrix elements 


(nk| ¥1|n'k’) = (n| Fy| nm’ due. 


Similarly, for an operator F, of system 2, we obtain 
wo= 1X Fo, and 


(nk | %o| nk’) =San(R| Fok’). 


Consider, as before, the system’of interest 01, and a 
thermometer oo. Let their Hamiltonians be H;, Ha, 
respectively. In the function space of the combined 
system o, these Hamiltonians are represented by 


i= H,X1, H.= 1X Ho. (10.11) 


The available information now consists of a given 
(measured) value of (//,), and the knowledge that 
energy may be transferred between @; and a2 in such a 
way that the total amount is conserved. In practice 
we never have detailed knowledge of the weak-inter- 
action Hamiltonian 9,2 of a type that wouldjtell us 
which transitions may in fact take place and which 
will not. Therefore we have no rational basis for 
excluding the possibility of any transition between 
states of o with a given total energy, and the most 
unbiased representation of our state of knowledge must 
treat all such states as equivalent, in their dependence 
on energy. Any other procedure would amount to 
arbitrarily favoring some states at the expense of others, 
in a way not warranted by any of the available infor- 
mation. Therefore only the total energy may appear in 
our density matrix, and we have to find that matrix 
which maximizes 


S—MDit+D2), (10,12) 


subject to the observed value of (H,). The matrix 
involved in (10.2) and (10.4) now factors into a direct 
product : 


exp —A(D1+ D2) ]= 
so that the partition function reduces to 


Z(\)= Z\(A)Z2(A), 


(e-™1) K (e-*42), (10,13) 


(10.14) 
with 

Z;(A)= Tr exp(—A1), 

Z2(A) = Tr exp(—AH2). 


4 P. R. Halmos, Finite Dimensional Vector Spaces (Princeton 
University Press, Princeton, 1948), Appendix IT. 
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Similarly, the density matrix (10.4) is the direct product 


‘|x a xp(—AH.) 
Z(X) 


Because of the absence of correlations between the two 
systems, it is true once again that the function of the 
thermometer is merely to tell us the value of the 
parameter A in p;, and the properties of the thermometer 
need not be considered in detail when incorporating 
temperature measurements into our theory. 

An important feature of this theory is that measure- 
ment of averages of several noncommuting quantities 
may be treated simultaneously without interference. 
Consider, for example, three interacting systems o= 0, 
Xo2Xo3, where o; is the system of interest, and a is a 
thermometer. Some physical quantity /, represented 
in the space of 0 by the operator /;, and in os by Fs, 
can be transferred between o, and a, in such a way that 
the total amount is conserved. /, could stand for 
angular momentum, volume, etc., and need not com- 
mute with H;. In addition suppose that a quantity 
(G;) is measured directly in 01, where G; does not 
necessarily commute ,with either 7; or /;. Now the 
available information consists of the measured values 
of (G)), (H»), and (Fs), plus the conservation laws of F 
and H. The various operators are now represented in 
the space o by direct product matrices as follows: 


| piXpe. (10.16) 


[a -\H;) 


Z\(X) 


~ 


), HiX1X1, 


‘9 1x HX Ll, Na 
Y,=GiX1X1, 


FixX1X1, 
1X1xF, 


and the density matrix that provides the most unbiased 
picture of the state of the total system is the one that 
maximizes 


S—MDi+H2) v(S, (10.17) 


bi Ay t 3 
We now find the factorization property 
—(Dit-De)— wl Hit Va) — VY, | 

le AH pF yO, |x| € AH |x| e Fs), 


exp[ 
(10.18) 


so that once again the partition function and density 
matrix factor into independent parts for the three 
systems: 


ZA my) =ZiAwy)Z(rA)Za(u), p= piXprX ps, 


and the pieces of information obtained from a», a are 
transferred into p; without interference. 


11. INFORMATION LOSS AND IRREVERSIBILITY 


In classical statistical mechanics the appearance of 
irreversibility can always be traced either to the 
replacement of a fine-grained probability distribution 
by a coarse-grained one, or to a projection of a joint 
probability distribution of two systems onto the sub- 
space of one of them. Both processes amount to a loss, 
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whether voluntary or not, of some of the information 
which is in principle available. The former is often 
justified by the very persuasive argument that the 
mathematics would otherwise be too complicated. But 
mathematical difficulties, however great, have no 
bearing on matters of principle, and this way of looking 
at it causes one to lose sight of a much more important 
positive reason for discarding information. After suffi- 
cient “stirring” has occurred, two different fine-grained 
distributions will lead to predictions that are macro- 
scopically the same, differing only in microscopic 
details. Thus, even if we were good enough mathema- 
ticians to deal with a fine-grained distribution, its 
replacement by a coarse-grained one would still be the 
elegant method of treating the prediction of macro- 
scopic properties, because in this way one eliminates 
irrelevant details at an early stage of the calculation. 

In quantum mechanics, as in classical theory, the 
increase in entropy characteristic of irreversibility 
always signifies, and is identical with, a loss of infor- 
mation. It is important to realize that the tendency of 
entropy to increase is not a consequence of the laws of 
physics as such, for the motion of points of an array is 
a unitary transformation prescribed by the Schrédinger 
equation in a manner just as “deterministic” as is the 
motion of phase points in classical theory. An entropy 
increase may occur unavoidably, due to our incomplete 
knowledge of the forces acting on a system, or it may 
be an entirely voluntary act on our part. In the latter 
case, an entropy increase is the means by which we 
simplify a prediction problem by discarding parts of 
the available information which are irrelevant, or nearly 
so, for the particular predictions desired. It is very 
similar to the statistician’s practice of “finding a sufhi- 
cient statistic.” The price we must pay for this simplifi- 
cation is that the possibility of predicting other proper- 
ties with the resulting equations is thereby lost 

The natural way of classifying theories of irreversible 
processes is according to the mechanism by which 
information is lost or discarded. In most of the existing 
theories we find that this consists of the repetition, at 
regular intervals, of one of the following proc edures. 
Suppose we wish to find the expectation value of the 
quantity /’; in the representation in which F is diagonal 
it reduces to 


a (11.1) 


Since only the diagonal elements of p contribute, (/) 
can be calculated as well by using the density matrix 
p’, where 


(F)= Tr(pF) 


Par = PaunOnk- (11.2) 


The process of replacing p by p’ will be called removing 
coherences, and is clearly permissible whenever all the 
quantities which we wish to calculate are diagonal 
simultaneously. It is readily verified that removal of 
coherences represents loss of information: S(p’)>S(p), 
with equality if and only if p= p’. 
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The second procedure by which information may be 
discarded is an invariant operation, exactly analogous 
to its classical counterpart. Consider two interacting 
systems o; and a». As already noted, an operator F, 
which operates only on the variables of o, is represented 
in the space of the combined system o=0; Xa by the 
direct product matrix §;=F,X1. The expectation 
value of any such operator reduces to a trace involving 
only the space of o,: 


(Fj) = Tr(p F,) Tr(pif)), (11.3) 


where p; is the “projection” of the complete density 
matrix p onto the subspace o,, with matrix elements 


(n|pi|n’)=>-,(nk| p\n'k). (11.4) 
Similarly, we can project p onto a2, with the result 
(k\ p2|k’)=>_,,(nk| p| nk’) 


and for any operator F, of system 2 we can define 
}2= 1X F,, whereupon (F:)= Tr(p}2) = Tr (pols). 

In the projection onto o;, the parts of p that are 
summed out contain information about the state of 
system oy and about correlations between possible 
states of a, and a2, both of which are irrelevant for 
predicting the average of F;. 

The operation of removing correlations consists of 
replacing p by the direct product p;Xpo, with matrix 
elements 


(nk | piXpo|n'k’)=(n\pi\n')(R\po\k’), (11.5) 


and the expectation value of any operator composed 
additively of terms which operate on oj alone or on a2 
alone, is found as well from (p;Xp») as from p. The 
removal of correlations also involves a loss of informa- 
tion; the entropy after removal of correlations is addi- 
tive and never less than the original entropy: 


S(p1Xp2) = S(pi) +5 (p2)> S(p), (11.6) 


with equality if and only if p=p:X po. 

These remarks generalize in an obvious way to the 
case of any number of subsystems; to remove correla- 
tions from a density matrix p operating on the space of 
three systems ¢=01X02Xo;, project it onto each of the 
a, and replace p by the direct product of the projections: 


p—piXprX ps. 


If an operator F2 operates only on the space of a, its 
matrix representation in the o space and expectation 
value are given by 


y=1XF2X1, (F2)=Tr(ph) = Tr(psl’2). 

Most treatments of irreversible processes in the past 
have been based on the removal of coherences in the 
energy representation, and the resulting concept of 
“occupation numbers” NV,, proportional to the diagonal 
elements px in this representation. One then introduces 


a transition probability per unit time A,,, which usually, 
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but not always,’*’® conforms to the assumption of 
“microscopic reversibility” Axn=Ank, and equations of 
the form 


dN,/dt= > m(AemN m—AmmeV 2) (11.7) 


are the starting point of the theory. The existence of 
time-proportional transition probabilities is not, how- 
ever, a general consequence of quantum mechanics, but 
involves assumptions about the type of perturbing 
forces responsible for the transitions, and mathematical 
approximations which represent a loss of information. 
That information is lost somewhere is seen from the fact 
the entropy, as calculated from (11.7), is in general an 
increasing function of the time, while that obtained from 
rigorous integration of a Schrédinger equation is neces- 
sarily constant. The nature of the information-discard- 
ing process in (11.7), as well as a clear statement of the 
type of physical problems to which equations of this 
form are applicable, can be appreciated only by starting 
from a more fundamental viewpoint. 


12. SUBJECTIVE H THEOREM 


In the remainder of this paper, we consider a certain 
approximation, which might be called the “semi- 
classical theory of irreversible processes,” since it is 


related to a complete theory in the same way that the 
semiclassical theory of radiation"® is related to quantum 
electrodynamics. The system of interest o is treated as 
a quantum-mechanical system, but outside influences 


are treated classically, their effect on o being represented 
by perturbing terms in the Hamiltonian which are 
considered definite if unknown functions of the time. 
It is of interest to see which aspects of irreversible 
processes are found in this approximation, and which 
ones depend essentially on the quantum nature of the 
surroundings. 
Let the Hamiltonian of the system be 


H=Hot+ V(b), (12.1) 


where Hp is stationary and defines the “energy levels” 
of the system, and V(/) represents the perturbing effect 
of the environment. Suppose that at time /’ we are 
given information which leads (by maximum-entropy 
inference, if needed) to the density matrix p(t’). At 
other times, the effect of the Hamiltonian (12.1) is to 
carry out a unitary transformation 


p()=U(tt’)p(thuiil)” 


=U(t,’)p(Uyuct',b), (12.2) 


where the time-development matrix U/(1,/’) is deter- 
mined from the Schrédinger equation (with h= 1) 
7] 
i—U (t,)=H(H)U (,t), 
at 
4 J. S. Thomsen, Phys. Rev. 91, 1263 (1953) 
'R. T. Cox, Statistical Mechanics of Irreversible Change (Johns 
Hopkins Press, Baltimore, 1955). 


LL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1949) 


(12.3) 


AND 
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with U’(t,4)=1. The entropy 
S(t)= —Tr[p(t) Inp(t) | (12.4) 


is unchanged by a unitary transformation, and therefore 
remains constant regardless of the magnitude or time 
variations of V(t). Consider, however, the circumstance 
that V(é) may not be known with certainty; during 
the time interval (¢/—>) it may have been the operator 
V(t) with probability P;, or it may have been V (#) 
with probability P2, ---, etc. Then our state of knowl 
edge of the system must be represented by a compound 
array, which is a fusion of several simple arrays corre- 
sponding to the different V‘”(/), and which are subject 
to different rotations. At time /, the density matrix 
will be the average of the matrices that would result 
from each of the possible interactions: 


p)=>. PU (tt) pl)u@ (0, (12.5) 


and the transformation p(¢’)—p(¢) is no longer unitary. 
We might also have a continuous distribution of 
unknown interactions, and therefore an integration 
over a, or more generally there might be several 
parameters (a):--a,) in V(¢), with probability distri 
bution P(a,:+-+a,)da;:++da,. We will understand the 
notation in (12.5) to include such possibilities. Our 
uncertainty as to V(¢) will be reflected in increased 
uncertainty, as measured by the entropy, in our 
knowledge of the state of system o. It is shown in 
Appendix A that, in case a is discrete, there is an upper 
limit to this increase, given by the following inequality : 


S(MSSO<SSU)+S(P,.), 


, «f.ink. 


Equation (12.6) has an evident intuitive content; 
the entropy of a system is a measure of our uncertainty 
as to its true state, and by applying an unknown signal 
to it, this uncertainty will increase, but not by more 
than our uncertainty as to the signal. The maximum 
increase in entropy can occur only in the following 
rather exceptional circumstances. The totality of all 
possible states of the system forms a function space §. 
Suppose that our initial state of knowledge is that the 
system is in a certain subspace $» of 8. If the pertur 
bation V‘“(¢) is applied, this is transformed into some 
other subspace 


(12.6) 
where 


S(P.) (12.7) 


$.= U8, 


and the maximum increase of entropy can occur 
only if the different subspaces 8, are disjoint; i.e., 
every state in $4 must be orthogonal to every state 
in 84 if a#8. From this we see two reasons why the 
increase is usually less than the maximum possible 
amount; (a) it may be that even though V‘@(t) and 
V(t) are different functions, they nevertheless produce 
the same, or nearly the same, net transformation U in 
time ((—/’), so that our knowledge of the final state 


does not suffer from the uncertainty in the perturbation, 








Fic. 1. Illustration of the subjective H theorem 
(a) The array. (b) The resulting entropy curve 


and (b) our initial uncertainty may be so great that no 
such disjoint subspaces exist regardless of the nature 
of the V‘(t). The extreme case is that of complete 
initial ignorance; p(t’) is a multiple of the unit matrix. 
Then, no matter what is done to the system we cannot 
acquire any additional uncertainty, and the entropy 
does not change at all. 

Equation (12.6) corresponds closely to relations that 
have been used to demonstrate,the second law of 
thermodynamics in the past, and_it will be called the 
“subjective H theorem.”’ The inequalities hold for all 
times, positive or negative; given the density matrix at 
time (/=0, our uncertainty as to the perturbing signal 
V(t) affects our knowledge of the past state of the 
system just as much as it does the future state. We 
cannot conclude from (12.6) that “entropy always 
increases.” It may fluctuate up and down in any way 
as long as it remains within the prescribed bounds. On 
the other hand, it is true without exception that the 
entropy can at no time be less than its value at the 
instant ¢’ for which the density matrix was given. 

Figure 1 represents an attempt to illustrate several 
of the foregoing remarks by picturing the array. The 
diagram represents a portion of the surface of the unit 
hypersphere upon which all points of the array lie."’ 
The interior of a circle represents a certain subspace 
$,(t) which moves in accordance with the Schrédinger 
equation. Separated circles represent disjoint subspaces, 
while if two circles overlap, the subspaces have a 
certain linear manifold of states in common. The infor- 
mation given to us at time ¢/=0 locates the system 
somewhere in the subspace So. The two possible inter- 
actions V(t), V(t) would induce rigid rotations of 
the hypersphere which would carry So along two differ- 
ent trajectories as shown. The lower part of the diagram 
represents the resulting entropy curve S(/). If the 
subspaces $, 8: coincide at some time 4, then S(t) 


17 The representation is necessarily very crude, since a con 
tinuous 1:1 mapping of a region of high dimensionality onto a 
region of lower dimensionality is topologically impossible. Never 
theless such diagrams represent enough of the truth to be very 
helpful, and there seems to be little danger of drawing funda 
mentally incorrect conclusions from them 
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=5(0). At times when they are completely separated, 
we have S(/)=5(0)+S(P.), and in case of partial 
overlapping the entropy assumes intermediate values. 


13. INFORMATION GAME 


A typical process by which the subjective H theorem 
can lead to a continual increase of entropy, and which 
illustrates the essential nature of irreversibility, may 
be described in terms of a game. We have a sequence of 
observers ©), ©2, 03, --:, who play as follows. At the 
beginning of the game they are given the possible 
Hamiltonians H,= Ho+V‘(t) and the corresponding 
probabilities P,. At time 4, observer ©, is given a 
density matrix pi(4,). He computes from (12.5) the 
density matrix p(t) which represents his state of 
knowledge at all other times on this basis, and the 
corresponding entropy curve 5;(/). He then tells ob- 
server ©, the value which the density matrix p;(t2) 
assumes at time /,, and gives no other information. 

©2 now computes a density matrix p2(/) which 
represents his state of knowledge at all times, on the 
basis of the information given him, and a corresponding 
entropy curve S,(t). He will, of course, have po(te) 

=pi(l2), but in general there will be no other time at 
which these density matrices are equal. The reason for 
this is seen in Fig. 2, in which we assume that there are 
only two possible perturbations V", V®, The infor- 
mation given to ©, locates the system somewhere in 
the subspace So at time 4. At a different time f2, this 
will be separated into two subspaces $;(/2) and S2(t2), 
corresponding to the two possible perturbations. For 
simplicity of the diagram, we assume that they are 
disjoint. At any other time 4, the array of ©, is still 
represented by two possible subspaces 5)(/3), S2(ts). 
Observer ©:, however, is not in as advantageous a 
position as ©,; although he is given the same density 
matrix at time /2, and therefore can locate the subspaces 
$1 (tz) and S2(t2), he does not know that $;(t2) is associ- 
ated only with the perturbation V", 82(t2) only with 
V®, Therefore, he can only assume that either pertur- 
bation may be associated with either subspace, and the 
array representing the state of knowledge of ©2 for 
general times consists of four subspaces. 


\ 


‘y-~. 


Fic. 2. The informa 
tion game. The array 
of observer 1 at times 
ti, te, ts is represented by 
solid circles. The array 
of observer 2 includes 
also the portion § in 
dashed lines 
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The game continues; ©, tells ©; what the density 
matrix p2(ts) is, and ©; calculates Ais density matrix 
p3(t) (which, at general times other than /;, must be 
represented by eight possible subspaces), and the 
entropy curve 5;(t), «++, and so on. 

The subjective 7 theorem applied to the nth observer 
gives 


Su(tn) <Sn(l)<Sa(tn)+S(Pa), (13.1) 
while from the rules of the game, 

Sn—1(tn) = Sn (tn). 
Therefore, we have 


Si (ts) <S2(te) SS3(ts) S-°-. 


(13.2) 


(13.3) 


Note that no such inequality as 4<#<t;<--- need 
be assumed, since the subjective H theorem works as 
well backwards as forwards; the order of increasing 
entropy is the order in which information was transferred, 
and has nothing to do with any temporal order. 

An important conclusion from this game is that a 
density matrix does not in general contain all of the 
information about a system which is relevant for pre- 
dicting its behavior; even though ©, and ©, had the 
same knowledge about possible perturbations, and 
represented the system by the same density matrix at 
time /2, they were nevertheless in very different positions 
as regards the ability to predict its behavior at other 
times. The information which was lost when ©, com- 
municated with ©, consisted of correlations between 
possible perturbing forces and the different simple 
arrays which are contained in the total compound 
array. The effect of this information loss on an ob- 
server’s knowledge of the system was not immediate, 
but required time to “develop.” Thus, it is not only 
the entire density matrix, but also the particular 
resolution (12.5) into parts arising from different simple 
arrays, that is relevant for the prediction problem. 

For these and other reasons, an array must be 
considered as a more fundamental and meaningful 
concept than the density matrix; even though many 
different arrays lead to the same density matrix, they 
are not equivalent in all respects. In problems where 
the entropy varies with time, the array which at each 
instant represents the density matrix as a mixture of 
orthogonal states is difficult to obtain, and without 
any particular significance. The one which is resolved 
into simple arrays, each representing the unfolding of 
a possible unitary transformation, provides a clearer 
picture of what is happening, and may contain more 
information relevant to predictions. 

The density matrices p,(/) determined by the succes- 
sive observers in the information game may be repre- 
sented in a compact way as follows. Consider first the 
case where there is only a single possible perturbation, 
and therefore p undergoes a unitary transformation 


p(H)=U(tl)p(K)U“ (4,0). (13.4) 


AND 
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This could also be written in another kind of matrix 
notation as 


(13.5) 


Pan (t) => (nn' |G(t,t') | RR’) one (U’), 
kk’ 


or, 

p(t)=G(tt)p(t’), (13.6) 
where 
(13.7) 


(nn’|G(t,t') | RR’ = Ua l(t) U we (1) 


is the direct product matrix 


G=UXU*. (13.8) 
In (13.4) p is considered as an (N XN) matrix, while in 
(13.6) it is a vector with N? components, and G is an 
(N*X N*) matrix. It is readily verified that G has the 
group property 


G(tt)G (Ut =G(tt") (13.9) 
in consequence of the same property possessed by U. 

The advantage of writing the transformation law in 
the form (13.6) is that, in the case where there are 
several possible perturbations V‘(t), the transforma 
tion with time (12.5) cannot be written as a similarity 
transformation with any “averaged U matrix,” but it 
is expressible by a G matrix averaged over the distri 
bution P,: 


p(t)h=G(tt')p(l), (13.10) 
where 
(13.11) 


G(tt!) = doa PaG™ (t,t’). 


The essential feature of the irreversibility found in the 
information game is that G(t,t’) does not possess the 
group property (13.9): 


GUL) GU LOA GAL’), (13.12) 


for on one side we have the product of two averages, 
on the other the average of a product. If (13.12) were 
an equality valid for all times, it would imply that G 
has an inverse G'(1,l)=G(,t), whereupon (13.10) 
could be solved for p(?’), 


e()=G(U p(t) (13.13) 


But then, the subjective H theorem would give 
S()> S(t’), from (13.10) ; 
S()> S(t), from (13.13). 

In the general case G(/,t’) may be singular. 


The density matrices of the successive observers are 
now given by 


pi(l) = Gt h)pi(h), 
pall) = G( tte) G(taytr)piltr), 
pall) = G(tyts) G (tate) G (tats) pr (tr), 


(13.14) 


in which the information game is exhibited as a Markov 
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chain,'** the ordering index giving the sequence of 
information transfer rather than a time sequence. 


14. STEP-RELAXATION PROCESS 


In the preceding section, the information game was 
interpreted in the “passive” sense; i.e., we assumed 
that a certain one of the perturbations V‘@ (1) was the 
one in fact present, and this same one persisted for all 
time. The different observers then represent different 
ways of looking at what is in reality only one physical 
situation, their increasing uncertainty as to the true 
state being due only to the incomplete transmission of 
information from one observer to the next. 

The game may equally well be interpreted in the 
“active” sense, in which there is only one observer, 
hut at each of the times 4), ty, ts, «++, the perturbation 
is interrupted and a new choice of one of the V‘@ (4) 
made in accordance with the probability distribution 
P,. Although it is not required by the equations, it is 
perhaps best at this point, merely to avoid certain 
teleological distractions, to assume that 


hSbshs::: 


(14.1) 


At each of these times the observer loses exactly the 
same information that was lost in the communication 
process of the passive interpretation, and his knowledge 
of the state of the system progressively deteriorates 
according to the same Eqs. (13.14) as before. The 
density matrix which represents the best physical 
predictions he is able to make is then 


W<ltSh 
beStSty 


ory 


a(t), 
pil) 48 


prlt), tn<t<t 


n+l 


Ihis is a continuous function of time, since 


Palla) Pn 1(ty). 


In the following we consider only the case where p 
operates on a function space o of finite dimensionality 
V. The maximum possible entropy of such a system is 


Smex™ inN, (14.3) 


which is attained if and only if p is a multiple of the 
unit matrix: 


Pak Nak. (14.4) 


From this fact and (13.3), it follows that the sequence 
of values S(/,) must converge to some definite final 
entropy : 


lim S(t,,) (14.5) 


noe 


Ses < an ax 


‘To investigate the limiting form of the density matrix 
as >, some spectral properties of the transformation 
matrices are needed. Let G stand for any one of the 


* J. L. Doob, Ann. Math, 43, 351 (1942) 
*W. Feller, An IJntroduction to Probability Theory and its 
{ pplications (John Wiley and Sons, Inc., New York, 1950) 
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(N*X N*) step transformations G(tn,/n-1) operating in 
the direct product space oXo=o", and x,y be any 
vectors of N* components upon which G can operate. 
Instead of denoting the components of x, y by a single 
index running from 1 to N*, we use two indices each 
running from 1 to N, so that x, y may also be interpreted 
as (NXN) matrices operating in the space o. We 
define inner products in the usual way by 
N 
(x,y)= So Xnn*yne=Tr(xty). (14.6) 
n kml 

Since G is not a normal matrix (i.e., it does not com- 
mute with its Hermitian conjugate), we may not assume 
the orthogonality, or even the existence of a complete 
set, of its eigenvectors. However, every square matrix 
has at least one eigenvector belonging to each eigen- 
value, so that as x varies over all possible directions, 
the set of numbers 


g(x) = (x,Gx)/(x,x) 
includes all the eigenvalues of G. Writing 
Lq= UU 1 


it is readily shown that (%q,%q)=(x,x). From (12.5) 


we have 
Gx . og i 


and therefore 


t,Gx)|=|X Pe(x,x0)|<>d Pal (x,%e) | 
<D¥ Pal (x,x) (xa,%a) |'= (x,x), 


where the Schwarz inequality has been used. We 
conclude that for all x, 


lg(a)| <1, (14.7) 


with equality if and only if x.=x for all a. This is 
evidently the case if x is a multiple of the unit matrix; 
thus (14.4) is always an eigenvector of G with the 
eigenvalue unity. Only in exceptional circumstances 
could G have any other eigenvalue of magnitude unity ; 
this would require that some x other than (14.4) must 
exist which is invariant under all the unitary transfor- 
mations UV, 

By a similar argument, one can derive a slightly 
weaker inequality than (14.7): 


(Gx,Gx) < (x,x), (14.8) 


which shows that Tr[p?(¢,) ] is a non-increasing function 
of n, which must converge to some definite final value. 

From these relations several features of the long-time 
behavior may be inferred. First consider G to be 
brought, by similarity transformations, to the canonical 
form 

Ay 
A» 


T9T™'= 
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where each 4A, contains all those, and only those, terms 
which arise from the eigenvalue ,. If A; is nondegener- 
ate, A; is simply the number ),. If A; is an m-fold 
multiple root of |G-A1|=0, then A; may be the 
(mXm) diagonal matrix \;1, or it may have one or 


more ‘‘superdiagonal”’ terms”® 


at : ee 
Wht © 
A;= ee x 6 (14.10) 


The simplest type of step-relaxation process to describe 
is the one in which all of the matrices G(tn,tn—1) are 
equal; i.e., ¢,=mr, and each of the possible pertur- 
bations V‘®(t) is periodic with period r. The general 
conclusions will be the same regardless of whether this 
is the case. We now have 


p(tn) = §"0(0), (14.11) 


and those parts of the canonical form 7G¢"7~ arising 
from the eigenvalue \=0 are annihilated in a finite 
number of steps, while the sections A," for which 
0<|\;| <1 are exponentially attenuated. Thus, the 
situation as n—« depends only on those A,” for which 
|\y| =1. There are two possibilities : 

(a) The ergodic case. If G has only one eigenvalue 
with |A,;|=1 [which must therefore correspond to the 
eigenvector (14.4) |, the sequence {G"} converges to the 
projection onto (14.4); i.e., 

lim p(t,)=N“1, 


nn 


(14.12) 


independently of p(0). The information contained in 
the initial distribution becomes completely lost, and 
the limiting entropy is the maximum possible value 
(14.3). In practice, this would be the usual situation. 

(b) If G has more than one eigenvalue with |\;| = 1, 
the density matrix does not necessarily approach any 
fixed limit. Nevertheless, the entropy S(/,) must do so 
Therefore, by an argument like that of Appendix A, 
the ultimate behavior must be one in which a certain 
similarity transformation is repeated indefinitely. For 
example, this ultimate transformation could consist of 
a permutation of the rows and columns of p. In this 
case, traces of the initial information are never lost, 
and the limiting entropy is less than InJ. 

These results correspond closely to those of the theory 
of long-range order in crystals,”"” in which one intro- 
duces a stochastic matrix which relates the probability 
distribution of one crystal layer to that of an adjacent 
one. The existence or nonexistence of probability 
influences over arbitrarily long distances depends on 
the degeneracy (in magnitude) of the greatest eigen 
value of this matrix. 

*™S. Lefschetz, Lectures on Differential Equations (Princeton 
University Press, Princeton, 1946), Chap. I. 

#1 J. Ashkin and W. E. Lamb, Jr., Phys. Rev. 64, 159 (1943) 


2G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25, 
353 (1953). 


AND 


STATISTICAL MECHANICS 


15. PERTURBATION BY A STATIONARY 
STOCHASTIC PROCESS 


We now investigate the change in our knowledge of 
the state of a system for which the perturbing Hamil 
tonian V(¢) is a stationary random function of time. 
Certain aspects of irreversible processes may be de- 
scribed in terms of such a model, although we will find 
that other essential features, such as the mechanism by 
which thermal equilibrium is established, require better 
approximations in which the quantum nature of the 
perturbing forces is taken into account. 

In classical statistical mechanics an ergodic hypoth 
esis facilitated the mathematics by allowing one to 
replace time averages by ensemble averages. We now 
find the reverse situation; that calculation of G(4#’) is 
facilitated by an ergodic principle that enables us to 
replace the “ensemble average” (13.11) by a time 
average, and then to make use of correlation func 
tions and the Wiener-Khintchine theorem. In Eq 
(13.10), G° (4,0!) may be regarded as a certain fun 
tional FLV‘ (t)] of V(t), which depends on the 
values assumed by this operator in the time interval 
(t’—+t). The statement that V(f) is a stationary sto 
chastic process implies that the average of this func 
tional 


Pot= doa Pal V'™ (b) | (15.1) 


is not affected by which particular sample of the 
function V‘@(¢) is involved in (15.1); Le., 
insert instead the values assumed by V'(¢) in some 
other equal time interval (//+-7r->/+-r), the average 


if we were to 


Fit=)), Pall VV (t+r) ] (15.2) 


would be independent of 7. Conversely, if 
P a= Pa 

for all functionals and all values of 7, this implies that 
V(t) has exactly the same statistical properties after 
any time translation, so that V (¢) must be a stationary 
stochastic process. Under these conditions the expres 
sion (15.1) will not be affected by averaging it over all 
time translations; 


y 
fa Par 


lim 
T-+@ 2) 


1 
f > PFT V™ (t4 r) |dr (15.3) 
r 


Our ergodic assumption is that in this formula the 
averaging over /’, is redundant; i.e., 


s of 
lim J FLV (t+r) |, 
re oT) 


in which the parameter a may be dropped. 

The preceding paragraph was written in a conven 
tional kind of language which made it appear that a 
substantial assumption has been introduced ; one whose 
correctness should be demonstrated if the resulting 


Pras Pr 
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theory is to be valid. Such conventional modes of 
expression, however, do not do full justice to the 
situation as it is presented to us in practice. To see this, 
we need only ask, “What do we really mean by the 
functions V‘@(¢) and the probabilities P,?” In most 
cases there is only one function V(t). Knowledge of the 
statistical properties of V cannot then be obtained by 
observing the frequency with which the particular 
function V‘?(4) appears in an ensemble of similar 
situations, because no such ensemble exists. By the 
probability P, we could mean only the average fre- 
quency, over long periods of time, with which a con- 
figuration locally like V‘ occurs in the single function 
V(t). The means by which the probabilities P,, are defined 
already involve a time-averaging procedure. ‘Therefore 
(15.4) is not an assumption at all; it is merely the 
natural way of stating a fact which is expressed only 
awkwardly by (15.1). Equation (15.4) carries out in a 
single step both the averaging procedure in (15.1) and 
the process by which the V‘” and P, are determined. 

The problem is thus reduced toa calculation of 
G(t,’)= Git—), where 


1 T 
G(t)= lim - f [U(t+1, 1) U*(t+71, 7) ]dr. (15.5) 
TJ _¢ 


we TE. 


The exact evaluation of G(t) would require a rigorous 
solution of the Schrédinger equation (12.3) for arbitrary 
V(t). In practice one must resort to approximate solu- 
tions at this point, and it is fortunate that in many 
practical situations G(t) is determined to a good 
approximation by the use of second-order perturbation 
theory. The characteristic feature of such problems is 
found by noting that although G(/,t’) does not in 
general possess the group property (13.12), an equality 
of this form may be approximately correct for certain 
choices of times, provided the perturbation is weak 
and has a short correlation time. Thus, suppose that 
<1 <4, and we try to represent G(i,t’’) by a product 


GEM O~GLLOG UU). (15.6) 


The approximation involved in (15.6) consists of the 
discarding, at time ?¢’, of mutual correlations which 
were built up in the time interval (¢/’—>t') between 
possible functions V (4) and the corresponding simple 
arrays. If V(t) is a weak perturbation, it can change 
the state of the system only slowly, and a long time is 
required for any strong correlations to develop. How- 
ever, if the time +, over which appreciable autocorre- 
lations persist in V (¢) is very short compared to (t/—¢’’), 
the mutual correlations discarded were actually accumu- 
lated only during an interval r, just prior to ¢’, and will 
be relatively unimportant; thus (15.6) may be a very 
good approximation, On the other hand, it will never 
be an exact equality, because the values of V(t) just 
prior to # will necessarily have some influence on its 
behavior just after ¢’, whose effect is lost in the approxi- 
mation. 
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These considerations lead to a means for approximate 
calculation of G(t—?’). Divide the time interval (#’—#) 
into m equal intervals: (t—?’)=mnr, and set 


G(t—t’)~[ G(r) ]*. (15.7) 


If r>r,, this is a good approximation, and if in addition 
it is possible to choose 7 short enough so that the change 
of state during time 7 is given adequately by second- 
order perturbation theory, this leads to a feasible 
method of calculation. With this approximation, the 
theory is reduced in its essentials to that of the step- 
relaxation process of the preceding section. 

The most important feature of the final solution can 
be seen directly from (15.7). The change of state with 
time has a simple “stroboscopic” property: if we 
observe the density matrix only at the instants ¢,,= mr, 
we see the approach to equilibrium take place in a 
stepwise exponential fashion, describable by relaxation 
times. This result is already guaranteed by the nature 
of the approximation in (15.7) quite independently of 
any further details, and in particular independently of 
any assumptions concerning the level spacings of the 
system. However, the level spacings are important in 
determining the appropriate form of the solution. For 
example, if the correlation time +, is extremely short 
compared to all characteristic times of the system, we 
may, while satisfying the condition 7>>r,, still have 
|wer| 71 for all transitions frequencies w,:. In this 
case, the change in p during time 7 is very small, and 
(15.7) may be replaced by a linear differential equation 
with constant coefficients. Thus, defining K, by 


K,=[G(r)—1]/r, (15.8) 


we have approximately 


dp/dt™K jp. (15.9) 


K, has N? eigenvalues \,, one of which must be zero 
since K, annihilates (14.4). By an argument like that 
leading to (14.7) one shows that Re(A;) <0. Thus each 
element of p will relax to a final state according to a 
superposition of exponentials exp(A,), with several 
different relaxation times in general. 

The right-hand side of (15.9) is generally a poor 
approximation to the instantaneous time derivative of 
p, but gives only the average rate of change over the 
period r. Similarly, the matrix K, resembles a time 
derivative of G; in the following section we present 
reasons for expecting that a slightly different definition 
of K, will render (15.9) more accurate as far as giving 
the long-term drift is concerned. 


16. EXACTLY SOLUBLE CASE 


In the case where the perturbation V(#) commutes 
with Ho, it is possible to evaluate (15.5) exactly without 
use of perturbation theory. This case is a very special 
one, since the perturbation causes no transitions but 
only a loss of coherences; nevertheless it has found some 
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applications in the theory of pressure-broadening of 
spectral lines**** and exchange narrowing” in para- 
magnetic resonance. 

The perturbing forces represented by V(¢) often 
arise as a superposition of many small independent 
effects, and in this case the central limit theorem of 
probability theory shows that the distribution of V(t) 
will be Gaussian. Furthermore, in most applications 
one will not have enough information about V(é) to 
determine any unique objective probability distribu- 
tion; we may know, for example, only the average 
energy density, therefore the mean-square value, of the 
perturbing fields, plus a few features of their spectral 
density. Maximum-entropy inference would then be 
needed in order to represent our knowledge of V (/) in 
a way free of arbitrary assumptions. Since a Gaussian 
distribution has maximum entropy for a given variance, 
one should always use a Gaussian distribution if the 
available information consists only of the first and 
second moments. In the following we consider only the 
Gaussian case. 

The Hamiltonian has matrix elements 

Hy, (t) [ wet Vie(t) Wee. (16.1) 


The solution of (12.3) for the time-development matrix 
is substituted into (15.4) to give 


(kk’| G(t,t’) | Ul) 


t 
Bx Og pererelee’ (exif jeute?y’), (16.2) 
* 


where w 


Wer — Ww, and 


fer Ve (t)— V,(t) (16.3) 


is a real Gaussian random function with mean value 
zero (by definition, since any constant part of V may 
be included in /7/9). So also, therefore, is the function 


t 
g(t) f f(U)dt, 


0 


(16.4) 


where we have dropped the subscripts for brevity. 
The probability distribution of g(t) is determined by 
its second moment 


t t 
a(t) =(g*(t)) fof dt’ f(t’) f(t”) 
0 0 
t t 
fof dt" p(t'—t”), 
0 0 


1 7 
g(r)= lim f f(t+ 7) f()dt 
eed i i 


2% P, W. Anderson, Phys. Rev. 76, 647 (1949). Earlier references 
are given in this paper. 

*%S. Bloom and H. Margenau, Phys. Rev. 90, 791 (1953). 

25 P. W. Anderson and P. R. Weiss, Revs. Modern Phys. 25, 
269 (1953). 


(16.5) 


where 


(16.6) 
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Fic. 3. Region of inte 
gration in Eq. (16.5). 
Appreciable contribu 
tions to the iniegral 
come only from shaded 
part 








is the autocorrelation function of f(t). A short calcu- 
lation shows that for a Gaussian function with variance 
a(t), the average required in (16.2) is 


(e'0) == g~ het) (16.7) 


and thus the exact solution (13.10) of the relaxation 
problem is 
(16.8) 


pee (Ll) = e'**'*'o,  (O)e hone 0) 


Since o44=0, the diagonal elements of p are unchanged, 
but the off-diagonal elements relax to zero in a manner 
described by (16.5).*® 

We assume that there exists a correlation time r, 
such that the correlation function (16.6) is essentially 
zero whenever |r|>r,. The region of integration in 
(16.5) may be represented by a square as in Fig. 3, 
and it is seen that although o(¢) necessarily starts out 
proportional to # for small ¢, it approximates a linear 
function of time when (> r,. The function o(t) therefore 
has the form of Fig. 4, and for ¢>r, it reduces to 


a (1)2nl1 (O)[ t—r, | (16.9) 


The quantity 


(le tdi (16.10) 


a(t) 
The function 
a(t) 


hic. 4 


26 In some cases it may be possible to evaluate (16.7) directly 
even though (g?) does not exist. For example, we may have 
f(t) =constant, with probability distribution p(f)d/. Then (16.7) 
is a Fourier transform, and with Lorentzian p(f) we obtain a 
decay law exactly exponential for all times 








Fic. 5. Slip effect 
caused by discarding 
correlations. The ap 
proximate solution is 
represented by the 
solid line, while the 
dashed line the 
exact solution 


is 





is the spectral density of f(t) for frequency w, and 7; is 
a short time somewhat less than r,, indicated on Fig. 4. 
Thus when (>7r,, the relaxation process goes into an 
exponential damping, the element pxx having a relax- 
ation time 7,,, where 

1 T kee 


ml (0). (16.11) 


Note that although the final formulas involve only the 
spectral density at zero frequency, the condition that 
g(t) should be very small for |¢|> +7, implies certain 
conditions on /(w) at other frequencies, It is required 
not only that /(w) be large over a band width ~7,"! 
of frequencies, but also that it be a sufficiently smooth 
function of frequency. Discontinuities in /(w) produce 
oscillations in g(#) and a(t) which may persist for long 
periods, rendering (16.9) inaccurate. 

It is of interest to compare the exact solution (16.8) 
with the one which would be obtained using the 
approximation of (15.7), Here we stop the integration 
process of (16.5) after each interval r+, throw away 
mutual correlations between p and V(t), and use the 
density matrix thus obtained as the initial condition 
for the next period. The resulting o(¢) is illustrated in 
Fig. 5. It is seen that the approximation “slips behind” 
the exact solution by a time delay 7; each time the 
mutual correlations are discarded. 

There is an apparent paradox in this result. It seems 
natural to suppose that any mathematical approxima- 
tion must “lose information,” and therefore increase 
the entropy. However, we find the relaxation process 
taking place more rapidly in the exact treatment than 
in the approximate one: Sexact (1) > Sapprox (1). Thus, the 
approximation has not “lost information,” but has 
‘injected false information.” The reason for this can be 
visualized as follows. Suppose that at time #=0 the 
array consisted of a single point, i.e., a pure state. At 
later times it will consist of a continuous distribution of 
points filling a certain volume, which continyally 
expands as ¢ increases. It is very much like an expanding 
sphere of gas, where strong correlations will develop 
between position and velocity; a molecule near the 
edge of the sphere is very likely to be moving away 
from the center. This corresponds roughly to the 
correlations between different states of the array and 
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different possible perturbing signals V (¢). Now suppose 
that in an expanding gas sphere these correlations are 
suddenly lost; the set of velocities existing at time r is 
suddenly redistributed among the molecules at random. 
Then a molecule near the edge is equally likely to be 
moving toward or away from the center. The general 
expansion is momentarily interrupted, but soon resumes 
its former rate. 

This paradox shows that “information” is an unfortu- 
nate choice of word to describe entropy expressions. 
Furthermore, one can easily invent situations where 
acquisition of a new piece of information (that an 
event previously considered improbable had in fact 
occurred) can cause an increase in the entropy. The 
terms “uncertainty” or “apparent uncertainty” come 
closer to carrying the right connotations. 

Note that, if we were to use the slope of the approxi- 
mate curve in Fig. 5 just before time r, instead of the 
average drift over period 7, to calculate the relaxation 
time, we would obtain a more accurate value whenever 
T>Te. 


17, PERTURBATION THEORY APPROXIMATION 


Returning to the general case, we conjecture that a 
similar situation to that just found will occur: i.e., that 
the differential equation 


dp/dt= Kp, (17.1) 


dg 
co). 
GT tar 


will give a slightly more accurate long-term solution 
than will (15.9). The evaluation of G(r) using pertur- 
bation theory is in essence identical with the treatments 
of nuclear spin relaxation given by Wangsness and 
Bloch,” Fano,**, Ayant,** and Bloch.*°:* Only a brief 
sketch of the calculations is given here, although we 
wish to point out certain limitations on the applica- 
bility of previous treatments. 

One solves the equation of motion (12.3) by use of 
time-dependent perturbation theory, retaining terms 
through the second order, The result of substituting 
this solution into (15.5) is expressed compactly as 
follows. Define a matrix g(t) whose elements consist of 
all correlation functions of Vy, Vee: 


(kk’ | o(t—¢) |W!) = (Vial) View* (t)), 


where 


(17.2) 


(17.3) 
in which the average is taken over all time translations. 
¢(t) has the symmetry properties 
(kR’| p(t) | U')=(U'| o(t)| RR’) *=(U'1| ge (—2) | RR). (17.4) 
We assume again that there exists a correlation time 
27 R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953) 
**U. Fano, Phys. Rev. 96, 869 (1954). 
™Y. Ayant, J. phys. radium 16, 411 (1955) 
* F. Bloch, Phys. Rev. 102, 104 (1956). 
" F. Bloch, Phys. Rev. 105, 1206 (1957) 
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r, such that all components of ¢g(¢) are essentially zero 


whenever ¢>r,. In this case the ‘partial Fourier 
transforms” of ¢g, defined by 


P(w) fe it o(t)dt 
0 


are independent of r. Finally, we introduce the symbols 


(kk’ | nn’) = (RR' | ® (we) | nn’) = (nn' | kk’)*. 


(17.5) 


(17.6) 


In terms of these quantities, we obtain 


(kR’| G(r) | nn’) = bende wn’ 
— Bang (Wnk') >, p(Pp| k’n’) — beng (Wen) >. p(kn| pp) 
+q(wen— wen) (RR | nn’) + (n'n| kk) |}, (17.7) 
where 
q(w) = (e"—1)/tw. 


In the case of extremely short correlation time, so that 
Went |K1, as assumed in (15.9) and (17.1), q(wen)=7 
for all transition frequencies wn, and (17.7) leads to 
the differential equation 


peer tiwne pee = >. (L(RR'| nn’) + (n’n| k’R) pan’ 


-(nn| kn’) pen —(kn|n'n' pny}. (17.8) 
This case of perturbation by extremely wide-band 
“white noise” applies to many cases of nuclear spin 
relaxation in liquids,® its condition of validity being 
that the correlation time (roughly, period of molecular 
rotation) is short compared to the Larmor precession 
periods. 

In the approximation of (17.8) the quantities 
(kk’|\nn’) are real if g(t) is real, as will usually be the 
case : 


(Ak |nn’)~ f COS(Wnget) (RR'| (t)|nn’)dt. (17.9) 
0 


The neglected term is small, since by hypothesis ¢(¢) 
is very small before sin(w,4t) attains an appreciable 
magnitude. Equation (17.9) is mw times the “mixed 
spectral density,” at frequency wy, of Vx,(t) and 
Vien (t). To interpret (17.8) we transfer all terms 
containing px, to the left-hand side 


(17.10) 


1 
Pik’ +( —-+ inn )owe “driving forces.”’ 
k 


kk’ 


The relaxation times 7,4 are given by 


1/T ee: (17.11) 


Yk + Ve Vek’, 
where 


Ye= DL plkk| pp), 
ven = (kk’| RR')+- (RR! R’R). 


(17.12) 


If the correlation time r, is not short compared to 
the periods (w;,,)~', then the time of integration 7 must 


® Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 
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be chosen so long that the formulation (17.8) in terms 
of a differential equation breaks down. In this case a 
different approach, used by Wangsness and Bloch,” 
may be attempted. Here one removes the rapid time 
variations of p due to Ho by transforming to the inter 
action representation, in which the density matrix is 


(17.13) 


eitot iHot 


p(t) p(be 


and attempts to describe the relaxation process by a 
linear differential equation with constant coefficients, 
satisfied by the slowly varying f(t). This is not always 
possible, however, for Eqs. (15.5) and (15.7) hold only 
in the original Schrédinger representation. If Ho is 
diagonal, the matrix G,; which gives the change of state 
in the interaction representation, 


AL =Grkt pt), (17.14) 


is related to the previous G by 


(kk’| Gr(t-+-r, t)| nn’) 


e'(whn—whin') Igiakh't( kk’ | O(r)| nn’), (17.15) 


so that although G is a function only of (¢—¢’), this is 
not in general true of G;. Consequently an approxi 
mation of the form (15.7) cannot be valid in general 
for Gr. However, it is seen that those elements of G, 
for which 


Wkn (17.16) 


) 
Wkhin 


depend only on (t-¢’). Therefore, if by any means 
one can justify discarding elements of G; not satisfying 
(17.16), this method will work. Referring to (17.7), it 
is seen that the elements which satisfy (17.16) are just 
the “secular terms” which increase proportional to 7, 
while the unwanted terms are the oscillating ones. 
Therefore if the time r is sufficiently long, and the 
level spacings are such, that the quantities 


Wkn~ Wkin’| T 


are either large gompared to unity, or zero, for all 
combinations of levels, the secular terms will be much 
the 


larger than the oscillating ones and we obtain 


approximate differential equation 


Oper’ ‘ 
2 {5(w, n 


al nn’ 


wen) (RR’ | nn’) 


+ (n'n| RR) |pnn — 8 (wen) (nn| RN’) pen 


5(Wen)(kn|n'n’) pe}. (17.17) 
If there is no degeneracy and the density matrix is 
initially diagonal, (17.17) reduces to 


Oper Ol 2m b kK p Lin(Wnk) (Pan Pkk); (17.18 


1 4 
f- “(kk p(t)\nn)di (17.19) 


where 


len(w) 


arv_, 





14% 


is the spectral density, at frequency w, of Ven(t). 
Equation (17.18) is to be compared to (11.7); we have 
a time-proportional transition probability satisfying the 
condition of microscopic reversibility. Note, however, 
that this result depends entirely on the assumptions as 
to spectral properties of V(¢) and the various approxi- 
mations made, which ensured that off-diagonal elements 
of p would not appear. From the definition (15.5) of G 
it follows that, in the case that p(0) is diagonal, the 
rigorous expression for diagonal elements at time ¢ is 


D»(| U gn (1,0) *)pnn(0) 
' ci. Aen()pan(0), 


so that in general the transition probabilities \,,(() are 
neither time proportional nor symmetric.” On the 
other hand, the so-called \-hypothesis," if stated in the 
form 


pert) 
(17.20) 


Doe Ann (b) = Don Aen (t)=1, 


is always satisfied in this semiclassical theory, in 
consequence of the unitary character of U.™ 

In (17.17) we may again transfer all terms containing 
per to the left-hand side**: 


Open’ 1 
$4 (bw, — dw) Jou 
ar T pp 
(17.21) 


= “driving forces,” 
where (17.11) holds, but in place of (17.12) we now have 
Vet tho, = >> p(kk| pp). (17.22) 


The quantities y, and du, are defined to be real. We 
interpret these relations as follows. In consequence of 
the random perturbations, the energy of state & is 
uncertain by an amount ‘y, (in frequency units), and 
in addition its average position is shifted by an amount 
dw,. Because of this uncertainty in energy, different 
possible states of the array drift out of phase with each 
other, and the off-diagonal element jxx tends to relax 
to zero with a relaxation time 7,4. The term 


Yen = (kR’ | kk’) + (h'R| h’R) 


f (Vie (t) Vier (O))dt (17.23) 


« 


corrects for the fact that there may be correlations 
between the “instantaneous level shifts” Vax(t), Varw (4) 


* A trivial exception occurs if the system has only two linearly 
independent states, for a (2X2) unitary matrix necessarily 
satisfies | U/i2|*= | Ua: |*. This is not true in any higher dimension- 
ality 

“ The possibility that Az, is not proportional to ¢ may lead in 
some cases to a differential equation for 7 with time-dependent 
coefficients, analogous to Eq. (2.24) of reference 31. 

% If there is no degeneracy and the level spacing is the most 
general type for which there is no relation of the form wen = we »’ 
for kk’, the right-hend side of (17.21) is zero for all off-diagonal 
elements pas. 
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so that the contributions of the level widths yz, ys to 
the rate of relaxation are not independent. Due to the 
terms yx« the uncertainty in energy , is different from 
the reciprocal of the mean lifetime of state & against 
transitions. The predicted line widths are, of course, 
the reciprocals of the relaxation times T yx. 

The symbols (kk| pp) may be expressed in terms of 
the spectral density of V,,(t). Inverting the Fourier 
transform (17.19) and substituting the result into 
(17.5), (17.6), we obtain 


; * Inp(w)dw 
(kk| pp) = rT ap(ops)+iP f = a 


—» W—~-Wyk 


(17.24) 


where P stands for the Cauchy principal value. Thus 
the level widths depend on the spectral density at the 
transition frequencies, while the level shifts depend 
mainly on the manner in which the spectral density 
varies near the transition frequencies. This can be 
stated in simpler form in the usual case where V;,(t) 
=O, f(t), where Qy, is constant, and f(t) is a real 
random function. Let g(t) be the autocorrelation func- 
tion of f(t); then the level widths and level shifts are 
proportional to the cosine and sine transforms of ¢(t): 


vs" EO? f COS (We pt) p(t)dt, 
p 0 
(17.25) 


ion = > luni? f Sin (ws pf) o(t)dl. 
p 0 


From this we see that the level shifts will be small 
compared to the level widths if g(#) becomes vanish- 
ingly small before sin(w,,/) reaches its first maximum. 
This, however, is just the condition for validity of 
(17.8). Thus, whenever the correlation time 7, is so 
long that (17.17) is required instead of (17.8) one may 
expect appreciable level shifts. 

If the quantities w,,7 are of order unity, neither of 
the differential Eqs, (17.17), (17.8) is applicable. In 
fact, it is clear already from the rigorous expression 
p(t)=G(tt’)p(’) that in general a relaxation process 
cannot be described by any differential equation, for 
the rate of change of p does not depend only on its 
momentary value, but is a functional of past conditions 
during the entire interval (#/—+/). Thus, the formulation 
in terms of differential equations is fundamentally 
inappropriate. It is convenient in those special cases 
where it can be justified, because of the easy interpre- 
tation in terms of relaxation times and level shifts. 
However, the quantities necessary for comparison with 
experiment can always be inferred directly from (17.7), 
the validity of which does not depend on the magni- 
tudes of the quantities wy,7.™ 

The symmetry of the transition probabilities given 
by (17.18) arises only because the V;,,(t) are here 
considered numbers. If in better approximation one 
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takes into account the quantum nature of the sur- 
roundings, they must be considered as operators which 
operate on the state vector of the perturbing system o» 
(the “heat bath”). Then, as shown by Ayant,?* the 
definition of correlation functions (17.5) remains valid, 
provided the brackets are now interpreted as standing 
for the expectation value taken over the system a», 
and the differential Eq. (17.8) or (17.17) then repre- 
sents an approximation in which mutual correlations 
between the two systems are discarded at intervals r, 
in the manner of (11.5). One now finds that the proba- 
bilities of upward and downward transitions are no 
longer equal. In the treatment of Ayant, the question 
of equality of these transition probabilities is reduced 
to the question whether the spectral density of the 
perturbing forces is the same at frequencies (+-w) and 
(—w). This is correct provided one always defines the 
perturbing terms to be real, as in (17.25); note, how- 
ever, that the symmetry of transition probabilities in 
(17.18) does not require that the spectral density of 
Vin(t) be an even function of frequency. It is sufficient 
if the spectral density of Vi, at frequency (+w) is 
equal to that of V,4 at (—w), and this is always the 
case if V is Hermitian. 

If one assumes a Boltzmann distribution for the heat 
bath and neglects the effect of the system of interest o, 
in modifying this distribution, the solution of (17.17) 
tends to another Boltzmann distribution corresponding 
to the same temperature.”’*° Treatment of this case 
and that of “secular equilibrium” from the subjective 
point of view will be considered in a later paper. 


18. CONCLUSION 


The foregoing represents the first stage of an attempt 
to provide a new foundation for the predictive aspect 
of statistical mechanics, in which a single basic principle 
and method applies to all cases, equilibrium or otherwise. 

The phenomenon of nuclear spin relaxation is a 
particularly good one to serve as a guide to a general 
theory of irreversible processes. It is complicated enough 
to require most of the techniques of a general theory, 
but at the same time it is simple enough so that in 
many cases the calculations can be carried out explicitly. 
Nuclear induction experiments, in which the predictions 
of the Bloch-Wangsness theory”? *°*! are verified down 
to fine details,** provide a good illustration of many of 
the above remarks. Here the experiments are performed 
on samples containing of the order of 10° nuclei, and 
one measures the time dependence of their total mag- 
netic moment when subject to various applied fields. 
In the theory, however, one usually calculates a density 
matrix p;(¢) which operates only in the function space 
of a single spin, or of some small aggregate of spins such 
as those attached to a single molecule. The possibility 
of predicting mutual properties of different spin units 
is therefore lost. 


“J. T. Arnold, Phys. Rev. 102, 136 (1956); W. A. Anderson, 
Phys. Rev. 102, 151 (1956) 
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It would, however, always be better in principle to 
adopt the “global” view in which the entire assemblage 
of spins in the sample is the system treated. To the 
extent that different molecular units behave independ- 
ently, the complete density matrix p thus obtained 
would be a direct product of a very large number of 
matrices. However, this would hardly ever be true 
because some correlations between different spin units 
would be expected. Thus, the question is raised whether, 
and to what extent, predictions made only from p; 
can be trusted. At first glance it seems that they could 
not be, for in most cases the density matrix p,(/) differs 
only very slightly from a multiple of the unit matrix, 
and thus represents a very “broad”’ probability distri- 
bution. According to the discussions of maximum- 
entropy inference in I and the introduction to the 
present paper, it would appear that this is a case where 
the theory fails to make any definite predictions, so 
that unless the probabilities in p; could be established 
in the objective sense, the calculations of Sec. 17 would 
be devoid of physical content. 

The thing which rescues us from this situation is, of 
course, the fact that the experiments refer not to a single 
spin unit, but to a very large number of them. We must 
not, however, jump to the obvious conclusion that the 
“law of large numbers,” or the central limit theorem,'® 
automatically restores reliability to our predictions 
To do so would be to make the logical error of the 
experimenter who thought that he could add three 
significant figures to his measurements merely by 
repeating them a million times. The correctness of the 
usual calculations can be demonstrated without explicit 
reference to the laws of large numbers, by application 
of the principles of Sec. 11. This is, in fact, the example 
par excellence of how much a prediction problem can be 
simplified by discarding irrelevant information. 

Suppose that we had solved the problem from the 
global viewpoint, obtained the complete density matrix 
p(t), and demonstrated that it gave a sharp distribution, 
and therefore reliable predictions, for the total magnetic 
moment M=M,+M,+---+My. Then the only thing 
of further interest would be the value of (M). According 
to Sec. 11, this can be calculated as well from the direct 
product matrix 


pirX pox XK Pn, 


where p, is the projection of p onto the space of the Ath 
system. If the small systems are equivalent, the (My) 
are all equal, and thus we obtain 


(M)='Tr(pM) = Tr(p,M)). 


This equation is exact regardless of whether correlations 
exist. Thus, if p; embodies all of the available information 
about a single spin system, the predictions of total moment 
of N systems obtained from it are just as reliable as are 
those obtained from the global density matrix p. We cannot 
estimate this reliability from p,; alone; loss of that 
information is part of the price we had to pay for 
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simplification of the problem. If correlations between 
different spin units are strong, it will of course be very 
difficult to obtain p; without first solving a larger 
problem, Thus, in practice one will obtain only an 
approximate value of p;; however, a one percent error 
in the calculated value of (M,) leads only to a one 
percent error in (M). 


APPENDIX A. SUBJECTIVE H THEOREM 


Consider the density matrix (12.5) with ’=0; at 
any particular time there exists a unitary matrix V (4) 
which diagonalizes p(t), so that (12.5) may be written 
in terms of the diagonal matrices, 


d(t))=S4PWAO)W, (A.1) 


where 


W.=V (QU (1,0)V (0) (A.2) 


is 4 unitary matrix. The eigenvalues d,,(¢) of p(t) are 
thus related to the eigenvalues of p(0) by 


> » Bmndn(0), 


a doubly stochastic 


d»,(t) (A.3) 


where the quantities B,,, form 


i. Ban 1 


The first of the inequalities (12.6) is then proved as 


matrix: 


ye (A.4) 


—— 


follows 


S()— S(O) = 30, da(O) Ind, (0) — 3 m dm (t) Ind, (4 
> mn Brndn(O) Inf d,(O)/d,(t) | 


>> Binn| dy (O) d,,(t) | Q. 
Here use has been made of the fact that Inx> (1—-* 


with equality if and only if «=1. Thus, the equality 
sign in (A.5) holds if and only if B,,,=0 for each 


(A.5 


l 
) 


JAYNES 


combination of m,n for which d,(0)#d,,(t). If p(O) is 
nondegenerate, this means that the eigenvalues d,,(t) 
must be a permutation of the d,(0). 

The second of the inequalities (12.6) follows from 
the fact that for any given density matrix p, the “array 
entropy” S, of Eq. (7.14) attains its minimum value, 
equal to S=—Tr(p Inp) for the orthogonal array. To 
prove this, let the orthogonal array be the one with V 
states, where the state v, has probability d,, and let 
{Wm ;@m} be any other array with M states, where 
M>WN, which leads to the same density matrix. The 
two arrays are related by a transformation of the form 
(7.9) 


VinWm! a. v,d,'L lm 


where U nis an (MXM) unitary matrix, and we define 
d,=0, N<n<M. From this and the orthogonality of 
the v, it follows that 


Wnm>= ps n Cumin, 


where Cmn= |Umn|* is a doubly stochastic matrix, and 
thus by the previous argument (A.5), 


(A.6) 


SS Sa. 


(A.7) 


Now in the case considered here, let p(0) be represented 
by its orthogonal array {v,(0),d,(0)}. At time ¢, the 
density matrix (12.5) is represented by the array in 
which the state 

Wan(t) = U\™ (4,0)0,(0) 
P.d,(0). The array entropy is thus 


(A.8) 


has probability wan 


20s Wee Wan 


which, together with (A.7), proves the theorem. 


Sa (t) S(0)+S(P,) 


const, 
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Method for Simplifying Calculations Involving Products of Operators 
in Many-Particle Systems 


H. J. Lipkin 
Department of Physics, The Weizmann Institute of Science, Rehovoth, Israel 
(Received July 8, 1957) 


In calculations for quantum mechanical systems containing many particles, expressions involving matrix 
elements of products of operators are frequently encountered. This is of particular interest in the calculation 
of nuclear moments of inertia. The evaluation of such expressions by conventional methods is laborious when 


antisymmetric wave functions are used 
of these product expressions 


INTRODUCTION 


N a wide variety of calculations one encounters 
expressions having the form 


(O| A\i)(i| B\0)+- (| B\i) G| A|0 


> -. t8) 
BiF ko (E,— Eo)" 


s\ n) 


where |0) and |7) are two states of a quantum-mechan- 
ical system, A and B are any two operators, ; and 
Eo are the eigenvalues of an operator H, such as the 
Hamiltonian, which is diagonal in the representation 
used, and m is any integer. The case n=1 given an 
expression appearing in second-order perturbation 
theory and in the “cranking-model” for describing 
rotational nuclear states.’? The case n=0 gives the 
expectation value of the operator AB+ BA in the state 
|0) minus the contribution from intermediate states 
having £;= Eo. 

If there is a large number of intermediate states and 
there is a large number of particles in the system, the 
evaluation of the expression (1) with antisymmetric 
wave functions can become quite difficult. However, a 
certain simplification can be achieved if the operator 
H has the form of the sum of operators h; each of which 
operates only on a single particle 7: 


H=Dihi. (2) 


The Hamiltonian of the nuclear shell model is an 
example of such an operator. If the operators A and B 
are also of the form (2) or are products of operators 
having this form, it is possible in many cases to reduce 
the expression (1) to an expression involving only 
expectation values of operators of the form (2). Such 
expectation values are much more easily evaluated than 
the original expression (1). The reduction is particularly 
simple in the case where the system is highly degenerate 
and there are only a small number of different values 
for the eigenvalue /; of the intermediate state. An 
example of such a case is the harmonic oscillator shell 
model which is in frequent use. 


1D. R. Inglis, Phys. Rev. 96, 1059 (1954) 


*A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 


Selskab, Mat.-fys. Medd. 30, 1 (1955). 


\ method is proposed which greatly simplifies the calculation 


DESCRIPTION OF THE METHOD 


Let us write S“ in terms of partial sums S,, each 
partial sum being taken over a group of states all 
having the same value of H;— y= Aly 


Si ) 8 A|\i)(i| B|0)+ (O| Bl i)(i| A} 0) | 


Ei~ EqmAky 


[ <O 


rhen 

SO = Po Se/ (AEx)" 
Let us now define the commutators 
Ci=(H,A], Cro=[H,Ci], - C; 
The matrix elements of C, are given by 


Ei j)"(t| A] 7). (5) 


freon) (@ 


(4 c }) 
rhe expectation value of the commutator [B,C 9,41 | is 


> (Ff, 


Ei A Ky 


*[(0| Ali) Gi! B}O)+ (O| Bl iG} A 


(O}[B,Cor41]|0 grr 


Q) | 


The right side can be expressed in terms of the partial 
sums S;, using Eq. (3), to obtain 


O}[ B,Carg1}|O)= oe (Akg)? 4S, (6) 


A set of Eqs. (6) corresponding to different values of 
r constitute a set of simultaneous linear equations in 
the S;,’s. Ifa sufficient number of independent equations 
are chosen, they can be solved to give the S,’s as 
functions of the eigenvalue differences A/, and the 
expectation values of the commutators [ B,C»2,,; | 
rom the S;’s the values of the SS” can be obtained 
his is always possible if the number of A/,’s is finite 
and if no two A/’s are equal in absolute value and 


opposite in sign 8 


‘If the number of A#,’s is m, then m equations can be written 
from Eq. (6) by setting r=0O, 1, m1. These equations are 
linearly independent 


there coethcent 
1, such that 


unless exists a set of 


2 A (AK,)**! = 0, 


ry 


for all m values of Ady. This condition can also be written 


m—1 
Zz A,(AE#)' =0. 
ro 


But this is a polynomial of degree m —1 in (AF) and can therefore 
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If H, A, and B are all operators of the form (2) 
consisting of sums of single-particle operators, then 
C, and [B,C2,4,] are also of this form, whereas the 
product AB is not. Thus the solution of Eqs. (6) gives 
an expression for the expectation value of the operator 
AB+BA which can be more easily evaluated than the 
original expression for the expectation value of 
AB+BA. 

If H has the form (2), and if A and B are products of 
operators of this form of degree a and b, respectively, 
then C, is also of degree a, and [ B,C2,4, | is of degree 
a+b—1. Since AB is of degree a+-6, the solution of 


*(n) 


In particular 
S® = ({ (AEs)*+ (OE)? )](0|(.B,C1)|0) 
— (0|[B,Cs}|0)}/[(4E1)?(4E2)* J, 
(((A41)*+A42,AE2+ (4F2)*)(0| (B,C, |) 
— (0\[.B,Cs10)) /[(ME,) (AE) (AE1:+-AE;) J. 
EXAMPLES OF APPLICATIONS 


so 0) 


Consider the system of a number of particles moving 
in an anisotropic harmonic oscillator potential, described 
by the Hamiltonian 
H= di pz? pu?+ px#)/2M 

+ M (wx? wy yet w,'2/')/2, (10) 


where w,2wy. Let the individual particle states be 


— O| Lali) (| B]O)+ O| Bl i)(i|Le]0) iO| B,C (25 puipe/M)+M (w2+-0/)D ye.) J|0) 


iKo | OF Eo 


for any operator B. 

If B is set equal to L,, Eq. (11a) gives the expectation 
value of L,?, and Eq. (11b) gives the cranking model 
formula for the moment of inertia: 


h? Wy Ws 
(O| L,?|0) |-( { ) aN), (12a) 
2 We Wy 


OLiy Ah 
1“ ky Eo 


wy") 7 
(Ny +N.) 


(ws twy) 


(w,?- 


QW) dy 


(w,twy)? 
{ (Ny—-N,)}. (12b) 


(Ww, Wy) 


vanish only for (m—1) different values of AF. Thus, if all the 
m AF,’s have different absolute values the equations are independ 
ent. If two of the values, say A; and AF, are equal and opposite, 
AF; = —AE,, the equations are not all independent. It is evident 
by inspection of Eq. (6) that S; and S, always occur in the 
combination S;—S,. One can therefore solve only for this com- 
bination and cannot obtain S; and S, separately. It is just this 
combination which appears in S™ if m is odd. Thus in the 
special case where there are equal and opposite values of Ey, 
the method described here can be used to calculate S™ only when 
n is an odd number 


[ (AE,)"**— (AE,)"**](0|[B,C1]|0)—[ (AEs) — (AE) ](0| [BCs] 0 
. (AFs)"*"(A Fy)" (A Es)*— (AE)? }. 


LIPKIN 


Eq. (6) expresses the expectation value of an operator 
product of degree a+-b in terms of expectation values of 
operators of degree a+b—1. By repeated application of 
this procedure it is possible to express the result in 
terms of operators of degree 1, i.e., having the form (2). 

The solution of Eq. (6) is not difficult in the general 
case since the determinant of the system is of the 
Van der Monde type.‘ For the particular case where 
there is only one value of Ey, we obtain 


5S = (0|[B,C1]|0)/(AE)". (7) 


If there are two. values of AF, 
(8) 


described by the particle oscillator quantum numbers 
Nz, Myi, and mz;, and let us define the total quantum 
numbers 


N,=>.i(nz+4), Ny=Di(nwt }), N= > i(mect+4). 


Let the state |0) in Eq. (6) be the ground state of the 
system and let A be the operator L.= > wipsi—zipui. 
There are only two values of AZ; thus the formulas 
(9) can be used to obtain 


(0|L,B+BL,\0 


1 
= —(0|[B,(¥ puipes/M+Mw2Dy2,)]|0), (11a) 


Ws 


and 


(11b) 


h(w,?—w,?) 


The latter is in agreement with results obtained by 
Inglis! and by Bohr and Mottelson.’ 

If B=L, is substituted in Eq. (11a), an expression 
for the expectation value of (L,‘) is obtained in terms 
of operators of the third degree. Repeating the method 
twice gives the final result 

hn, 
(0| L.*|0)=3(0| L2|0"+— 
2 

2 Wy 


X [3 (ow? —w,*)? — 4wyo,(w?+,’) |4+2h'N,. 


It has been pointed out by Perring® that the result 
(12a) can be obtained more simply by using the operator 
H,=)>0 ( Ps?/2M)+Mw/2?/2, 
instead of the Hamiltonian (10) to calculate the 
commutators C, and the eigenvalue differences AF,. 
This is permissible since the operator H can be any 
operator diagonal in the representation used. When one 

uses H,, there is only one value of AZ instead of two. 


2 


(13) 


‘See for example E. Madelung, Die Mathematische Hilfsmittel 
des Physikers (Springer-Verlag, Berlin, 1953), p. 146 
‘J. K. Perring (private communication) 
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Electron Scattering Cross Sections Based on the Thomas-Fermi Theory 
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In this paper all known approximations, for the Thomas-Fermi function are considered, by means of which 
one may calculate in the first Born approximation the scattering amplitudes for a fast electron and the total 


cross section 


I, INTRODUCTION 


HE purpose of this paper is to calculate in the 

first Born approximation the scattering ampli 
tudes of a fast electron and the total cross section based 
on the Thomas-Fermi theory, by means of all known 
approximate solutions of the Thomas-Fermi equation. 
We compare our results for the scattering amplitudes 
for a fast electron and the total cross section with the 
numerical data given by Mott and Massey.’ The re- 
sults obtained analytically agree well with the numerical 
data of Mott and Massey. 


Il. THEORY? 


The solution of the problem of the elastic scattering 
of electrons by a central potential V(r) is given by 


f (8) = (21k) 2. (21+-1) (e?*'— 1) Pi (cosd), (1) 
Jom) 


where # is the scattering angle, k is 2r/A and \X=h/m», 
The phases 6; may be interpreted as the phase differ- 
ences between the perturbed and unperturbed radial 
functions at large distances from the nucleus. In the 
case 6&1, we can rewrite Eq. (1) as 


(8) =k ¥ (214+1)8,P;(cosd), 
Laxd) 


where in the last formula the 6,’s are given by 
kaw ” L¢ 
6 f Vir\Jivlkrjrdr,; a -, (3) 
Zé 0 hv 
Substitution of Eq. (3) into Eq. (2) yields the first 
Born approximation for the scattering amplitude, 
namely, 


£ 


2ka sin(sr) 
{8 (9) = f V (r)———-?"dr, (4) 


Zé 0 ST 
where s= 2k sin(#/2). For the potential V(r) we adopt 


IN. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), second 
edition, Chap. IX. 

* Reference 1, particularly Chap. VII 


the Thomas-Fermi potential 


Zé r 
P(x); x=-, (5) 
r M 


V(r) 


where ® is the Thomas-Fermi function for the free 
neutral atom and uy is given by w=} (9r"/2Z)*ao, where 
ao is the first Bohr radius for hydrogen. For the total 
cross section we have the following formula: 


Vo On f | f(d) |? sinddd 
( 


III. PROCEDURE AND RESULTS 


Since the exact solution of the Thomas-Fermi 
equation 


p”’ p!/ x (7 ) 


is available only numerically, its approximate expres- 
sion in a closed analytical form is desirable for practical 
purposes. Hitherto several different forms have been 
given, as follows: 

(a) The Sommerfeld-March-Umeda? approximation is 


(x) = 1/[ 1+ (%/128) (8) 


Umeda has determined a best value \=0.8371 by 
minimization of the “approximation degree” of 


(b) The Kerner-Tietz-Umeda‘ homolog is 


&(x) = 1/(1+ bx)", (9) 


where a and b are constants. The values of } for different 
a can be found in the paper cited.® 


(c) The Rozental® form is 


4 
aq (10) 


> Ce 
i~ 
-! 


P(x) 


and a) are constants and their values are 
0.581, cy=0.164, a,;=0.246, a,=0.947, 


where ¢; 
6,=0.255, C2 
ay 4.356 


March 
Phys 


4A. Sommerfeld, Z. Physik. 78, 283 (1932); N. H 
Proc. Cambridge Phil. Soc. 46, 356 (1950); K. Umeda, J 
Soc Japan 10, 749 (1955) 

‘FE. H. Kerner, Phys. Rev. 83, 71 (1951); 1 
Phys. 22, 2094 (1954); Ann. Physik 15, 186 (1955) 
J. Phys. Soc. Japan 10, 749 (1955) 

6 T. Tietz, J. Chem. Phys. 23, 1167 (1955) ; 23, 1560 (1955 

*S. Rozental, Z. Physik 98, 742 (1935 


Tietz, J. Chem 
K. Umeda 
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(d) The Srinkmann’ form is 


(x) =Cx'K ;(ax'), (11) 


where K, is a modified Bessel function of the second 
kind and C= 1.73; a=1.6. Recently, three new approxi- 
mations for the Thomas-Fermi function have been 
given. The Buchdahl* form is 


P(x) =[ (14+-Ax) (14+ Bx) (14Cx) |! (12) 


where A =6,9288, B=0.1536, C 
g (¢) The Tietz’ form is 


0.05727 


P(x) = (14-ax+ bx*)-!, (13) 


where a and 6b are constants namely, a=0.7105, 
b=0.03919. The approximate solution of Latter" will 
not be given here, since it is not suited for the analytical] 
calculations of this paper. It is necessary to stress that 
the Latter approximation to the Thomas-Fermi func 
tion is the best approximate solution known hitherto, 
but is suitable only for numerical calculation. If we 
take into consideration all the approximate solutions of 
the Thomas-Fermi equation mentioned, we see first 
that for the Sommerfeld-March-Umeda approximation 
it is impossible to calculate analytically the scattering 
amplitude /*(%). For the approximation of the Thomas 
lermi function as given by Kerner, Tietz, and Umeda, 
one can calculate analytically the scattering amplitude 
ae ‘, Ze ;, 3 For a s 
scattering amplitude /4(%) has the drawback that it is 
finite for d=0. This is because the approximate 
potential is so large at large r that the incident electron 


f®(.9) in the cases a 3, 2 the 
not 
is affected too strongly in a distant collision. If one cuts 


R, then for a 
the scattering amplitude /®(%) agree well with the 


)s(")] 


off the potential at r 2 the results for 


p 
{ 


p 
A 


(8 (9) 


and a, B, y are given by 


where the constants B, C are given in Eq. (12), 


[* 
(18) 


(A~—C)(B—¢ 
For the Rozental approximation, the 


amplitude /#(%) has the following form, 


scattering 


H. C. Brinkmann, Physica 20, 44 (1954 
*H. A. Buchdahl, Ann. Physik 17, 238 (1956 
*T. Tietz, Nuovo cimento 4, 1192 (1956) 
“ R. Latter, Phys. Rev. 99, 510 (1955 
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AMD: tT, FigtzZ 
results of Mott and Massey. For a>2 the approxima- 
tion of Kerner, Tietz, and Umeda is of poor accuracy, 
but, e.g., for a=3 the scattering amplitude f9(J) is 
finite for )=0. 

In the case of the Brinkman approximation, using 
the following formula for K,(z) as given by Watson," 


K,(z) -f exp( -7 
4 Jy 


R(2*)>0, (14) 


and after change of the order of integration in Eq. (4) 
we have for the scattering amplitude /#(W) the follow- 
ing formula: 


| 


a 


1 


a 


‘ 
) 


32/3 yy 


Cg a 
f®() 
p 


ap 1p” 


oS) ( 


si(“ 


a 2 
where g and p are given by 


a 
4p 4p 


3 4 af2 71/8 


2! 7/ 3a? 302m 


Si(x) f 


Zz 


) 


sin(d (16) 


Sar! 3927) 4 


dt, Cilx) f 


The scattering amplitude /*(9) for the Brinkman ap 
proximation is finite for d=0. 

In the case of the Buchdahl approximation, we can 
calculate the scattering amplitude /#(%) explicitly. 


a ae en ee 


Aol) 2) 


C 
3 


p= ), 


Su 
27 
and 

cosl 


dl. 


sint 


l l 


8 p 


B 


p 
B 


p 
B 


=~ COS 


B 


p 


Ih 
| 


In ‘Table I we have calculated only | fx(d)|?, using 
Eq. (17) and (19), for the reason that the Buchdahl 
approximation for the Thomas-Fermi function is better 
than (9) and (11) and is of the same degree of approxi- 
mation as (12); further, the Rozental approximation, 
as we shall see below, is the only approximate solution 
which allows us to calculate analytically the total cross 
section. In Table I, | f#(#)|? is given as a function of 
p=2yk sin(d/2), and is compared with the precise 
numerical results of Mott and Massey. Table I shows 


(2 3 


(3 (9) ; (19) 


rosy 
ay’ + p’ ay a Pe + p’ 


"G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, New York, 1922). 





CROSS SECTIONS BASED 


TABLE I. Comparison of our results for | {7 (9) |* with the numerical 


results of Mott and Massey. 


| £8(8)|*Z~4 in units of 107% cm? 
p =2luk sin(0/2) Mott and Massey Eq. (17) Eq. (19) 


1633 
1257 
690 
361 


5677 
1525 
654 
337 


0 2160 
0.1 1460 
0.2 678 
0.3 344 
0.4 202 195 202 
0.5 122 121 123 
0.6 79 79 80 
0.7 54 54 55 
0.8 44 38.8 38.8 
0.9 29.6 28.3 28.3 
1.0 18.7 17.1 21.2 
1.5 6.43 6.65 6.31 
2.0 2.52 2.49 2.45 
3.0 0.61 0.62 0.59 
5.0 0.089 0.096 0.091 
6.0 0.046 0.048 0.046 
7.0 0.026 0.026 0.026 
8.0 0.016 0.016 0.017 
9.0 0.010 0.010 0.0097 
10.0 0.0064 0.0066 0.0065 
12.0 0.0032 0.0032 0.0032 
15.0 0.0013 0.0013 0.0013 


that our results from Eqs. (17) and (19) agree very well 
with the results of Mott and Massey, except for small 
p. The total cross section given by formula (6) may be 
calculated only for the approximate scattering ampli- 
tude f#(3) given by Eq. (19). From Table I, we see 
that the results for | f#(#)|* from Eqs. (17) and (19) 
do not differ from each other except for small p, and 
hence our Eq. (19) for f8(8) as calculated from the 
Rozental approximate solution seems to be accurate 
enough to calculate the total cross section Qo. Using 
Eqs. (6) and (19), we have for the total cross section Qo 
the following formula: 





o~—_ 


“Ta mes 


' 
a) 


Fic. 1. Comparison of the total cross section given by Mott and 
Massey for the Thomas-Fermi theory with our results (V is given 
in volts) Mott and Massey; @ our results for the Rozental 


approximation 
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TaBve II. Comparison of our results for QoZ~'/mag? as a function 
of V4/Z! (V is given in volts) 


QoZ ! 
(in wae? units) 
rae 


Kq. (21) Eq, (23) 
+ 85 
60.30 43.82 
20,87 19.33 
10.30 10.01 
6.07 5.98 
3.99 3.94 
2.81 2.78 
1.61 1.59 
1.04 1.02 
0.46 0.46 
0.26 0.26 


( ’ ( 9° ( Pe 
for g” 


a;*(a;? + k,*) 


2C1C2 a? a’+k; 2¢1€3 
In 
ky (a ra ay) ad i? a 2 + k;?? k 1°( ay , a “) 


a? a; | 2," 
x n( ) 
ay ag+k? 


ay? (ay? } k,*) a (a rs | k,?) 


2C2¢3 


ky? (a? ay’) 


ay ay’ | k;’ | 
xIn( ) : 
de a; | k;? 
where k, = 2ku. 


In order to compare our results for the total cross 
section with the results of Mott and Massey, we rewrite 
Eq. (20) in the following form 
QoZ! = 174.6329 


4.1258 0.000734 


T 
1+0.2568x? 14-0.012142° 


34.8211 1+-3.80572" 
ox( ) 
"a 1+-0.2568x" 
0.43458 1+- 3.80572" 
| + on( )| 
, 1+-0.012142? 


1.03592 14+-0.2568.x 
ion( ), (21) 
1+4+-0.0121427 


V+/Z' and V is given in volts, Because Mott 


t 
mag  14-3.8057x* 


where x 
and Massey do not give numerical results for Qo but 
show only a graph, we compare our results for QV» with 
those of Mott and Massey graphically. This comparison 
is given in Fig. 1. 

We see from Fig. 1 that our results for Oo are in good 
accord with the results of Mott and Massey. In Table I] 
we have given our numerical results for the total cross 
section QoZ~'/mra” as a function of V'/Z', where V is 
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given in volts. If we accept for the Thomas-Fermi 
function 


AND T. 


TIETZ 


formula (21), as is shown in Table II, and thus it may 
be used for rapid calculation of the total cross section 


Qo. Equation (23) corresponds more to a WKB-model 
for the atom than a Thomas-Fermi model. For «x in 
the range 0< «<2, the results for the total cross section 
Qo given by (21) and (23) differ considerably from each 
other, since Qo given by (21) is infinite for x=0 while 
Qo given by (23) is finite for x«=0. 

The authors are indebted to Professor F. J. Wisniew- 
ski for his interest on this paper. 


(x) = e002, (22) 


and we calculate the total cross section Qo, we obtain 
the following formula for OoZ~*/ma¢?: 


QZ! —- 75.850 


Wa e 


(23) 


1+-0.7308x2 


This formula gives for x>2 the same results as our 


PHYSICAL REVIEW VOLUME 108, NUMBER 2 OCTOBER 15, 1957 
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An explosive system is used to drive a strong shock wave into a plate of 24ST aluminum. This shock 
wave propagates through the 24ST aluminum into small test specimens which are in contact with the 
front surface of the plate. A photographic technique is used to measure velocities associated with the 24ST 
aluminum shock wave and with the shock wave in each specimen. 

The measured velocities are transformed, using the conservation relations, to pressure-compression 
points. Resulting pressure-compression curves are given for 27 metals. The range of data is different for 
each material but typically covers the pressure interval 150 to 400 kilobars; probable errors in reported 
experimental pressure-compression curves are 1 or 2% in compression for a given pressure. 

The experimental curves, which consist thermodynamically of a known P, V, E locus for each material, 
are used to calculate a more complete high-pressure equation of state. This is done by means of a theoretical 
estimate of the volume variation of the Griineisen ratio y(V)=V(d0P/0E)y. Calculated P, V, T states are 
listed for the various materials. For 24ST aluminum, quantities of application in shock-wave hydrodynamics 


are also tabulated 


INTRODUCTION 


N Sec. I an experimental method to obtain dynamic 

pressure-compression curves for solids is described 
and resulting data, plotted in Figs. 3-29, are listed for 
the following 27 solids: beryllium, bismuth, cadmium, 
chromium, cobalt, copper, gold, iron, lead, magnesium, 
molybdenum, nickel, silver, thorium, tin, titanium, 
zinc, 24ST aluminum, brass, indium, niobium, pal- 
ladium, platinum, rhodium, tantalum, thallium, and 
zirconium. 

Section II is devoted to the problem of generalizing 
the experimental Hugoniot curves into a complete ther- 
modynamic description of high pressure states neigh- 
boring the experimental curves. 

Throughout the present discussion it is assumed that 
stresses behind the shock wave are isotropic, and that 
the compressed materials behind the shock wave are in 
thermodynamic equilibrium. Further discussion of basic 
principles underlying the present work is found in pre- 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 


vious papers'? dealing with dynamic pressure-com- 
pression results. 


I, DETERMINATION OF HUGONIOT CURVES 


A. Measurement of Shock Wave and Free-Surface 
Velocities 


The experimental method used to measure shock 
wave and free-surface velocities is illustrated in Fig. 1. 
The detonation of the explosive system, pictured at the 
top of the figure, causes a plane shock wave to be trans- 
mitted into the 24ST aluminum plate. This shock wave 
next interacts with the test specimen, Lucite, iron-shim 
assembly on the front surface of the plate. The essential 
features of this assembly are the two rows of test 
pellets and the 0.003-in. thick argon-filled flash gaps. 
The pellets consist of one row of five thick specimens 
(0.250 in. thick by 0.750 in. diameter) to provide for 
shock velocity measurements and one row of thin 
specimens (0.125 in. thick by 0.750 in. diameter) for 


1 J. M. Walsh and R. H. Christian, Phys. Rev. 97, 1544 (1955) 
* Goranson, Bancroft, Burton, Blechar, Houston, Gittings, and 
Landeen, J. Appl. Phys. 26, 1472 (1955) 





SHOCK 


free-surface velocity measurements of the same five 
materials. The flash gaps, when closed by the shock 
wave, provide light (due to multiple shock reflections 
in the argon) which is recorded by a moving image 
camera, The camera, in an underground bunker some 
15 feet from the shot assembly, views the assembly 
through a slit system and sweeps the image in a direc- 
tion normal to the slits. 

A photographic record is also seen in Fig. 1, where 
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Fic. 1. Drawing of sweep camera photographic record. 
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Fic, 2. Pressure versus particle velocity curves for 24ST alu 
minum, and a typical graphical solution to determine P, U, for 
a test specimen. 


pertinent features are identified. The record is analyzed 
by comparator reading, measured record offsets being 
converted to times by use of the known camera sweep 
speed. The measured time’ offset for the thick pellet 
is divided into pellet thickness to give the shock wave 
velocity for that material. The measured time for the 
thin pellet of the same material is the shock wave 
transit time through the thin pellet plus the time 
required for the free surface to traverse the free-run 
When with the measured shock 
wave velocity and the known free-run distance, it gives 


distance. combined 


the desired free-surface velocity. The measured shock 
wave and free-surface velocities are listed in Table I, 
second and third columns. 


B. Transformation of Measured Velocities to 
Pressure-Volume Points 


The transformation of measured velocities to pressure 
compression points is done by two methods, both of 


*Small corrections are incorporated into the measured time 
offsets. These corrections arise from the fact that the 0.003-in 
argon flash gaps over test specimen are closed at different veloci 
ties from the flash gaps over the main 24ST aluminum plate. The 
magnitude of each correction is determined by solution of the 
appropriate interface problems, using the graphical pressure 
particle velocity method discussed below. The applied corrections 
are taken to be the total difference in flash-gap closure times from 
the assumption that the light flash occurs in the final stages of 
closure of the flash gap. The corrections seldom affect measured 
velocities more than 0.5%, and more typically cause a change of 
about 0.2%. 
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TABLE I. Experimental data. 


Free surface approximation Graphical solution 


Shock wave Free surface Shock particle 
velocity velocity Pressure Relative velocity Pressure Relative 
U, Un volume Uy P volume 
Metal (km/sec ) (km/sec) (kilobars) V/Ve (km/sec ) (kilobars) V/Vo 


Beryllium 9.044 1,697 141.6 0.9062 0.847 141.3 0.9063 
po 1.845 g/cm* 8.934 1.739 143.3 0.9027 0.865 142.6 0.9032 
C,=0.474 cal/g “ 9.112 2.358 198.2 0.8706 1.189 199.9 0.8695 
1 fav 9.332 2.364 203.5 0.8733 1.221 210.2 0.8692 
= ( ) = 37K 10°°/"C 9.851 3.422 311.0 0.8263 1.730 314.4 0.8244 

» 9.832 3.235 293.4 0.8355 1.609 291.9 0.8364 

9.633 3.189 283.4 0.8345 1.592 282.9 0.8347 


V\ aT 


Bismuth 2.696 1.401 184.9 0.7402 0.718 189.5 0.7337 
po=9.79 g/cem* 2.585 1.318 166.8 0.7451 0.676 171.1 0.7385 
Cy=0.293 cal/g °C 3.075 1.793 269.9 0.7085 0.914 275.2 0.7028 

1 (< 3,084 1.800 271.7 0.7082 0.922 278.4 0.7010 

) = 40 10°#/% 


3.682 2.476 446.3 0.6638 1.212 436.9 0.6708 

\ 3.659 2.564 459.2 0.6496 1.222 437.7 0.6660 
Cadmium 3.599 1.464 227.5 0.7966 0.690 214.4 0.8083 
po = 8.04 g/cm* 3.421 1.277 188.6 0.8134 0.619 182.9 0.8191 
C,=0.055 cal/g “ 3.918 1.757 297.2 0.7758 0.850 287.6 0.7830 

1 (— 4.450 2.496 479.6 0.7196 1.190 457.3 0.7326 

) = 89.4 10°¢/° 
9 


a7 


4.324 2.400 448.1 0.7225 1.120 418.2 0.7410 

V\ a7 
Chromium 6.043 0.5448 234.5 0.9098 
pom7.13 5.923 0.5395 233 0.9089 
C,= 0.065 6.381 0.7436 338 0.8835 
1 /dV 6.370 0.7449 338 0.8831 
( =1k6xK10°¢ 6.355 0.7407 336 0.8834 
‘ 6.357 0.7403 336 0.8835 
6.660 1.007 478 0.8488 
6.674 1.008 479 0.8490 


Cobalt 5.445 1.016 244.0 0.9067 0.502 241.1 0.9078 
po= 8.82 5.696 1.327 333.4 0.8835 0.683 343.2 0.8801 
C,= 0.099 5.632 1.334 331.4 0.8816 0.653 324.4 0.8841 
1 /aVv 6.019 . vas + 0.901 478.1 0.8503 

( ) = 36.910 , 6.052 1.890 504.5 0.8439 0.955 509.8 0.8422 
V\aT/, 

Copper 4.744 1.024 216.2 0.8921 0.511 215.8 0.8923 
po™ 8.90 4.768 1.094 232.1 0.8853 0.570 241.9 0.8804 
C,=0,092 5.070 1.440 324.9 0.8580 0.711 320.8 0.8598 

1 fal 5.015 1.456 324.9 0.8548 0.731 326.3 0.8542 
( ) =49 5X10 


V\ 67 


5.508 2.079 509.6 0.8113 1.032 505.9 0.8126 

V a7 
Gold 3.679 0.771 272.9 0.8952 0.380 209.0 0.8967 
po= 19.24 3.864 1.012 376.2 0.8690 0.505 375.4 0.8693 
C, 0.312 4.130 1.375 546.3 0.8335 0.666 529.2 0.8389 


/ 


l OV 
( ) 42610 

V\OT/, 

Iron 479.2 0.8087 1.085 0.8080 
po 7.84 7 437.1 0.8139 1.013 0.8149 
Cy #0107 ; 425.3 0.8179 0.993 0.8181 
1 fal 5 427.4 0.8156 0.994 0.8172 
( «35.110 366.7 0.8289 

, 403.6 0.8305 
358.2 0.8314 
358.4 0.8315 


V\9a7 


Lead 2 203.0 0.7889 0.590 0.7975 
po 11.34 : 323.1 0.7330 0.819 0.7494 
Cy = 0.030 Rf 318.7 0.7337 0.802 0.7532 


1 /daV Z 510.5 0.6751 1.118 0.6998 
( #=85.1«10 ‘ 
| a7 F 


Magnesium , 0.8128 
0.7066 


po 1.735 


Cy 0.250 


1 f/aVv 
= 76.810 
V\eT/, 





SHOCK 


Metal 


Molybdenum 


po= 8.86 
C,=0.1050 


1 /aV 
) = 39x 1079/ °C 
V\OT/ > 


Silver 
po= 10.49 
Cp=0.056 


1 /aV 
( ) = 56.7 1078/°C 
V\OT/ > 


Thorium 
po= 11.68 
C, = 0.030 


1 aV 
= 33.3 10°¢/°C 
v\ar/, 


Tin 
po=7.28 
C,=0.054 


1 aV 
( =O) 10°°/ °C 
v\ar/, 


Titanium 
po=4 51 
C,=0.126 


1/aV 
( = 25.5 10° °/ °C 
V\ OT p 


Zinc 
po= 7.1 35 
Cp, =0.092 


1 /daVv 
( ) = 100K 10°°/°C 
V\OTs » 


24ST aluminum 
po= 2.785 
C,=0.23 


1 /daV 
( ) = 69.0 10°*/ 
V\ OT p 


Brass 
po = 8.413 


=61.6K10°*/°C 
V\ oT], 


Indium 
po=7.27 
C,=0.057 


1 sav 
(—) =99x10-4/°C 
aT}, 


WAVE 


Shock wave 
velocity 


‘ 
(km/sec ) 


5.699 
5.647 
5.955 
5.861 
6.210 
6.124 


5.417 
5.653 
5.620 
6.031 
5.969 
5.952 


4.065 
4.113 
4.378 
4.846 
4.848 


3.497 
3.192 
2.954 
2.900 


5.014 
4.870 
4.481 
4.450 
4.465 
4.053 
4.059 
4.13 

4.022 
4.029 


7.531 
6.927 
6.500 


Actual 24ST aluminum data consists of 
above three are representative 


4.446 
4.440 
4.731 
4.726 
5.236 
5.220 


3.745 
3.965 
4.348 


TABLE I. 


Un 


(km/sec) 


0.874 
0.888 
1.176 
1.200 
1.724 
1.636 


0.981 
1.350 
1.390 
1.955 
1.981 
1.835 


1.015 
1.049 
1.448 
2.041 
2.074 


2.112 
1.604 
1.246 
1.198 


2.589 


Zinc single-crystal experiment. See Sec, I-D 


1.795 
1.826 
1.823 
1.355 
1.345 


Free surface 
velocity 


COMPRESSIONS 


Continued 


Pressure 
P 


(kilobars) 


254.0 
255.7 
357.2 
358.7 
546.0 
511.0 


235.3 
337.8 
345.8 
522.0 
523.5 
483.5 


216.4 
226.3 
332.5 
518.8 
527.4 


431.3 
299.0 
215.0 
202.9 


463.1 


286.9 
289.9 
290.4 
195.9 
194.8 


Zinc single-crystal experiment 
1.295 85.8 


1.310 


3.230 
2.319 
1.700 


1.181 
1.143 
1.553 
1.569 
2.206 


188.3 


335.8 
222.7 
153.5 


220.9 
213.5 
309.1 
311.9 
484.6 


OF 


Free surface approximation 


Relative 


volume 
V/Vo 
0.9233 
0.9214 
0.9013 
0.8976 
0.8612 
0.8664 


0.9095 
0.8806 
0.8763 
0.8379 
0.8341 
0.8459 


0.8752 
0.8725 
0.8346 
0.7894 
0.7861 


0.6980 
0.7487 
0.7891 
0.7934 


0.7032 
0.7138 
0.7612 
0.7911 
0.8005 


0.7849 
0.8337 
0.8094 
0.8753 


0.7418 


0.7997 
0.7948 
0.7959 
().8328 
0.8343 


See Sec. I-D 


0.8390 
0.8374 


0.7874 
0.8333 
0.8696 


0.8672 
0.8713 
0.8359 
0.8340 
0.7899 


Graphical solution 


Shock particle 


velocity 
e 
(kim / sec 


0.437 
0.444 
0.591 
0.006 
0.850 
0.792 


0.490 
0.678 
0.087 
0.957 
0.982 
0),.887 


0.504 
0.527 
0.717 
0.985 
1.010 


1.043 
0.812 
0.620 
0.571 


1.290 
1.190 
0.925 
0.705 
0.670 


1.370 
0.980 
0.723 
0.684 


1.250 
1.190 
0.88 

0,894 


0.650 


0.673 
0.630 


0.590 
0.571 
0.791 
0.770 
1.085 
1.077 


0.7837 
0.9812 
1.281 


) 


approximately one-hundred points 


Pressure 


(kilobars) 


$84.2 
209.6 
182.6 
171.9 


490.8 
255.7 
179.3 
168.6 


Relative 
volume 
V/Ve 

0.9233 
0.9214 
0.9008 
0.8966 
0.8631 
0.8707 


0.9095 
0.8801 
0.8778 
0.8413 
0.8355 
0.8510 


0.8760 
0.8719 
0.8362 
0.7967 
0.7917 


0.7017 
0.7456 
0.7901 
0.8031 


0.7168 
0.7317 
0.7690 
0.8018 
0.8098 


0.7835 
0.8307 
0.8686 
0.8749 


0.7507 
0.7556 
0.8036 
0.7991 


0.8596 


0.8370 
().8444 


of which the 


0.8673 
0.8714 
().8328 
().8371 
0.7928 
0.7937 


0.7907 
0.7525 
0.7054 
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TABLE I.—Continued. 


Free suriace 
velocity 


Shock wave 
velocity 
Us J fe 
(km/sec) (km/sec) 
Niobium 177 
po= 8.004 $11 
C, = 0.065 6A2 


] av 
( = 23.3K 10°*/ °C 
| a7 } 


Palladium 
po 11,95 
C,= 0.0583 


1 /daV 
( ) =35K10-#/% 
| 41 1 


Platinum 
po 21.37 
Cy,= 0.0322 


l —) 
U ¢ I 
Khodium 


po™ 12.42 
Cy = 0.059 


| (") 
| a7 yp 
lantalum 


po™ 16.46 
C,=0.034 


1 (— 
V\OT/, 
Vhallium 


po= 11,84 
C,#0.031 


| (= ) 
V\dT/, 
Zirconium 


Ppo™ 6.49 
Cy = 0.008 


l ("") 
V\OT/, 
which use the Rankine-Hugoniot relations 


V/Von=(U,—U,)/U,, 


Py po U, + Pon, (2) 


= 26.7 K10°*/ 


“25K 10 */°C 


“19. 5«K10°°/"C 


114 10°°/"C 


4.674 
4.920 


=15.6«K10"° 


for the conservations of mass and momentum across a 
shock front. Here Pow, Vow refer to pressure and specific 
volume for the undisturbed state ahead of the shock 
front and Py, V denote pressure and specific volume 
for the state behind the shock front. U, and U, are, 
respectively, the shock wave velocity, and the particle 
velocity for the state behind the shock front, each 
relative to the undisturbed state ahead of the shock 
front. 

For the first transformation method, we note that 
the experimental free-surface velocity, U’;,, is the sum 


Graphical solution 


Shock particle 
velocity 


Free surface approximation 


Relative 
volume 


V/Vo 


0.8940 
0.8606 
0.8240 


Relative 
volume 


V/Vo 


Pressure Pressure 
d P 


(kilobars) 


0.5489 244.5 
0.7434 341 
0.9929 482 


Us, 
(km/sec) 


(kilobars) 


0.8988 
0.8761 
0.8471 


0.4728 
0.6200 
0.8219 


0.9238 
0.8943 
0.8642 


0.329 
0.4550 
0.6102 


0.9250 
0.8710 


0.4100 
0.7566 


0.8865 
0.8554 
0.8222 


0.4327 
0.5800 
0.7685 


0.7712 
0.7733 
0.7293 
0.7327 
0.6919 
0.6925 


0.6416 
0.6386 
0.8446 
0.8406 
1.090 
1.089 


0.8416 
0.7954 
0.7408 


0.7117 
0.9563 
1,275 


of the shock particle velocity and the particle velocity, 
U,, due to the centered rarefaction wave which relieves 
the pressure, i.e., 

Us=UptU,. (3) 


The approximate relation‘ U,/U,=1, or equivalently 


U,=U;,/2, (4) 


is combined with Eqs. (1), (2), and measured values of 
U, and Uy, to determine pressure-volume points. 
Resulting data are listed in Table I under Free Surface 
Approximation and are plotted in Figs 3-29 as x’s. 


‘Calculated refinements of the free-surface velocity approxi 
mation are discussed in Sec. II-B and listed in Table VII. The 
approximation was also cliscussed in reference 1, where — 
for possible errors associated with its use were shown to be small 





SHOCK-WAVE 

The second transformation method makes use of 
certain equation of state data for 24ST aluminum. The 
necessary 24ST aluminum data (derived using experi- 
mental 24ST aluminum results in the next section of 
this paper) are the curves of pressure versus particle 
velocity shown in Fig. 2. The curve from the origin is 
the locus of all pressure-particle velocity states attain 
able by propagating a right-going shock wave into 
normal undisturbed 24ST aluminum at P=0, U,=0. 
When such a shock wave interacts with the 24ST 
aluminum-specimen interface, a left-going disturbance 
is reflected into the aluminum. The locus of P, U, states 
that can be reached by the reflected disturbance is 
given by the appropriate cross curve in Fig. 2. For 
pressures greater (and particle velocities smaller) than 
that corresponding to the initial right-going shock wave, 
the cross curve corresponds to reflected shock waves. 
For smaller pressures (and greater particle velocities) 
the cross curve corresponds to a rarefaction wave which 
is reflected leftward from the interface. The P=0 point 
on each cross curve, in particular, corresponds to the 
aluminum free-surface velocity for that shock strength. 

For the procedure below, it is necessary to identify 
the cross curve corresponding to the shock wave in the 
24ST aluminum plate. This information is obtained by 
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Fic. 3. Pressure-compression curves for beryllium. The solid 
curve in this figure and in Figs. 4 to 29 is an analytical fit (Table 
II) of Hugoniot curve experimental data obtained by the graphical 
solution method. Points plotted as circles in these figures are from 
the graphical solution method; points plotted as X’s are from the 
free-surface approximation method. (See Sec. IB.) The dashed 
curve in each figure is a 20°C isotherm, computed using the 
Hugoniot curve and the methods given in Sec. II. Data points 
below 100 kilobars are from recent articles by P. W. Bridgman. 
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Fic. 4. Pressure-compression curves for bismuth 
See caption to Fig. 3 


including a pair of 24ST pellets among the test specimens 
in each shot. ‘The measured free-surface velocity then 
identifies the desired cross curve from its intercept with 
the particle velocity axis. Similarly, the measured shock 
wave velocity is used to construct a line from the 
origin in Fig. 2 of slope pol/, whose intercept with the 
above-described locus of right-going shocks determines 
[ see Kq. (1) for P» 0) | the UF Ua point for the 
aluminum shock wave, and consequently determines 
the associated cross curve. The two determinations of 
the cross curve are averaged to give the value used in 
the succeeding analysis 

The boundary conditions that pressure and particle 
velocity must be the interface 
between the 24ST aluminum and the test specimen can 
now be used to construct a graphical solution. First, the 
known initial density po and the measured shock 
velocity U, for each specimen are used to construct a 
line from the origin (see Fig. 3) of slope pol/,. From Eq 
(1), for Po=0, it is seen that the desired (P,U,) point 
for the shock lies on this ray. The intersection of this 


cCOnNtLINUOUS ACTOSS 


ray with the aluminum cross curve then satisfies the 
boundary conditions and gives the desired pressure and 
particle velocity. The associated relative volume is then 
calculated by substituting this particle velocity and the 
measured shock velocity, U,, into Eq. (2). Pressure 
volume points determined by this method are listed 
under Graphical Solutions in Table I and are plotted in 
Figs. 3-29 as circles. 
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FiG essure-compression curves for cadmium 
See caption to Fig, 3 
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Fic, 6, Pressure-compression curves for chromium 
See caption to Fig. 3 


A few of the experiments reported in Table I were 
done without free-surface velocity measurements, so 
that only graphical solutions are listed. Iron and mag- 
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7. Pressure-compression curves for cobalt 
See caption to Fig. 3 


nesium experiments were performed without 24ST 
aluminum backer plates, so that only free-surface 
approximation solutions are reported. 


C. Analytical Fits of Pressure-Volume Data 


The Hugoniot curves which are drawn through the 
experimental points in Figs. 3-29 are reproduced by 
analytical fits of the form 


Py = Apt Bwe+Cyp’, (5) 
where 


w= (p/po)—1= (Von/V)—-1. 


The values of A, B, and C for the various solids are 
listed in ‘Table II. In reality this is a two-parameter fit, 
since the ratio B/A is determined theoretically by a 
method given in Sec. II. The two remaining parameters 
are then selected to fit the results of the present high- 
pressure experiments. This procedure, as seen by inspec- 
tion of the figures, gives a satisfactory fit of the present 
data, and it also forms a standardized extrapolation 
procedure from which rough comparisons will be made 
with the lower pressure data from static experimenta- 
tion. 

Finally, from the third mechanical conservation 
relation 


Eu — Equ=4(Put Pou) (Vou—V), (6) 


it is seen that the specific internal energy Ey relative 
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Fic. 8. Pressure-compression curves for copper Fic. 9. Pressure-compression curves for gold 
See caption to Fig. 3 See caption to Fig. 3 
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to the initial energy Eo, can be written (since Poy +0) — ae, 
En— Eou= (Ap?+ Bui +Cy')/(2po(u+1) J. (7) 


Equations (5), (7), and Table II summarize all the 
experimental thermodynamic information which are 
available from the shock-wave measurements. 


TABLE IT. Analytical fits of Hugoniot curves, P= Ap+ By? +Cyp', 
with pressure in kilobars. HUGONIOT 


Metal A B 





Beryllium 1182 
Cadmium 479 
Chromium 2070 
Cobalt 1954 
Copper 1407 " 
Gold 1727 BANCROFT 

Lead 417 PETERSON ®& 
370 ‘ | | MIN SHALL - 








Magnesium 
Molybdenum 2686 
Nickel 1963 
Silver 1088 
Thorium 572 
Tin 432 
Titanium 990 
Zinc 662 
24ST aluminum 765 
Brass 1037 
Indium 496 


Niobium 1658 
Palladium 1744 Fic. 10, Pressure-compression curves for iron 


Platinum 2760 See caption to Fig. 3 
Rhodium 2842 
— yon D. Zinc Single-Crystal Experiments 
lalium / 
Zirconium 934 ‘Two experiments with zinc single crystals were per 








formed to determine whether observed compression: 
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Fic, 11, Pressure-compression curves for lead 


See caption to Fig. 3 
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Fic. 12. Pressure-compression curves for magnesium 
See caption to Fig. 3 


were dependent upon the crystal orientation. Three zinc 
crystals of known orientation (shock propagation direc- 
tions along the C axis, along an A axis, and midway 
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Fic, 13. Pressure-compression curves for molybdenum. 
See caption to Fig. 3. 


between two A axes) were used in each shot. Shock 
velocity was measured for each crystal and shock 
strength was measured for the 24ST aluminum driver 
plate. The measured values were then used to determine 
pressure-volume points by the graphical solution 
method. 

The total spread for the three zinc shock velocities in 
the high-pressure (414 kilobars) shot was 1%, and 
the corresponding spread for the low-pressure (200 
kilobars) shot was 1.5%. Comparable scatters would be 
expected even if identical specimens were measured so 
that, within experimental error, one must conclude 
that results show no dependence of shock velocity 
(hence compressibility) upon crystallographic orien- 
tation. The measured shock velocities from each shot 
were averaged to obtain the value used in the graphical 
solutions. The data are listed under zinc in Table I and 
are also plotted in Fig. 19, where they exhibit good 
agreement with results obtained using ordinary cast 
polycrystalline zinc. 

The shock wave results differ from the lower pressure 
static measurements’ which indicate a_ several-fold 
difference in compressibility depending upon whether 
the compression is parallel to the C axis or normal to it. 


E. Discussion of Experimental Data 


The probable error per data point, determined from 
the observed reproducibility, is 0.7% in shock velocity 
for a given free-surface velocity (about 1% in com- 
pression, 1—V/Vo, at a given pressure). This estimate 


~o§PLW, Bridgman, Proc, Am, Acad. Arts Sci, 77, 189 (1949), 
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14. Pressure-compression curves for nickel 
See caption to Fig. 3. 


does not apply, however, to the eight rare metals (In, 
Pd, Rh, Pt, Ta, Tl, Nb, Zr) at the bottom of Table I, 
the probable errors for which are approximately 3% 
in compression. 

Previously reported' Hugoniot curves for 24ST 
aluminum, copper, and zinc are in substantial agreement 
with the present results. The present low-pressure 
(195-kilobar) zinc curve, however, indicates a 4% 
smaller compression than the previously drawn curve 
(Table IIL of reference 1). Similar comparisons of 
remaining data show agreement to 2% or better. 

Present results may also be compared with shock- 
wave data obtained by another Los Alamos group using 
an electrical pin-contactor method.? The agreement 
with their tabulated “recent data” (24ST aluminum 
data sufficient to determine the Hugoniot curve from 
145 to 330 kilobars) is everywhere better than 1% in 
compression, and is sufficiently good to indicate freedom 
from sizable consistent error of either method. 

Impurities for the elements studied were determined 
by spectrochemical analysis. Specimens whose im- 
purities exceeded 0.2% are: cobalt (0.5% Ni, 0.05% 
miscellaneous), nickel (0.1% Co, 0.05% each Mg, Si, 
Mn, Fe), titanium (0.05% each Al, Si, Cr, Mn, Sn). 

The brass composition was 60.56% Cu, 39.31% zinc. 
The 24ST aluminum composition was 93.0% aluminum, 
4.5% copper, 1.5% magnesium, 0.6% manganese. 


F. Guide to Data Figures 


The points below 100 kilobars, plotted as solid black 
disks in Figs. 3 to 29, are statically determined pressure 





COMPRESSIONS OF 


j 











| 
) 
| 
| i | 


— 4 4 


. 
Fic. 15. Pressure-compression curves for silver 
See caption to Fig. 3. 
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Fic. 16. Pressure-compression curves for thorium 
See caption to Fig. 3 
compression data taken from four articles by Bridg 
man.** 
Except for the points around 400 kilobars, the iron 
*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 55 (1948) 


7™P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 9 (1945), 
*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 74, 425 (1945) 
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Fic. 17. Pressure-compression curves for tin 
See caption to Fig. 3 
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Fic. 18. Pressure-compression curves for titanium 
See caption to Fig. 3 


data of Fig. 10 are reproduced from a recent article by 
Bancroft, Peterson, and Minshall.’ 


* Bancroft, Peterson, and Minshall, J. Appl. Phys. 27, 291 


(1956) 
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Fic. 19. Pressure-compression curves for zinc 
See caption to Fig. 3. 


II. EQUATION OF STATE 

The purpose of the present section is to provide a 
complete thermodynamic description of all states 
neighboring the experimental Hugoniot curves. To this 
end, the Mie-Griineisen equation of state is employed, 
for which. the volume dependence of the Griineisen ratio 
is determined using the Dugdale-MacDonald relation. 
These considerations lead to a complete P, V, E 
equation of state. This equation of state and available 
zero-pressure data then permit the calculation of re- 
maining thermodynamic data of interest, and numerical 
results are tabulated for the various metals. 


A. Theory 
Mie-Griineisen Equation of State 


For the thermodynamic states of interest here, we 
shall assume that the thermal energy of a metallic 
crystal can be adequately described by means of a set 
of simple harmonic oscillators (the normal modes of the 
dynamical system) whose frequencies, vq, are functions 
only of volume. The internal energy, Z, is then given 
by” 12 


k=6+4 > hyt>d 


a evalkT |] 


hve 


© See, for example, J. C. Slater, /ntroduction to Chemical Physics 
(McGraw-Hill Book Company, Inc., New York, 1939), Chap. 
XIII. 

'F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York and London, 1940), Chap. III. 

2M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954), Chap. II 
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Fic. 20. Pressure-compression curves for 24ST aluminum 
See caption to Fig. 3 


where ® is the potential energy of the crystal with the 
particles at rest in their equilibrium positions, and the 
summation (>>) is over the 3N normal modes of the 
crystal, NV being the total number of atoms. 

The pressure is given by 


dm 1 hve 
—— + > Ya Shvat ’ (9) 
d V V ehvalkT . 1 
where 
Ya d \nv,/d \InV. (10) 


Equation (9) simplifies in two interesting cases. If all 
the yq are equal (the consequences of simplifying as 
sumptions discussed below), these quantities may be 
factored from the summation as y. Alternatively, in 
the classical limit, the energies of all oscillators are equal, 
so that these quantities may be factored and y becomes 
the average of the vq. In either case Eq. (9) reduces to 
the equation of state of Mie and Griineisen," 


d? + 
+—Eyvin, (11) 
dV V 


where £,;» is the vibrational contribution to the internal 
energy. A rearrangement of the terms in Eq. (11) yields 


(db ¥ oY hve 


P+ j——— 2. bir, : (12a) 
ldV V a V a eralkT_{ 


%E, Griineisen, Handbuch der Physik (Verlag J. Springer, 
Berlin, 1926), Vol. 10, p. 22 
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21. Pressure-compression curves 
See caption to Fig. 3 
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22. Pressure-compression curves for indium 
See caption to Fig. 3 
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Fig, 23. Pressure-compression curves for niobium 
See caption to Fig. 3 


| 
PALLADIUM 


HUGONIOT 

















F1G, 24. Pressure-compression curves for palladium 
See caption to Fig. 3 


where the subscript K refers to the quantities as a 
function of volume at 0°K. Griineisen’s ratio, y, can be 
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Fic, 25. Pressure-compression curves for platinum. 
See caption to Fig. 3 


expressed in terms of thermodynamic quantities by dif- 
ferentiating Eq. (12b). Since y is a function only of 


oP 
v( ) Je 
OT/ y 
oP OV 
Nat a)./* 
OV] 7\ OTJ p 
oP OV 
(22) (2%) Jen 09 
OV/ s\ OT p 


where C, and C, are the specific heats at constant 
volume and pressure, respectively. At zero pressure and 
room temperature ¥ can be evaluated from the measured 
values of the bulk modulus, thermal expansion coef- 
ficient, and specific heat ; and for most metals the value 
so obtained lies between 1 and 3 (see Table ITI). 

Equation (12b) can be rewritten in terms of any P, 
V, E curve, such as the experimental Hugoniot : 


volume, 


oP 
(%)- 
OE/ y 


P—Py=(y/V)(E— Ex). (14) 


Determination below of the Griineisen ratio y(V) then 
provides one with a complete P, V, E equation of state. 

It is interesting to note, with respect to C,, that the 
thermodynamic identity 
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Fic. 26. Pressure-compression curves for rhodium 
See caption to Fig. 3. 
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for y a function only of volume, implies that C, is a 
function only of entropy. 


Griineisen Ratio 


Under the assumption that Poisson’s ratio is inde- 
pendent of volume, Slater’ extended the Debye theory 
for an isotropic continuum to obtain 


-(— —) 
4 
2\ dP/dV 

Dugdale and MacDonald'® proposed a modification 
of Slater’s formula. Their result, 


(——) 
2\ d(PV!)/dV 
follows for cubic lattices from the assumption that all 


of the interatomic force constants change the same 
(percentagewise) upon compression of the lattice.’® 


(16) 


(17) 


' Reference 10, p. 239 

18 J. S. Dugdale and D. K. C 
(1953). 

16 Detailed in a forthcoming article “Compression of Solids by 
Strong Shock Waves” by Rice, McQueen, and Walsh, to appear in 
Solid State Physics, Advances in Research and Application (Aca 
demic Press, Inc., New York, 1957), Vol. VI. Zero-pressure tests of 
Faq. (17), results of which are summarized above, are also presented 


MacDonald, Phys. Rev. 89, 832 
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}. 27. Pressure-compression curves for tantalum 
See caption to Fig. 3 

Equations (16) and (17) differ by 0.33 at P=0, with 
Eq. (16) indicating the larger value. For most metal 

P—V curves, the difference is less at higher pressure. 
(Quite recently, Barron'’'* extended the Born-von 
Karman theory to an essentially exact calculation of 
the Griineisen ratio for a few simple lattice models, His 
results show that the yq are far from equal, though 
equality of the y, is implied by the simplifying assump 
tions used to establish either Eq. (16) or Eq. (17). 
In the classical limit (the calculations indicate 7.20.30, 
where © is the Debye temperature), the Mie-Griineisen 
equation of state is again valid. Comparisons of the 
obtained from Eq. (16) or Eq. (17) with the high 
temperature results by Barron indicate fair agreement, 
with the Dugdale-MacDonald formula, Eq. (17), more 
nearly reproducing Barron’s results. [For example, a 
2.3 from Eq. (16), 


Barron’s 


model of the NaCl lattice gives 
y= 2.0 Kq. (17), 
indicate y= 1.67, | 

At zero pressure, 


from while calculations 


sufficient thermodynamic data 
exist to test the values of 7 calculated from Eq. (16) or 
(17) against the thermodynamic values from Eq. (13) 
Slater’? and Gilvarry,” using first and second deriva 
tives of P obtained from Bridgman’s data, have made 


extensive comparisons of the y calculated from Eq. (16) 


7TH. K. Barron, Ann. Phys. 1, 77 (1957) 
's'T. H. K. Barron, Phil. Mag. 46, 720 (1955) 
J. C, Slater, reference 10, Chap. XX VII 

» J. C. Slater, Phys. Rev. 57, 744 (1940) 

"J. J. Gilvarry, Phys. Rev. 102, 331 (1956 
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Fie. 28. Pressure-compression curves for thallium 
See caption to Fig. 3 


with that from Eq. (13). For most metals the agreement 
is quite good. A similar comparison, using the present 
shock-wave data, has been carried out by the present 
authors,'® Such a test is of interest because the shock 
wave restilts limit properly at zero pressure to the de- 
sired adiabatic first and second derivatives; also the 
extended data region of the present experimentation 
should lead to better precision in the determination of 
second derivatives of ?. The tests, which show less 
scatter than the previous work, indicate somewhat more 
success for the Dugdale-MacDonald formula, Eq. (17), 
than for Eq. (16), though both are in substantial agree- 
ment with the experimental results. The former re- 
produces the values of y from Eq. (13) with an average 
error of 15%, 

In the following calculations, an attempt is made to 
obtain the most accurate description of high-pressure 
states. Accordingly, the experimental thermodynami 
properties, i.e., of specific heats, thermal expansions, 
and yo, are employed along the zero-pressure isobars, 
and only the volume variation of y is estimated by an 
empirical relation, The Dugdale-MacDonald formula, 
Eq. (17), is employed for this purpose. It is, of course, 
clear that the calculated values of y, at high pressures, 
are not very accurate. In regard to calculated P—V 
curves, on the other hand, y is used only to estimate the 
small offsets (typically 1% in volume) from the experi- 
mental Hugoniot and errors as large as 25% in the 
offsets (i.e., approximately 25% in y) lead to uncer- 
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TABLe ITI. Analytical fits of Griineisen ratios. 
y=yotAut By? + Cy. 


Metal 4 A B Cc 


2.523 12.990 — 31.851 
13.417 —75.631 72.965 
10.965 54.874 49.000 

5.906 26.354 ~ 48.076 

3.296 10.493 19.264 
21.876 115.18 213.17 

8.406 22.791 22.648 

2.078 4.621 4.840 

4.600 25.837 -61.398 

8.007 35.275 59.812 
Silver 5.670 19.334 32.891 
Thorium 3.552 14.223 15.552 
Tin 9.4186 52.133 66.016 
Titanium 2.225 9.904 11.052 
Zinc 6.087 18.626 - 23.535 
24ST aluminum 7.245 24.707 - 32.577 
Brass 3.405 26.304 38.692 
Indium 9.431 27.392 26.186 
Niobium 5.882 26.261 49.145 
Palladium 26.824 205.44 407.72 
Platinum 16.911 100.10 216.84 
Rhodium 11.228 55.898 109.85 
Tantalum 5.166 15.925 18.991 
Thallium 3.617 2.264 1.171 
Zirconium 0.449 0.285 0.102 


Beryllium 
Cadmium 
Chromium 
Cobalt 
Copper 

Gold 

Lead 
Magnesium 
Molybdenum 
Nickel} 


tainties which are only comparable to probable errors 
in the experimental curves. ‘Temperature increases, 
calculated along constant-entropy curves, reflect an 
error which is roughly proportional to the volume- 
average error in y. The use of the correct yo at normal 
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Fic, 29. Pressure-compression curves for zirconium 
See caption to Fig. 3 
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SHOCK—-WAVE 
volume and an experimental additive term in the listed 
temperatures (JT at P=0 on the adiabat through the 
point) then lead to temperatures which should be 
reliable to 10% or less of their centigrade values. 


B. Calculations 


Combining Eq. (17), which is assumed to be valid 
along the 0°K curve, with Eq. (14) yields the following 
equation for the pressure ?«(V) at 0°K, in terms of the 
known Hugoniot curve, P1(V): 


~4VE(PKV))/dV? 1 
d(PxV')/dV 3 


bPa(Vou 


VOK 


The initial conditions required for the integration of 
Eq. (18) are the specific volume, the compressibility at 
0°K, Px=O0, and the specific internal energy, Foy, at 
the foot of the Hugoniot (relative to an arbitrary zero 
energy at P=0, T=0°K). These quantities were ob- 
tained from rough extrapolations” of available zero 
pressure data to O°K. Zero-degree-Kelvin pressure- 
volume curves, obtained by numerical integration of 
Eq. (18), are listed in Table IV. Analytical fits of the 
associated ~(V) curves, which may now be obtained 
from either Eq. (14) or Eq. (17). are given in Table ITI. 
Differentiating Eq. (14) gives 


din d V V fdPy dP, 
Ps=- + (Pa— Pa) ( )+ ( . ), 
dV dV\¥ y\ dV dV 


(19) 


which is a first odrer differential equation for an 
adiabat, P4(V), in terms of the known Py(V), En(V), 


# The values of How were obtained by integrating the Debye 
specific heat curve. Values of the initial volume, Vox, were those 
which satisfied Eq. (14) evaluated at V = Vox 
(vont (dy/dV) on (Vou— Vox) JL Font+} Pu (Vou 
where the first bracket is an approximate value for y at Vox. The 
compressibility at O°K, Px =0, was obtained from the derivative 
of Eq. (14) evaluated at V = Vox 


Vow (dP x ‘dV), = Vox =LPu En (dy dV) 


Vox) J=4 oP nu, 


v(dEy ‘dV) ly = } 


OK 

Approximate values of dy/dV, necessary for the evaluation of 
each of the above relations, were obtained from Eq. (17), and 
the assumption that the right side of Eq. (17) can be determined 
using the adiabat through the foot of the Hugoniot curve. Con 
sequent values of yo and dy/dV are 


you = B/A, 


dy 5B? 7B € % 
Von Bs ----—j—-- 
aV/ on 2A* OA A 9 


[he first of these relations was also used in Sec. I to determine the 
values of B/A used in analytical fits of the experimental data 


COMPRESSIONS OF : METALS 211 


and y(V). Equation (19) was integrated numerically 
to obtain serveral adiabats for each metal. Two of these, 
the adiabat which with the foot of the 
Hugoniot and an adiabat which intersects the Hugoniot 
curve at a pressure near the upper limit of the experi 
mental data, are listed in Table IV 

At constant entropy the thermodynamic identity 


coincides 


TdS=C,d7T+T7(0P/0T)ydV =0 


can be integrated to give temperature as a function of 
volume 


\ 


i 
T=T, exp { dV 
Jv, V 


(20) 


Here the relation y= V(0P/0T)y/C, was used, and 7, 
is an initial temperature at some volume V, on the 
adiabat. Values of 7;, V,; were obtained along P=0 
from available thermal expansion data. Equation (20) 
can then be used together with the adiabatic P-V curves 
determined above to obtain the temperature at any 
P-V point neighboring the Hugoniot curve. Resulting 
temperatures for pressure-volume points along two 
adiabats are listed in Table IV. Temperatures along the 
Hugoniot curve for each metal are also listed in ‘Table 
IV and the 20°C isotherms are plotted in Figs, 3-29 
Calculated values of the ratio 


i. PH 
f ( dV aPs)MPs /CPu(Von V) |! (21) 
U 


Pp 0 


(see Eq. 4 and associated discussion) are listed in ‘Table 
V for the various solids. The denominator in Eq. (21) 
is the expression for the shock wave particle velocity 
corresponding to shock pressure ?, and is a consequence 
of Eqs. (1) and (2). The numerator” is the Reimann 
integral for the particle velocity due to the centered, 
simple rarefaction wave which relieves the pressure 
from Py to zero, and is evaluated using the adiabat 
which intersects the Hugoniot curve at ?y,. The refine 
ments indicated by the present calculations cause a 
slight shift of the P, V points, plotted as *’s in the 
‘I he 


corrections reduce the compression offsets (between the 


figures, which were obtained by using Eq. (4) 


x’s and the curves drawn through the graphical solu 
tions) from an average magnitude of 1.1% to 0.7%. 

It should be noted that three metals, lead, tin and 
cadmium, exhibit free-surface-approximation solutions 
which are in sizable disagreement with results obtained 
from the graphical solutions. The three are all low 
melting-point metals and are, indeed, the only metals 
(among those for which free-surface velocity measure 


* See, for example, R. Courant and K. O. Friedricks, Supersonic 
Flow and Shock Waves (Interscience Publishers, Inc., New York, 
1948). The present expression can be obtained from their Eq 


(34.05) 
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Tasie IV. Pressure-volume loci and associated temperatures (degrees centigrade), ‘The first adiabat listed for each material coincides 
with the Hugoniot curve at 20°C, zero pressure. The second adiabat intersects the Hugoniot curve near the high-pressure limit of the 
experimental data. The pressure at which the second adiabat crosses the Hugoniot curve is given in parentheses 


P (kilobars) 0 100 150 200 250 300 350 400 


Beryllium 
O°K 0.9982 0.9263 0.8972 0.8716 0.8487 0.8275 0.8082 
Hugoniot 1.000 0.9277 0.8990 0.8725 0.8503 0.8299 0.8110 
Tn 20°C 50° 70 97 127° 168° 213° 
\diabat 1.000 0.9276 ().8987 0.8728 0.8493 0.8284 
T4 20°C 45 55 6A 74 $2 
Adiabat 

(309 kilobars) 1.003 0.9301 0.9010 0.8742 0.8506 0.8299 0.8103 

T4 97°C 129 143 155 164 181 187 


Cadmium 
0°K 0.9764 0.4524 0.8188 0.7932 0.7716 0.7527 0.7364 0.7220 0.7093 0.6972 
Hugoniot 1.000 0.8742 0.8403 0.8141 0.7932 0.7752 0.7597 0.7464 0.7345 0.7237 
Tn 20° 210 349 515 697 895 1111 1335 1563 1800 
Adiabat 1.000 0.8708 0.8339 0.8050 0.7819 0.7620 0.7450 0.7300 0.7164 0.7041 
T4 20°C 157 213 257 297 331 359 384 408 431 
Adiabat 
(318 kilobars) 1.028 0.8976 0.8568 0.8244 0.7982 0.7763 0.7573 0.7414 0.7265 0.7136 
T 4 310°C 559 674 784 866 945 1014 1072 1125 1177 


Chromium 
O°K 0.99609 0.9528 0.9336 0.9160 0.9006 0.8860 0.8730 0.8607 0.8492 0.8387 
Hugoniot 1,000 0.9561 0.9373 0.9202 0.9050 0.8908 0.8779 0.8658 0.8548 0.8447 
Tn 20°C 39 54 73 96 126 161 199 242 291 
Adiabat 1.000 0.9561 0.9372 0.9201 0.9044 0.8899 0.8717 0.8642 0.8529 0.8421 
Ts 20° 37 46 26 06 76 &6 95 103 112 
Adiabat 
(522 kilobars) 1.003 0.9595 0.9410 0.9238 0.9081 0.8933 0.8798 0.8674 0.85060 0.8449 
Ta 170° 194 209 223 238 253 267 281 295 307 


Cobalt 
O°K 0.9931 0.9500 0.9318 0.9150 0.9000 0.8863 0.8734 0.8112 0.8500 0.8395 
Hugoniot 1.000 0.9552 0.9368 0.9200 0.9050 0.8915 0.8782 0.8160 0.8551 
Te "°C 48 65 86 109 134 166 202 
Adiabat 1,000 0.9552 0.9366 0.9197 0.9045 0.8905 0.8770 0.8145 
T4 20°C 45 57 67 76 KO 96 104 
Adiabat 
(523 kilobars) 1,005 0.9581 0.9392 0.9221 0.9065 ().8926 0.8792 0.8165 
Ta 120°C 155 171 185 199 211 224 235 


( opper 

O°K 0.9903 0.9337 0.9109 0.8908 0.8732 0.8571 0.8424 0.8290 0.8049 
Hugoniot 1.000 0.9412 0.9186 0.8980 0.8803 0.8643 0.8500 0.8370 0.8249 0.8137 
Tn 20°C 63 89 121 158 201 255 311 373 4 
Adiabat 1.000 0.9408 0.9180 0.8974 0.8781 0.8625 0.8472 0.8334 0.8209 0.8092 
4 20°C 57 73 85 99 111 123 134 145 155 
\diabat 

(504 kilobars 1.010 0.9490 0.9255 0.9038 0.8852 0.8683 0.8528 0.8387 0.8255 0.8143 
ri 215°C 279 306 331 353 375 395 415 432 


Gold 
O°K 0.9900 0.9458 0.9277 0.9113 0.8966 0.8829 0.8707 0.8589 0.8480 
Hugoniot 1.000 0.9521 0.9334 0.9167 0.9018 0.8882 0.8759 0.8643 0.8537 
Tw 20°C 65 96 121 153 200 253 311 372 
Adiabat 1.000 0.9520 0.9331 0.9161 0.9014 0.8874 0.8744 0.8626 0.8514 
T 4 20°C 59 74 86 97 108 117 125 133 
Adiabat 
(518 kilobars) 1.009 0.9583 0.9382 0.9210 0.9053 0.8910 0.8779 0.8660 0.8546 
v 235% 411 338 361 4383 401 419 434 449 464 


Lead 
O°K 0.9762 0.8492 0.8113 0.7808 0.7558 0.7340 0.7150 0.6979 0.6829 0.6690 
Hugoniot 1.000 0.8623 0.8253 0.7958 0.7722 0.7523 0.7348 0.7191 0.7051 0.6930 
Tn 20°C 228 375 609 861 1150 1459 1812 2192 2575 
Adiabat 1.000 0.8600 0.8203 0.7888 0.7628 0.7403 0.7206 0.7034 0.6878 0.6736 
Ts 20°C 139 179 210 241 267 289 310 329 360 
Adiabat 
(204 kilobars 1,020 0.8695 0.8288 0.7959 0.7696 0.7465 0.7266 0.7585 0.7426 0.7280 

Ta 249°C 485 563 624 682 730 773 814 854 891 





\P (kilobars 


Magnesium 
0°K 
Hugoniot 
Ty 
Adiabat 
as 
Adiabat 
(229 kilobars) 
Ts 


Molybdenum 

0°K 

Hugoniot 

Tn 

Adiabat 

T4 

Adiabat 

(500 kilobars) 

V4 


Nickel 
O°K 
Hugoniot 
Tu 
Adiabat 
TA 
Adiabat 
(508 kilobars 
T4 


Silver 
O°K 
Hugoniot 
Ty 
Adiabat 
T4 
Adiabat 
(479 kilobars 
Ta 


Thorium 
0°K 
Hugoniot 
Tn 
Adiabat 
Ts 
Adiahat 
(483 kilobars) 
l' 


Tin 
0°K 
Hugoniot 
TH 
Adiabat 
Ta 
Adiabat 
(205 kilobars) 
TA 


litanium 
0°K 
Hugoniot 
Tx 
Adiabat 
Ts 
Adiabat 
(340 kilobars) 
T4 


SHOCK-W 


0 


0.8200 

0.8300 
174 

0.8278 
74 


0.9985 

1.000 
20°C 

1.000 
20°C 


1.023 
296°C 


0.8395 
447 


0.9971 0.9636 
1.000 0.9660 
20°C 37 
1.000 0.9659 
20°C 35 


0.9674 
161 


1.002 
139° 


0.9551 

0.9501 
43 

0.9500 
43 


0.9930 

1,000 
20°C 

1.000 
20° 


0.9588 
171 


1,005 
136°C 


0.9878 
1.000 
20°C 88 
1.000 0.9286 
20° 74 


0.9202 
0.9291 


1.017 
314°C 


0.9406 
433 


0.9920 

1.000 
20°C 

1.000 
20°C 


0.8043 

0.8727 
122 

0.8716 
76 


1.035 
802°C 


0.8989 
1003 


0.9806 
1.000 

20°C 
1,000 

20°C 


0.8439 

0.8614 
219 

0.8580 
149 


1.012 
208°C 


0.8710 
415 


0.9944 
1,000 
20°C 65 
1,000 0.9168 
20°C 54 


0.9119 
0.9170 


1.005 
210°C 


0.7222 
266 


AVE 


0.7604 

0.7712 
313 

0.7670 
131 


0 7769 
526 


0.9486 

0.9510 
49 

0.9508 
43 


0.9522 
171 


0.9320 

0.9367 
61 

0.9364 
54 


0.9397 
186 


0.8951 

0.9037 
130 

0.9028 
9% 


0.9134 
483 


0.8222 

0.8310 
227 

0.8283 
101 


0.8540 
1095 


0.8068 
0.8248 
377 
0.8183 
198 


0.8297 
497 


0.8801 

0),8857 
105 

0.8851 
70 


0.8898 
290 


TABLE IV. 


0.7450 
576 


0.9347 

0.9369 
62 

0.9368 
49 


0.9382 
180 


0.9151 

0.9197 
79 

0.9195 
63 


0.9220 
199 


0.8734 

0.8818 
186 

0.8804 
114 


0.8900 
524 


0.7878 

0.7979 
377 

0.7938 
124 


0.8163 
1183 


0.7778 

0.7964 
556 

0.7877 
239 


0.7970 
569 


0.8527 

0.8587 
155 

0.8576 
84 


0.4618 
314 


COMPRESSIONS 


Continued 


250 


0.6980 

0.7123 
691 

0.7032 
176 


0.7110 
620 


0.9219 

0.9240 
79 

0.9239 
55 


0.9250 
189 


0.8999 

0.9042 
101 

0.9038 
71 


0.9062 
210 


0.8547 

0.8632 
255 

0.8612 
131 


0).8697 
5600 


0.7594 

0.7705 
552 

0.7647 
145 


0.7856 
12634 


0.7540 

0.7735 
752 

0.7622 
275 


0.7703 
631 


0.8290 

0.8354 
223 

0.8334 
97 


0.8375 
337 


OF 


0.6699 

0.6861 
923 

0.6737 
196 


0 6816 
660 


0.9096 
0.9119 

101 
0.9117 
61 


0.9128 


197 


0.8855 

0.8900 
125 

0.8890 
79 


0.8918 
221 


O.8480 

0).8470 
326 

0.8437 
148 


0.8520 
504 


0.7348 

0.7473 
752 

0.7396 
164 


0.7586 
1339 


0.7334 

0.7544 
953 

0.7414 
405 


0.7479 
683 


0.8077 

0.8148 
302 

0.8118 
111 


0.8155 
359 


27 


0.8979 

0.9002 
125 

0.8999 
67 


0.9011 
205 


0.8720 

0.8769 
150 

0.8758 
&O 


231 


0.8229 

0.8322 
417 

0.8279 
168 


1). 8353 


62/ 


0.7128 

0.7274 
969 

0.7176 
181 


0.7352 
1405 


0.7159 

0.7382 
1139 

0.7229 
432 


0.7289 
731 


0.7888 

0.7964 
394 

0.7921 
123 


0.7963 
380 


METALS 


0.8870 

0.8895 
154 

0.8890 


72 


0.8900 
213 


0.8599 

0.8643 
181 

0.8633 
93 


0.86534 
241 


O. S090 

0.8190 
520 

0.8138 
176 


0.8207 
656 


0.6939 

0.7099 
1197 

0.6979 
197 


0.7146 
1467 


0.7002 

0.7240 
1318 

0.7062 
358 


0.7120 
773 


0.7713 


0.8708 

0.8794 
188 

0.8786 


‘i 


0.8799 
221 


0.8480 

0.8530 
217 

0.8517 
100 


0.8536 
251 


0.7960 

0.8006 
627 

0.8006 
189 


0.8074 
682 


0.6767 

0.0943 
1419 

0.6802 
212 


0.609600 
1525 


0.8670 

0.8698 
227 

0.8685 
3 


0.86096 
22& 


0.8370 

0.8422 
254 

0.8401 
106 


0.8423 
259 


0.7833 

0.7953 
747 

0.7886 
201 


0.7980 
708 


0.60610 

0.6806 
1631 

0.6634 
225 


0.6784 
1581 
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Tasie IV.—Continued. 








200 250 300 


P (kilobars) 


Zinc 
0°K 
Hugoniot 
Tn 
Adiabat 
Ts 
Adiabat 


(404 kilobars) 


Ts 


Aluminum 
0°K 
Hugoniot 
Tn 
Adiabat 
T, 
Adiabat 
(513 kilobars 
V4 


Krass 
O°K 
Hugoniot 
Tn 
Adiabat 
4 
Adiabat 
(446 kilobars 
Tl, 


Indium 
O°K 
Hugoniot 
Tn 
Adiabat 
Ts 
Adiabat 


(474 kilobars) 


V's 


Niobium 
O°K 
Hugoniot 
Tn 
Adiabat 
T, 
Adiabat 


(528 kilobars) 


Ta 


Palladium 
O°K 
Hugoniot 
Tn 
Adiabat 
T's 
Adiabat 
(481 kilobars 
T4 


Platinum 
O°K 
Hugoniot 
Tn 
Adiabat 
Ts 
Adiabat 
(481 kilobars 
Ta 


0.9800 

1.000 
20°C 

1.000 
20°C 


1.030 
402°C 


0.9874 

1.000 
20°C 

1.000 
20°C 


1.034 
454°C 


0.9869 

1.000 
20°C 

1.000 
20°C 


1.014 
230°C 


0.9801 

1.000 
20°C 

1.000 
20°C 


1.002 


0.9951 

1,000 
20°C 

1.000 
20°C 


1.006 
287°C 


0.9918 

1,000 
20°C 

1.000 
20°C 


1.006 
187°C 


0.9940 

1.000 
20°C 

1.000 
20°C 


1.003 
119°C 


0.8834 

0.8960 
119 

0.8949 
96 


0.9126 
479 


0.89606 

0.9045 
94 

0.9036 
78 


0.9250 
633 


0.9140 

0.9250 
89 

0.9244 
73 


0.9363 
323 


().8604 

0.8701 
153 

0.8687 
99 


0.8909 
1055°C 


0.9440 

0.9476 
49 

0.9475 
45 


0.9526 
335 


0.9422 

0.9520 
65 

0.9517 
61 


0.9587 
246 


0.9632 

0.9679 
406 

0.9678 
44 


0.9697 
151 


0.8507 

0.8633 
187 

0.8608 
123 


0.87600 
540 


0.8641 

0.8716 
153 

0.8701 
100 


0.8886 
703 


().8876 

0.8984 
129 

9.8971 
96 


0.9081 
363 


0.8210 

0),8302 
200 

0.8276 
124 


0.8507 
1157 


0.9226 

0.9200 
73 

0.9256 
55 


0.9302 
358 


0.9233 

0.9330 
97 

0.9326 
79 


0.9399 
278 


0.9500 

0.9540 
60 

0.9539 
54 


0.9567 
165 


0.8234 

0.8363 
272 

0.8328 
147 


0.8456 
593 


().8362 
0.8441 


23 
0.8422 
119 


0.8578 
755 


0.8649 

0.8758 
175 

0.8739 
118 


0). 8839 
401 


0.7880 

0.7979 
397 

0.7939 
144 


0.8142 
1242 


0.9032 

0.9067 
97 

0.9061 
65 


0.9104 
377 


0.9071 

0.9170 
135 

0.9159 
104 


0.9230 
411 


0.9377 
0.9412 


‘i 
0.9410 
63 


0.9429 
177 


0.8004 

0.8140 
369 

0.8082 
169 


0.8208 
OAl 


0.8126 

0.8210 
308 

0.8180 
135 


0.8319 
799 


0.8453 

0.8564 
235 

0.8538 
137 


0.8620 
436 


0.7600 

0.7710 
561 

0.7650 
163 


0.7833 
1314 


0.8856 

0.8894 
133 

0.8885 
73 


0.8923 
393 


0.8930 

0.9029 
180 

0.9011 
125 


0.9080 
343 


0.9260 

0.9298 
95 

0.9292 
71 


0.9310 
187 


0.7802 

0.7942 
482 

0.7875 
189 


0.7985 
681 


0.7915 

0.8008 
405 

0.7961 
150 


0.8092 
841 


0.8283 

0.8395 
305 

0.8360 
155 


0.8442 
468 


0.7351 

0.7478 
745 

0.7400 
181 


0.7566 
1381 


0.8694 
0.8730 
177 
0.8721 
81 


0.8756 
409 


0.8808 

0.8903 
231 

0.8882 
143 


0.8941 
375 


0.9154 

0.9190 
117 
0.9183 
78 


0.9199 
197 


0.7622 

0.7767 
609 

0.7690 
207 


0.7792 
720 


0.7724 

0.7824 
518 

0.7770 
163 


0.7892 
881 


0.8130 

0.8250 
382 

0.8200 
171 


0.8277 
499 


0.7135 

0.7270 
950 

0.7180 
195 


0.7336 
1439 


0.8544 

0.8582 
227 

0.8566 
&9 


0.8601 
424 


0.8696 

0.8792 
289 

0.8766 
159 


0.8820 
403 


0.9052 

0.9087 
144 

0.9081 
85 


0.9096 
207 


0.7458 

0.7615 
747 

0.7522 
224 


0.7619 
756 


0.7553 

0.7661 
637 

0.7594 
177 


0.7710 
915 


0.7990 

0.8115 
467 

0.8056 
187 


0.8129 
527 


0.6943 

0.7087 
1179 

0.6983 
210 


0.7124 
1495 


0.8404 

0.8449 
284 

0.8427 
96 


0.8459 
439 


0.8596 

0.8692 
353 

0.8658 
177 


0.8710 
429 


0.8959 

0.8993 
174 

0.8985 
91 


0.8999 
216 


0.7310 

0.7482 
900 

0.7371 
239 


0.7460 
791 


0.7400 

0.7513 
770 

0.7435 
189 


0.7543 
949 


0.7864 

0.7992 
557 

0.7922 
201 


0.7991 
552 


0.6769 
0.6922 
1439 
0.6800 
23 


0.6936 
1547 


0.8271 

0.8321 
351 

0.8296 
103 


0.8326 
452 


0.8500 

0.8600 
423 

0.8556 
192 


0.8609 
454 


0.8808 

0.8903 
207 

0.8891 
97 


0.8905 
224 


0.7180 

0.7360 
1061 

0.7232 
254 


0.7318 
821 


0.7255 

0.7380 
909 

0.7288 
201 


0.7392 
981 


0.7745 

0.7882 
651 

0.7803 


0.6610 

0.6774 
1710 

0.6624 
233 


0.6760 
1593 


0.8148 


0.8200 
405 


0.8410 

0.8513 
497 

0.8466 
205 


0.8512 
477 


0.8779 

0.8819 
244 

0.8806 
102 


0.8819 
231 





SHOCK-WAVE 


TABLE IV. 


\P (kilobars 200 


Rhodium 
O°K 
Hugoniot 
Tn 
\Adiabat 
T 4 
Adiabat 
(478 kilobars) 
T4 


0.9380 

0.9419 
69 

0.9417 
56 


0.9509 

0.9548 
54 

0.9545 
48 


0.9642 

0.9683 
42 

0.9683 
41 


0.9946 

1.000 
20°C 

1.000 
20°C 


0.9561 
144 


0.9432 
155 


0.9698 
133 


1.002 
106°C 


Tantalum 

O°K 0.9952 
Hugoniot 1.000 
Tn ; 47 
\diabat 0.9510 
TA 45 
Adiabat 

(540 kilobars) 
T4 


0.9273 

0.9307 
69 

0.9304 


55 


0.9089 

0.9122 
92 

0.9119 
61 


0.9463 
0.9510 


0.9156 
354 


0.9555 


314 


0.9345 
336 


Thallium 
O°K 
Hugoniot 
Tn 
Adiabat 
Ta 
Adiabat 
(489 kilobars 
T4 


0.7558 
0.7785 
791 


0.8229 

0.8440 
315 

0.8387 
192 


0.7850 

0.8063 
531 

0.7987 
248 


0.8446 

1.000 
20°C 

1.000 
20°C 


7672 


0 
293 


0.8542 
1656 1 


0.8142 
181 


0.9072 
1383 


1.097 
671° 


Zironium 
O°K 
Hugoniot 
Tu 20°C 
Adiabat 1.000 
Ta 20°C 
Adiabat 

(459 kilobars) 
T's 


0.8709 

0.8739 
92 

0.8733 
50 


0.8394 

0.8421 
143 

0.8414 


59 


0.9008 
0.9098 
55 
0 


0.9968 
1.000 


9090 
41 


0.9159 
502 


1.008 


0.8792 0.8470 
447° 7 


526 547 


ments were made) for which the calculations indicate 
melting in the present experimental range. Shock waves 
just strong enough for incipient melting of lead, tin, and 
cadmium (initially at 20°C) are 245 kilobars, 225 kilo 
bars, and 325 kilobars, respectively. For stronger shock 
waves, at least partial melting occurs as the material 
is relieved to zero pressure. Melting phenomena are not 
included in any of the calculations of the present paper. 

24ST aluminum data for hydrodynamic applications 
are listed in Tables VI and VII. The calculations were 
carried out by the methods outlined above and did 
incorporate the refinement of the free-surface velocity 
approximation. 


SUMMARIZING REMARKS 


Shock-wave experiments were performed to determine 
Hugoniot curves to pressures of several hundred kilo- 
bars. The Hugoniot curves, the Mie-Griineisen equa 
tion of state, and the Dugdale-MacDonald formula were 
then employed to calculate complete thermodynami 
descriptions of the various metals, for states neighbor- 
ing the experimental curves. The calculated offsets 
between the Hugoniot curves and neighboring P—V 


COMPRE 


SSIONS OF 


Continued 


250 


0.9264 

0.9301 
85 

0.9299 
64 


0.9156 

0.9191 
104 

0.9188 
71 


0.9311 
165 


0.9200 
173 


0.8921 

0.8955 
121 

0.8951 
70 


0.8768 

0.8803 
160 

0.8795 
79 


0.8983 
309 


0.8827 
383 


0.7314 

0.7558 
1079 

0.7416 
333 


0.7117 

0.7368 
1392 

0.7200 


0.7822 
2076 


0.8112 

0.8144 
214 

0.8131 


67 


0.7800 


().8182 
565 


TABLE V 


27 


ME 


0.9053 

0.9090 
12 

0.9081 


/ 


0.9095 
181 


0.8622 

0.8657 
207 

0.8649 
ral) 


0.8680 
397 


0.6937 

0.7203 
1719 

0.7016 
398 


0.7335 
2401 


0.7629 

0.7670 
395 

0.7646 
81 


0.7090 
601 


ALS 


0.8958 

0.8992 
153 

0.8982 
&3 


0.8864 

0.8899 
iS] 

0.8889 
89 


(0), 8998 
189 


0.8901 
197 


0.8363 

0.8400 
415 

O.R383 
99 


0.8489 

(0.8524 
200 

O.8510 
93 


0.8539 
410 


0.8411 
423 


0.6782 

0.7063 
2105 

0.6849 
425 


0.6642 

0.6940 
2447 

0.6708 
450 


0.7141 
2534 


0.6969 
2657 


0.7420 

0.7467 
503 
0.7435 
&8 


0.7480 
O18 


7281 


Ratio of the Riemann integral to the shock 


0.8778 

0.8812 
218 

0.8802 
97 


O.8811 
204 


0.8244 

0.8284 
379 

0.8264 
106 


0.8290 
435 


0.6510 

0.6822 
2831 

0.6578 
473 


0.6817 
2769 


0.7049 

0.7104 
737 

0.7062 
99 


0.7100 
647 


Wave 


particle velocity, as a function of shock pressure 


Meta 


Beryllium 
Cadmium 
Chromium 
( obalt 

( opper 
Gold 

Lead 
Magnesium 
Molybdenun 
Nickel 
Silver 

T horiun 
Tin 
Titaniun 
Zine 

24ST aluminun 
Brass 
Indium 
Niobiun 
Palladium 
Platinum 
Rhodium 
Tantalum 
Thallium 


Zirconium 


100 
kilobar 


1.000 
1.005 
1.000 
1.000 
1.001 

1.000 
1.009 
1.005 
1.000 
1.000 
1.002 
1.001 

1.003 
1.000 
1.004 
1.003 
1.001 

1.008 
1.000 
1.000 
1,001 

1.000 
1.000 
1.014 
1.000 


400 
kilobar 


1.003 
1.031 
1.000 
1.003 
1.005 
1.006 
melting 
1,027 
1.001 
1.0034 
1.011 
1.010 
melting 
1.002 
1.022 
1.015 
1.009 
melting 
1.003 
1.004 
1.003 
1.002 
1.002 
melting 
1.001 


500 
kilobar 


melting 
1.001 
1.008 
1.012 
1.016 

melting 


1.002 
1.007 
1.024 
1.022 
melting 
1.006 
1.042 
1.030 
1.019 
melting 
1.007 
1.009 
1.006 
1.005 
1.005 
melting 
1.003 





216 WALSH, RICE, 


Tasie VI. Shock wave parameters for 24ST aluminum. 


Shock 

wave particle Sound 

Kelative velocity velocity speed 
volume ‘ Uy c 

V/Ve kin / sec km /se« 


Shock Shock 


wave Temper- 


pressure ature 
> - 


(kilobare km / sec *( 
6.307 

6497 125 
6.667 

6.825 

6.970 

7.106 

7.233 

7.348 

7.465 

7.624 

7.675 

7.771 

7.862 

7.948 

8.032 

8.112 

8.190 


6.125 
6.505 
6.475 
6.040 
6.793 
6.940 
7.082 
7,220 
7.350 
7.476 
7.598 
7.718 
7836 
7.950 
8.062 
8.171 
8.276 


0.571 
0.712 
0.831 
0.947 
1.057 
1.165 
1.267 
1.368 
1.465 
1.561 
1.654 
1.744 
1.832 
1.920 
2.003 
2.082 
2.170 


100 0.9043 
125 0).8873 
150 0.8716 
175 0.8573 
200 ().8441 
225 0.8322 
250 0.2210 
275 ().8104 
300 0. BOO 
325 0.7912 
$50 0.7824 
$75 0.7740 
400 0.7661 
425 0.7585 
450 0.7513 
475 0.7445 
500 0.7380 


curves of interest are generally small, only a few percent 
in compression. Hence, despite the approximations 
inherent in the Mie-Griineisen and Dugdale-MacDonald 
’ curves due to the 


equations, errors arising in the P—} 
calculations are probably only comparable to un 
certainties in the experimental data 

The important question of equivalence for the shock 
wave results and laboratory pressure-volume data is 
perhaps best evaluated by examination of the data 


plots, Figs. 3 to 29. For most metals, the compatibility, 
if judged by downward extrapolation of the analytical 
fits, is quite good. ‘This is especially true of comparisons 


McQUEEN, 


AND YARGER 


TABLE VII. Pressure versus particle velocity curves for 24ST 
aluminum. Each number in parentheses is a particle velocity 
(km/sec) for the corresponding shock pressure (kilobars). Re- 
maining numbers in a given column then trace out the associated 
cross curve (see Fig. 2 and Section IB). 


P Particle velocity 


3.680 
3.082 
2.833 


2.945 
2.345 
2.100 


0 1.165 1.655 2,098 2.576 
(0.571) 1.075 1.775 1,960 
0.342 (0.831) 1.285 1.707 
0.118 0606 (1.057) 1480 1.875 
. 0400 0.848 (1.267) 1.662 
0.203 0.652 1,066 (1.465) 2.195 2,543 
0.008 0465 0.880 1.280 (1.654) 2.010 2,352 
. 0.290 0,700 1.107 1,473 (1.832) 2.177 a 
0.120 0.527 0.935 1.302 1.662 (2,003) 2.337 
0.364 0.765 1.136 1.500 1,838 (2.170) 


3.445 
3.188 
2.605 2.958 
2.394 2.744 


with the recent measurements to 30 kilobars by Pro- 
fessor Bridgman. Several of the static measurements to 
100 kilobars, however, indicate compressions which are 
afew percent smaller than the corresponding shock 
wave results. In regard to the latter comparisons, it 
should be noted that the approximate nature of either 
of the present basic assumptions (thermal equilibrium 
and isotropy) would cause the shock wave results to 
indicate too little compression, and hence is not in the 
for the small observed 


desired direction to account 


offsets. 
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The orthogonalized plane wave method and the cellular method have been applied to a calculation of 
electronic energy levels in cesium. The same crystal potential was used for all states. Wave functions of core 
electrons, required in the application of the orthogonalized plane wave method, were determined for this 
potential. The cohesive energy was calculated according to a simple model. The magnitude at a nucleus oi 
the wave function of an electron on the Fermi surface was estimated by perturbation theory. The energies 
of twenty-four states at four symmetry points of the Brillouin zone have been obtained. The bands inferred 
from these results are compared with those in other alkali metals 


I. INTRODUCTION 
O* of the principal problems in the theory of 


electronic energy bands in solids is to determine 
to what extent calculated bands are sensitive to details 
of the assumed crystal potential. A comparison of 
bands calculated for metals of the same crystal struc- 
ture but differing in lattice constant and number of 
electrons should contribute to an answer to this ques- 
tion. The alkali metals are a useful system for this 
comparison since there have been a number of studies 
of their energy bands.'~* Most of this work has con 
cerned the lighter alkali metals; there is little reliable 
information on the heavier ones. In addition, it would 
be of interest to determine the variation of energy bands 
from element to element throughout the alkali metals. 
There is some evidence to indicate that in the heavier 
alkali metals, the bands depart from the free-electron 
form. 
Previous calculations of energy levels in cesium have 
been made by Gombas’ and Sternheimer.*® 
The work of Gombas was based on perturbation 
theory applied to free-electron wave functions. He 
replaced, in lowest order, the actual potential in the 
exterior of the atomic cell by a constant: its average 
value. The difference between the average of the po 
tential and the potential itself was treated by pertur- 
bation theory. This procedure may be reasonably valid 
since the potential is slowly varying over most of the vol- 
ume of the cell. He obtained a value of — 0.407 ry for the 
energy of the lowest state of a valence electron (I’;), 
which is in reasonable agreement with our result of 
~— 0.146 ry. The potentials used are slightly different. He 
attempted to locate the state H, in the same way, but 
used incorrect boundary conditions which give an energy 


* Supported by the Office of Naval Research 
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apparently much too low. (He obtained —0.154 ry as 
compared to our result +0.144 ry.) 

The calculation of Sternheimer was designed to test 
the hypothesis that an observed discontinuity in the 
compressibility of cesium at high pressures is due to a 
crossing of the 6s and 5d bands. He tried to locate the 
positions of those bands as a function of interatomic 
distance. The choice of potential will be discussed in 
the next section. Unfortunately, Sternheimer used in 
appropriate boundary conditions for the d bands, Our 
calculation is in reasonable agreement with his results 
for the location of the bottom of the 6s band and for 
We do not, however, 
Phe shape of the 


the effective mass in this band 
find the band to be almost parabolic. 
d band calculated in this work is in disagreement with 
that determined by Sternheimer, in that the d band 
we obtain resembles much more closely that found in 
potassium® than the simple parabolic form he predicted. 
His calculation of the effective masses in the d band is 
not valid because of improper treatment of the de 

generacies in this band. We also find that p levels lie 
quite close to the occupied band so that there is pre 

sumably a considerable degree of mixing of s and p 
states as well as s and d states. Our calculation does not 
attempt to test the validity of the hypothesis of crossing 
of s and d bands since we have used the observed lattice 
constant only. 

We believed, however, that the potential used by 
Sternheimer for s states, was reasonably accurate, and 
could serve as a basis for a more careful study of the 
energy bands. His potential was adapted for use in 
this work. The cellular method was employed to study 
the bottom of the lowest band: the energy of the lowest 
state of a valence electron in the solid and the effective 
mass were determined. ‘The cohesive energy was cal 
culated on a simple model. The wave function was 
calculated to second order in k, and a crude esti 
mate of the Knight shift was compared with the experi 
mental result. The orthogonalized plane wave (OPW) 
method was applied to study the higher states. It was 
necessary to calculate wave functions for some of the 
core electrons using Sternheimer’s potential. Energies 
of twenty-four states at four symmetry points of the 
Brillouin zone: |', H, P, and N were calculated. 
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Il. CRYSTAL POTENTIAL 


rhe choice of crystal potential is of crucial importance 
in an energy-band calculation. In the alkali metals, it 
is usual to adopt the model of Wigner and Seitz in 
which an electron sees the field of one positive spheri- 
cally symmetry ion, the rest of the cells being neutral. 
This model seems to give quite good results for the 
cohesive energies of the alkali metals, The potential 
within the cell is based, in this calculation, on the 
Hartree-Fock equation. According to the Hartree-Fock 
equations, the effective potential varies from state to 
state through the Brillouin zone. It is not possible to 
take this into account exactly. It is perhaps a reasonable 
approximation for states of not too high excitation to 
use an exchange potential determined by the pre- 
dominant angular momentum in the expansion of the 
wave function for the state of interest in spherical 
harmonics.* This was done by Sternheimer for the 6s 


and 5d levels. In order to reduce the calculational 


problem somewhat, we have made the further and 
worse approximation that the potential is the same for 


Tape I, The function rV, where V is the crystal potential. V is 
in Rydbergs and ¢ is in atomic units 


’ rl 


110,00 
107.00 
104.15 
101.50 
99.00 
96.00 
94.40 
92.40 
90.50 


0.000 
0.005 
0.010 
0.015 
0.020 
0.025 
0.030 
0.035 
0.040 


ee 
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&7.00 
R385 
80.90 
78.15 
75.55 
73.05 
70.65 
68.40 


0.05 
0.06 
0.07 
0.08 
0.09 
0.10 
O11 
0.12 
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63.90 
00.15 
56.70 
53.70 
50.90 
48.40 
46.10 
$3.90 
41.80 
49.80 
37.95 
46.20 
44.55 
33.00 


0.14 
0.16 
O.18 
0.20 
0.22 
0.24 
0.26 
0.28 
0.30 
0.32 
0.34 
0.36 
0.38 
0.40 


0.45 
0.50 
0.55 
0.00 
0.65 
0.70 
0.75 


0.80 16.70 
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TABLE IJ. Fourier coefficients of the crystal potential defined 
by V(k)=Qo" fe 'V (r)d. The coefficients are given as func 
tions of n?=[(a/2r)k 


Vn : Vint 


0.09470 
0.08831 
0.08510 
0.08189 
0.07868 
0.07547 
0.07389 
0.07231 
0.07073 
0.06915 
0.06757 
0.06599 
0.06441 
0.06283 


0.97031 
0.38561 
0.25191 
0.23107 
0.21579 
0.19613 
0.17080 
0.14724 
0.13276 
0.12465 
0.12004 
0.11585 
0.11167 
0.10748 


all states in the Brillouin zone. The potential is essen- 
tially that for 6s states given by Sternheimer. It was 
observed that this potential is not a smooth function of 
position, and since no physical reason could be found 
for the fluctuations, they were smoothed out. The re- 
sulting potential is given in Table I. It yields an energy 
for the lowest state of a valence electron in the free 
atom in reasonable agreement with but slightly lower 
than the spectroscopic value —0.2862 ry. The Fourier 
coefficients of the crystal potential are given in Table IT. 

Adoption of a single potential for all states greatly 
simplifies the application of the OPW method. It is 
necessary, however, to have wave functions for core 
electrons which pertain to this potential. For the very 
tightly bound states: 1s, 2s, 2p, 3s, 3p, and 3d, the 
wave functions were taken from Hartree’s calculation® 
(a self-consistent field without exchange for Cs*). For 
the higher states: 4s, 4p, 4d, 5s, and 5p, core wave 
functions were found by numerical integration of the 
appropriate wave equation. 


III. COHESIVE ENERGY 


According to the standard theory of the cohesion of 
the alkali metals'® the cohesive energy is the difference 
of two quantities: the boundary correction and the 
Fermi energy. The boundary correction is the difference 
in energy between the lowest state of a valence electron 
in the solid and in the free atom. The Fermi energy 
takes account of the spread in energy of electrons in 
the band. If the band is parabolic, it can be determined — 
from the effective mass. The average binding energy 
Ey of an electron is 


Ep Eo 2.21k r,°— Kg, (1) 


where /o is the energy of the lowest state of a valence 
electron in the solid; £2 is the reciprocal of the effective 
mass ratio: k,=m/m*, and E, is the energy of the 


®D. R. Hartree, Proc. Roy. Soc. (London) A143, 506 (1934). 

FE. Wigner and F. Seitz, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 97 
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lowest state of a valence electron in the free atom, 
—().2862 ry. To this must be added £,, the interaction 
energy (including correlation) of the valence-electron 
distribution. If Wigner’s formula is used for the corre- 
lation energy," we have for £,: 


E,;=0.284/r,—0.88/(7,+7.79). (2) 


The calculated values of Ho, 2, and #; are given in 
Table III as is the cohesive energy computed from 
these quantities. The values obtained by Sternheimer* 
and by Brooks‘ are also given. The quantity r, was 
taken as 5.64 (in atomic units ay). Small differences 
between these results and those of Sternheimer will be 
noted. The difference in the energy of the lowest state 
is largely unexplained, but may be due to the smoqth- 
ing of Sternheimer’s potential. (The fluctuations of 
Sternheimer’s original potential are sufficiently large 
as to render numerical integration of the wave equation 
with it somewhat unreliable.) In this calculation, /» 
was obtained by Bardeen’s method” which makes 
calculation of matrix elements unnecessary. 

It is interesting that such a simple model gives a 
reasonable value for the cohesive energy. There is, of 
course, considerable uncertainty in the value of £;, 
and it is inadequate to determine the Fermi energy 
from E, only. The calculations presented in Sec. V 
show that the lowest band is far from parabolic. 


IV. THE KNIGHT SHIFT 


The shift of the nuclear magnetic resonance line in 
metallic cesium (as compared with nonmetallic cesium) 
has been measured.” This shift gives a value for 
(|\Wr(O) |?) where Wr is the wave function of an electron 
on the Fermi surface; and ( ) symbolizes an average 
over the Fermi surface; if the spin paramagnetic 
susceptibility per unit mass, x», is known 


AH &mr 
x pM (\Wr(0)|?), (3) 
H 3 


PaB_e III. The cohesive energy: the quantities 2, £2, Lg, 1, 
and the cohesive energy as defined in Sec. III are given as calcu 
lated by us, by Sternheimer,* and by Brooks‘ using the quantum 
defect method. Atomic units (Rydbergs) are used, except as in 
dicated. Deviations of the band from parabolic form are not 
included 


rhis 


Quantity calculation Brooks 


Sternheimer 


0.4266 
1.202 


0.4258 
1.366 
0.0447 0.0569 
0.0152 0.0152 
18.7 22.6 


0.4156 
1.401 
0.0321 
0.0152 
14.8 
19.7 


v0 
) 


tp—Ea 

oy 

Cohesive energy (kcal/mole 

Experimental cohesive en 
energy (kcal/mole) 


1 E. Wigner, Phys. Rev. 46, 1002 (1934). There is an error in 
Wigner’s formula in the low-density limit which has been cor 
rected above. 

12 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

4’ W.D. Knight, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 93 
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where M is the atomic mass. It is convenient to compare 
(\Wr(O)|*) with |W, (0) |*, where W, is the wave function 
for the valence electron in the free atom. The latter 
quantity can be obtained from the observed hyperfine 
formula of 


splitting in cesium,'* according to the 


Fermi'® 


Sr /21 +1 
AW ( Bunun |Wa(O) |, (4) 
3 / 


where AW is the hyperfine splitting in energy units, u 
is the nuclear magnetic moment in units of the nuclear 
magneton, waz is the Bohr magneton, wy is the nuclear 
magneton, and J is the nuclear spin, From this we 
obtain | w4(0) 


Because of the inaccuracies of Hartree-type wave 


3.9 in atomic units, 


functions in the heavier elements, the principal quantity 
of theoretical interest is 


E=(\Pr(0) Wa(O) 


Ihe value given by Knight" is &= 1.3 

A crude calculation of & has been attempted. The 
W4(0) taken the work of 
Sternheimer'® 


value of can be from 


Wa(O)|\?=2.6 


lo obtain Wy is difficult. We assume that the Fermi 
surface is spherical and take the expansion of py as 


‘ given by Silverman,!” 


Wi eik "Uy, 
Uy = Uo t+ tk cosbu,+ k* (2? 2+), 
where 


P.= (3 cos*@—1)/2 


In Eq. (6), the functions uo, 4, u2, and po are essen 
tially those given by Silverman. These functions have 


been calculated, For ky= 0.340, we obtain 


This yields 


f= 1.2. 


The agreement is remarkable considering the crudeness 
of the assumptions. In the first place, there is no reason 
why an expansion of yy, in powers of k should converge 
readily on the Fermi surface. Also, one would expect 
that relativistic effects would be particularly noticeable 
in a calculation of the wave function at the nucleus. 
This may be the explanation for the very considerable 
discrepancy between the observed and computed values 
of |wa(0)\*. There is also uncertainty in regard to the 
value of x», the paramagnetic susceptibility. The value 

4 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949) 

FE. Fermi, Z. Physik 60, 320 (1930) 

R. M. Sternheimer (private communication). We are in 
debted to Dr. Sternheimer for furnishing his wave function for 
the free atom 


'7R. A, Silverman, Phys. Rev. 85, 227 (1952 





CALLAWAY 


Fic, 1. Brillouin zone for the body-centered cubic lattice 
used by Knight was taken from a calculation by Pines 
for free electrons.” 


V. CALCULATION OF THE HIGHER LEVELS 


The orthogonalized plane wave method has been 
treated adequately in other papers," and it is not 
necessary to repeat the discussion here. In this calcula- 
tion, OPW expansions were constructed for twenty-four 
symmetry types at four symmetry points in the Brillouin 
zone at the points Tl’, H, P, and N. The Brillouin zone 
for the body-centered cubic lattice is shown in Fig. 1. 
A lattice parameter of 6.06 A was used, corresponding 
to r,= 5.64 in atomic units.” Linear combinations of 
orthogonalized plane waves were employed which 
transform according to the irreducible representations 
of interest.” 

Because high-speed electronic computing equipment 
was not readily available to us, the calculations did not 
involve higher than fourth-order determinants. The 
convergence of the expansions appears to be quite good 
for the state I’; for which an eighth-order secular 
determinant was solved on the Whirlwind Computer at 
the Massachusetts Institute of Technology through the 
courtesy of Dr. L. C. Allen. The lowest eigenvalue in 
fourth order was — 0.4258 ry and in eighth order it de- 
creased to —0.4268. The energy of this state according 
to the cellular method was 0.4156 ry. The OPW method 
is expected to yield a slightly lower energy owing to a 
small error in the calculated 4s wave function. The 
very good convergence exhibited by I’; may not hold, 
however, for all the other states. In particular, at the 
symmetry points N and P, fewer plane waves will be 
included in the OPW expansion for a fixed number of 
terms, so that the convergence is probably somewhat 


87). Pines, in Solid State Physics, edited by F. Seitz and D 
furnbull (Academic Press, Inc., New York, 1955), p. 367 

#C. Herring, Phys. Rev. 57, 1169 (1940); J. Callaway, Phys 
Rev. 97, 933 (1955) 

*™ (CS. Barrett, Structure of Metals (McGraw-Hill Book Com 
pany, Inc., New York, 1952), p. 646 

“Further details of the OPW calculation, including linear 
combinations of the plane waves and the wave functions for the 
core states, etc., may be found in the Master’s thesis of E. L. 
Haase, University of Miami, 1957 (unpublished) 
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poorer. Also, the D-like states did not appear to con- 
verge as fast as the S and P states. 

A conservative estimate would be that S and P 
states at I' and H are convergent to within 0.02 Ryd- 
berg, D states within possibly 0.04 ry. The possible 
errors at P and N may be double these figures. The 
convergence of F-like states will probably be worse 
since smaller determinants were used: these states are 
relatively high. Except as discussed in the next section, 
the order of levels within a particular band is probably 
reliably given. 

The lowest two eigenvalues of the representations 
calculated are given in Table IV. The states are classi- 
fied as S, P, D, or F according to the lowest spherical 
harmonic which would appear in a cellular-method cal- 
culation. The states are arranged in order of increasing 
energy. The relation of the states at the symmetry 
points is shown in Fig. 2. 


VI. DISCUSSION 


Previous work on potassium led to the hypothesis 
that the order of levels at symmetry points in a band 
of one particular type (as an s, p, d band) is relatively 
independent of the crystal potential, and is determined 
by the square of the wave vector of the lowest OPW 


TABLE IV. Energies of states at four symmetry points: states 
of a particular symmetry are arranged in order of increasing en- 
ergy. The degeneracy, order of determinant solved, and number 
of waves included in the expansion for each representation are 
listed. The quantity m*?=[(a/2r)h}, where h is the wave vector 
of the lowest OPW for the particular representation, is given. 
The energies of the lowest two states of each symmetry type are 
also given. 


Order 
of de- 
termi 
nant 


Repre- De 
senta gener 
tion acy 


No of 
waves Energies (ry) 
S-like states 

I; 

N, 

P, 

Hy 
P-like states 
Ny 
P, 
Hy, 
Ny 
Ny 


0.4268 
0.2848 
0.1181 
0.1445 


0.6022 
0.3449 
0.6051 
0.8163 


~ 


— ewe 


0.3417 
0.2591 
0.1726 
0.0088 
0.0687 
0.2691 


0.2758 
0.4847 
0.6522 
0.5255 
0.4203 
0.7578 


howe we — een 


I 16 . 
D-like states 
Hy. 

N; 
Ia’ 
I'h2 
P; 
N, 
Ho) 
N; 
F like states 
I"25 
Hy 
Ps 
No 
Hays 


0.2079 
0.1666 
0.1162 
0.0421 
0.0976 
0.0995 
0.1299 
0.2416 


0.5349 
0.5139 
0.8290 
0.5738 
0.8418 
0.5502 
0.7548 
0.7931 


+ Sw SS 


1.1293 
1.6954 
0.9014 
1.3727 
1.0866 
2.8687 


0.1142 
0.2036 
0.3545 
0.4702 
0.8014 
0.9727 
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in the expansion of the wave function.* In Table IV, 
we give the value of m’=[(a/2r)h}*, where h is the 
wave vector of the lowest OPW pertaining to the par- 
ticular state for all of the states listed. With two ex- 
ceptions, the ordering of levels according to increasing 
m* is the same as the ordering according to increasing 
energy. In the case of P; and N,4, the observed inter- 
change of the expected order is probably the result of 
incomplete convergence of the levels. The reason for 
the interchange of H, and Ps in the F band is not known. 
The agreement with the hypothesis is, however, quite 
good. The comments that were made in the calculation 
on potassium® in regard to the order of levels predicted 
by Wigner” apply here as well. 

In comparing the bands with those calculated for 
potassium, we note a general tendency for the bands 
to be narrower. This tendency is particularly pro- 
nounced for the P band. Some tendency toward con- 
traction would be expected because of the larger lattice 
constant. 

The D band is of particular interest in view of the 
proposal of Sternheimer’ in regard to a discontinuity in 
the compressibility. The energy Sternheimer obtains 
for the bottom of the D band corresponds approximately 
to the energy we have obtained for H,2, which is a low 
level. We have not attempted to verify his statements 
regarding the motion of the bands as the lattice con- 
stant is decreased. The general form of the D band is 
in good agreement with previous calculations for 
potassium® and iron.” In particular, we note that the 
separation of the triply and doubly degenerate levels 
at the center of the zone is smaller than at the corner 
H, and that the order is reversed at H. The maximum 
spread of the D levels occurs at N. The magnitude of 
the split between the triply and doubly degenerate D 
levels at the center of the zone in cesium is considerably 
greater than in potassium, in spite of the relative com- 
pression of the band. 

The relative order of levels in the P and S bands 
separately corresponds to that in potassium. The P 
band appears to have been lowered quite considerably 
with respect to the S and D bands. This feature, how- 


2 J. Callaway, Phys. Rev. 99, 500 (1955). 
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2. Energy levels at four symmetry points 
up to 0.75 Rydberg 


ever, may be sensitive to details of the potential. The 
choice of one potential for all states may be serious 
here. If this result is real, however, a nonspherical form 
for the Fermi surface is suggested, which would be 
elongated along the [110] axis in the Brillouin zone. At 
any rate, the low energy of the P levels indicates that 
the expansion of Z(k) in powers of k used previously 
does not converge readily. 
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Hall coefficient and the electrical con 
ductivity of single-crystal specimens of n-type ZnO at tempera 
tures between 55°K and 300°K are reported. An analysis of carrier 


concentration vs 


Measurements of the 


temperature indicates that “as-grown”’ crystals 


contain more than one active donor. Crystals with low initial 
donor concentrations were doped with H or interstitial Zn or Li, 
allowing a single-donor-level analysis. Doping was accomplished 
by interstitial diffusion followed by a rapid quench. Each of the 
added donors gives rise to a hydrogen-atom-model donor center 
is hy =0.051 ev for Nn <5K10" cm 


to introduce a small concentration of 


whose ionization energ 


Lithium was also found 
iy an exchange between interstitial 
Phe quantity (m)/m)|D"', 


effective mass and D 


acceptors, presumably due 


and substitutional positions where 
m'') = “density of states” donor degener 
acy, was found to be about 0.19 for all three donors, indicating 


that if De2 then m'*)=0.5. The low-frequency dielectric con 


I. INTRODUCTION 


"PINC oxide has been recognized as an extrinsic, 

4 n-type semiconductor for many years. However, 
the bulk of the past studies has been concerned with 
the measurement of electrical properties (chiefly elec- 
trical conductivity) on sintered powder samples as a 
function of oxidation and reduction treatments at high 


© The difficulties of analysis associated 


temperatures 
with the high-resistance boundaries connecting the 
crystalline grains in samples such as these have been 
summarized by Miller.’ 


the Hall 


effect and conductivity on two single-crystal specimens 


More recently Harrison* has measured 


as well as a number of sintered powder samples. He 
found that his data for the concentration of conduction 
electrons as a function of temperature were not con 


sistent with a one-donor-level semiconductor model and 
a density-of-states in the conduction band characteristic 
of the free mass of the electron. However, since no 
evidence existed to show that only a single donor level 
was active in providing conduction electrons, or just 
what donor or donors were actually present, it was not 
possible to arrive at any conclusions about donor 
density, donor ionization energies, or density-of-states 
in the conduction band. The work along these lines in 
the German literature has been characterized by an 
empirical relation known as “Meyer’s rule” which 
states that at a given temperature, the temperature 


'W. Jander and W. Stamm, Z. anorg. Chem, 199, 165 (1931 

?H. H. V. Baumbach and C. Wagner, Z. physik Chem. (B) 22 
199 (1933) 

'(. Fritsch, Ann, Physik 22, 375 (1935) 

‘PH. Miller, Jr., Phys. Rev. 60, 890 (1941 

® Bevan, Shelton, and Anderson, J. Chem. Soc 

*E, E. Hahn, J. Appl. Phys. 22, 855 (1951) 

iP. H. Miller, Jr., Semiconducting Materials (Butterworth’s 
Scientific Publications, Ltd., London, 1951), pp. 172-9 

* Sol. E. Harrison, Phys. Rev. 93, 52 (1954) 
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stant of ZnO was redetermined as x=8.5. The effective mass 
associated with the electron found in a hydrogen-like orbit is then 
m1) =(). 27m, and the observed decrease of Fp with increasing N p 
corresponds to the overlap of these large orbits 

The Hall mobility is 180 cm? volt™! sec at 300°K and increases 
with decreasing temperature. It has been analyzed for lattice 
and impurity scattering. The optical-mode scattering mobility 
has been calculated from both the perturbation and intermediate 
coupling theories making use of the effective mass, m‘”, so that 
no adjustable parameters were included. The two theories agree 
for ZnO since it turns out to have a polar-mode electron coupling 
constant of a=1. The mobility so obtained is in good agreement 
with experiment and indicates that optical-mode scattering is 
important above 200°K. Some acoustical-mode scattering also 
appears to be present. At low temperatures the mobility appears 
to be limited by impurity scattering 


coefficient of the conductivity is lower, the higher the 
conductivity of the sample. All of this bespeaks a 
complicated situation with a number of unknown donor 
levels playing an active role. In the present study, the 
Hall effect and the electrical conductivity have been 
measured as a function of temperature on single crystals 
of ZnO. Those crystals were selected which had ex- 
ceptionally low carrier concentrations at room tem- 
perature. They were then doped with donors of a single 
type (either hydrogen, zinc, or lithium) to a carrier 
concentration at least an order of magnitude greater 
than they possessed originally. In this way the com- 
plicating presence of a number of different donor species 
was avoided. 


Il. SAMPLE PREPARATION 


The crystals of ZnO were grown in these laboratories 
by D. G. Thomas and S. Vitkovits by a vapor-phase 
reaction between zinc and oxygen at about 1200°C, 
originally discussed for ZnO by Scharowsky.’ The re- 
sulting crystals are transparent needles of hexagonal 


as 


cross section about 0.2 mm in diameter and 5 to 10 mm 
in length. (ZnO is a hexagonal crystal with the wurtzite 
structure). Their specific electrical conductivity at 
room temperature varied from about 0.01 ohm™! em™! 
to 3.0 ohm”! cm™ from batch to batch, with large 
variations between those from a single batch. In an 
attempt to achieve high purity, spectroscopically pure 
zinc was used, and the furnace reaction zone was lined 
with “Degussit” purified alumina. Spectrochemical 
analysis of the crystals indicated the presence of Ca, 
Cu, Fe, Mg, and Si all in quantities less than one part 
in 10°, 

For the electrical measurements, the crystals were 
mounted on a sample holder in the vacuum space of a 


* FE. Scharowsky, Z. Physik 135, 318 (1953 
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DOPED ZnO 
simple Dewar. A block of copper wound with a heater 
served as a thermal mass so that temperature drift of 
the sample was negligible during the time of a measure- 
ment. The temperature range for this apparatus was 
from 55°K to about 400°K. A few measurements at 
higher temperatures were made in a small vacuum 
oven which would fit between the poles of the 
electromagnet. 

The problem of making satisfactory contacts to these 
small crystals was somewhat alleviated by the dis 
covery that gallium and indium wet ZnO, and tend to 
make ohmic and relatively low-resistance contacts. The 
crystals were mounted as shown in Fig. 1. This simple 
mounting scheme virtually eliminated crystal breakage 
and allowed the removal of a crystal for cleaning and 
re-doping. While in most high conductivity crystals 
the electrical contact resulting only from probe pressure 
was satisfactory, it was occasionally necessary to 
“form” a contact by discharging a small capacitor 
through it. No changes in the measured parameters 
were detected due to “forming.” 

The temperature of the crystal was measured with 
copper-advance thermocouples at either end. Thermo 
couple calibration was supplied by T. H. Geballe and 
checked at the boiling point of nitrogen. The current in 
the crystal was always kept below values at which 
Joule heating could be detected. Voltage measurements 
were made with a Leeds and Northrup Type-K Poten 
tiometer with a provision for the use of a vacuum-tube 
electrometer in cases of high sample resistance. The 
magnetic field of 4650 gauss was applied in each direc- 
tion for all Hall points, and the direction of current 
through the crystal was frequently reversed. Because 
of the growth habit of our zinc oxide crystals, all meas- 
urements were made with the current along the ¢ axis. 

The temperature variation of carrier concentration, 
obtained from the Hall coefficient, R, is shown in Fig, 2 
for a number of crystals “as grown” and two doped 


(un/u lL1/Re | 


crystals. We shall use the relation n 
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Fic. 1. Method of mounting small needles of ZnO for Hall 
effect and conductivity measurements. Probes are indium-coated 
phosphor bronze wires 
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Fic. 2 from Hall 
measurements on as-grown crystals and two doped crystals 


Electron concentration as a function of 1/7 


37/8. The 
relationship between activation energy and = carrier 


for the electron concentration with [yy/u | 


concentration evident for the “as grown” crystals is 


suggestive of Meyer’s rule, and is probably due to the 


presence of a number of donors in differing amounts 
The doped crystals, //-6 and 33, are seen to violate 
Meyer’s rule. Sample 46 is typical of our purest crystals, 
and the doping experiments were carried out on crystals 
of this type. 

The doping of zine oxide crystals with the donor 
impurities hydrogen, interstitial zinc, and interstitial 
lithium has been accomplished by D. G. Thomas and 
J. J. Lander of these laboratories 

The solubility and diffusion of hydrogen is satis 
factory for the doping of these crystals at temperatures 
of the order of 500°C and pressures of 1 atmos and 
greater.”” It is believed that the actual donor centers 


The 


possibility that the donor species introduced by hy 


are hydroxyl ions formed at oxygen ion sites 


drogen could be interstitial zinc produced at the surface 
is ruled out by direct measurements of the diffusion 
and solubility of interstitial zinc from a zinc atmosphere 
or bath." These results agree quantitatively with the 
observations on the rate of growth of ZnO films on 
zinc metal. The magnitude and temperature variation 
of the diffusion show that the diffusing species is inter 
At higher temperatures there is evidence 
zinc ol 


stitial zinc. 


for the motion of a stoichiometric excess of 


™1). G Chem. Phys 
(1956) 
u 8) G 


Thomas and J. J. Lander, J 25, 1136 


Thomas, Bull. Am. Phys. Soc. Ser. II, 1, 348 (1956 
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ic. 3. Electron concentration as a function of 1/7 from Hall 
measurements on zinc oxide crystals doped with hydrogen, zinc, 
and lithium. The temperature dependence of the density-of-states 
in the conduction band is plotted for comparison 


some other form, which is also a donor,” and it is 
perhaps this species which provides some of the con 
duction electrons in the crystals as grown. Lithium as 
an interstitial donor in ZnO has not been studied in 
detail; however it appears to diffuse about as rapidly 
as interstitial zinc, and to have a greater solubility 
It also appears gradually to take up substitutional sites 
where it acts as an acceptor, and hence when doping 
with lithium one should not maintain the crystal at 
the high temperature too long. The doping technique 
involved holding the crystal at a high temperature in 
contact with the proper atmosphere long enough for 
the concentration of the diffusant to become uniform 
and then quenching the crystal very rapidly to room 
temperature, 


Ill. HALL EFFECT STUDY OF DOPED CRYSTALS 


The carrier-concentration data for the doped crystals 
are shown in Fig, 3. The range of concentrations is 
limited on the low side by the necessity for doping to a 
level an order of magnitude above the “as grown” con 
centration, and on the high side by the solubilities of 
the donors at temperatures low enough so that un 
wanted, extraneous effects would not occur (such as, 
perhaps, the diffusion of oxygen vacancies in from the 

” Radioactive-tracer diffusion results of R. Lindner, Acta Chem 
Scand. 6, 457 (1952), and of W. J. Moore and J. K. Lee, Trans 
Faraday Soc. 47, 501 (1951); chemical determinations of excess 
zinc, E. Mollwo and F. Stéckmann, Ann. Physik 3, 223 (1948), 
and J. J. Lander (private communication), 


surface). One may note that the curves in Fig. 3 all 
look very much the same, with no suggestion of Meyer’s 
rule. The low-temperature behavior of sample 52 may 
indicate an appreciable overlap of wave functions on 
neighboring donors. The temperature variation of the 
density-of-states in the conduction band, Ne, assuming 
that a conduction election has its free mass, is plotted 
for reference in Fig. 3. It can be seen that the variation 
in Ne is comparable with the variation in carrier con- 
centration, and that the latter is approaching saturation 
over a large part of the temperature range. Thus, no 
accurate information may be obtained directly from the 
slopes of the curves of Fig. 3. 

The analysis to be used for these carrier-concentra- 
tion data assumes that the Fermi level is always a few 
kT below the conduction band, and that in each sample, 
one has only to consider a single donor level. In this 
case, an expression for the carrier concentration, 1, 
may be written as 


n* m'\N) 3 —Ep 
. D- exp( ? (1) 
(N p- n)Ne m kT 


for samples with negligible compensation where Np is 
the concentration of donors, D is the donor degeneracy, 
Ep is the energy difference between the donor and the 
bottom of the conduction band, and m™? is the density- 
of-states electron mass. The donor degeneracy is the 
number of ways that the electron may occupy the 
donor state, and usually has the value 2 arising from 





Fic. 4. Single-donor analysis of the carrier concentration of a 
doped crystal. The circles are for the best estimate of Np. The 
sensitivity of the analysis to relatively large errors in the estimate 
of Np is illustrated by the +’s and X’s 
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the two possible spin orientations. If the logarithm of 
the left-hand side of (1) is plotted against the reciprocal 
of the absolute temperature, one should obtain a straight 
line whose slope gives Ep, and whose intercept is 
(m'™)/m]}\D~. In making such a plot, a value for the 
parameter, Vp, must be chosen. A first estimate of Vp 
may be made by inspection of the carrier-concentration 
curves of Fig. 3, then the estimate of Np may be im 
proved by inspection of the high-temperature end of 
the plot of Eq. (1). Plots of Eq. (1) for a zinc-doped 
sample are shown in Fig. 4 for three choices of Np. The 
circles represent the best choice of Np, and the plus 
signs and crosses represent the same data with Vp 
chosen too low and too high. One can see that it is a 
relatively easy matter to choose Np with sufficient 
precision to obtain accurate values for the slope and 
intercept of this plot. 

The plots of Eq. (1) for five doped samples are shown 
in Fig. 5. The intercept is about 0.18 and is the same 
for all of these samples. For the four samples which were 
doped to concentrations less than 5X10'® cm™’, the 
ionization energy is 0.051 ev for both hydrogen and 
zinc donors. The relatively low value of Ep and the 
fact that it is the same for these two different donors 
suggests that are dealing with a hydrogen-like 
center. The decrease in Ep at concentrations of the order 


we 


of 10'7 cm~ is similar to the lowering of the ionization 
energy of hydrogen-like states in germanium and silicon. 

In order to obtain a density-of-states electron mass 
from the intercept, it is necessary to assume a value for 


Fic. § 
of crystals doped with hydrogen and zine 
intercept 


Single-donor analysis of the carrier concentrations 
Note the common 
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Fic. 6. Carrier-concentration analysis of a lithium-doped crys 
tal including the effect of a small amount of compensation. Note 
that the intercept is the same as for hydrogen and zine donors 


the donor degeneracy. ‘The fact that the intercept is 
the same for both zine and hydrogen suggests that 
D=2, 
The conclusion that an interstitial zin 


corresponding simply to the spin degeneracy 
donor has a 
degeneracy of 2 was not immediately obvious, since in 
the singly ionized state the zinc atom has an unpaired 
electron. Therefore, a sample was analyzed which had 
been doped with interstitial lithium which in its ionized 
state has no unpaired electrons and hence should defi 
nitely have a degeneracy of 2. In analyzing the lithium 
doped sample it was necessary to take account of the 
compensating acceptor states introduced by the appear 
ance of lithium at interstitial positions. If one assumes 
that any compensating acceptors always lie sufficiently 
below the Fermi level so that they are always filled 


Eq. (1) becomes 
m(N)43 Kp 
D ‘exp ), (2) 
m k1 


where NV, is the concentration of acceptors. Again, one 
! 


n(n+Na4) 


(AN D Na n)Ne 


plots the log of the left side of the equation against T 
In this case, however, one must pick the parameter N , 
as well as Vp. For small concentrations of acceptors 
this turns out to be relatively easy, as may be seen in 
Fig. 6, where the data for a lithium-doped sample are 


plotted. The crosses show what happens in this sort of 


plot when compensation is not taken into account. A 
distinct ‘‘tailing-off” at low temperatures is evident 
however, the assumption of only about 2% compensa 
tion brings the points (circles) back up to the straight 
line at low temperatures. Since the final choices of N p 
and Ny, are made on the basis of the behavior of the 








hic. 7, Carrier-concentration analysis of a crystal doped to ; 
high concentration of zinc and requiring the assumption of a 
small amount of compensation 


plot at opposite ends of the temperature scale, the 
choice of one has virtually no effect upon the choice of 
the other. As may be seen in Fig. 6, the intercept for a 
lithium-doped sample is the same as for hydrogen or 
zinc doping, indicating that D=2 for all three donors. 
The ionization energy for this lithium-doped sample is 
just about what one would expect for a sample doped 
to the same concentration with hydrogen or zinc. 
Vigure 7 shows an additional zinc-doped sample which 
required the assumption of a small number of com 
pensating acceptor levels of undetermined origin. Again, 
the intercept is in agreement with the other samples 
and Ep 


concentration of 1.610" cm“ 


0.047 ev is about what one would expect at a 


IV. EFFECTIVE MASS, DIELECTRIC CONSTANT, 
AND DONOR IONIZATION ENERGY 

Phe effective mass of an electron in the conduction 
band is a parameter which is used to describe the 
manner in which the energy-momentum relationships 
near the minimum-energy band-edge point(s) of the 
Brillouin zone enter into the interpretation of experi- 
mental results. For most semiconductors, certain aver 
age properties of a very complicated situation are 
lumped into this parameter. In germanium and silicon, 
due in large part to the combination of cyclotron reso 
nance experiments and accurate calculations of energy 
bands, the relationships connecting experimental meas- 
urements of such quantities as Hall constant and mo- 
bility, magnetoresistance, and thermoelectric power 
have been investigated in quantitative detail. These 


relationships have been discussed for a semiconductor 
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which may be represented by a “many-valley” model 
by Herring.” 

Since virtually no information as to the energy band 
structure in zinc oxide exists, we shall have to start 
from the beginning in interpreting the results of the 
present experiments and be content with a rough in- 
ternal consistency and agreement with theory. There 
are three ways in which the present experimental re- 
sults may be related to the band structure of zinc oxide, 
and they may be characterized by three effective 
masses : the “density-of-states” mass, m ; the effective 
mass associated with the ionization energy of hydrogen- 
atom-model donor states, m‘”); and the effective mass 
to be used in comparing experiment with theories of 
electron mobility. (If the surfaces of constant energy 
were spheres centered about the origin in k space, all of 
these masses would be the same.) 

The density-of-states mass modifies Ne in order to 
take account of the band structure. In terms of the 
simple many-valley model, 


m\%) = Ny'(mymym;)', (3) 


where Vy is the number of valleys and m,, m2, mg are 
the mass parameters relating energy and momentum 
along the three principal axes of the ellipsoidal energy 
minima. For the hydrogenic donor states, the ionization 
energy may be written as 


13.6(m“/m) 
ev, (4) 
«! 

where « is the static dielectric constant.'* The relation- 
ship between m™? and the principal masses of a single 
valley can be obtained by equating the energy of Eq. 4 
with the binding energy obtained from a variational 
solution of the effective-mass Schrédinger equation for 
an electron in a medium of dielectric constant « attracted 
by a single positive charge. (We shall neglect the fact 
that m\” observed is probably a little greater than 
m‘#) computed because of the penetration of the 
wave function into the central cell.) Lampert,'® among 
others, has carried through a solution of this type for 
valleys which are ellipsoids of revolution (effective 
masses m,,, m,, m,). One can get an idea of the effect 
of mass anisotropy upon m“? from his plot of binding 
mM, may be represented for 


energy vs my which 


my, /m,<10 by 


m®) /m,=14+-0.84 logyo(m,,/my,). 


'8C. Herring, Bell System Tech. J. 34, 237 (1955) 

'’ Equation (4) is applicable to shallow bound states in polar 
crystals when Ep is small compared with the energy of an optical 
phonon, hw;. For En>>ha; the lattice polarization will not be able 
to follow the electron’s motion and a treatment similar to that of 
S. Pekar and M. F. Deygen, J. Exptl. Theoret. Phys. (U.S.S.R.) 
18, 481 (1948) ; or that of J. H. Simpson, Proc. Roy. Soc. (London) 
A197, 269 (1949), and A231, 308 (1955) would be more appro 
priate. As discussed in Sec. V, Ep is slightly less than hw; in ZnO 

16M. A. Lampert, Phys. Rev. 97, 352 (1955) 
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There are really two effective masses to be considered 
in analyzing lattice-scattering mobility. With the usual 
assumption that the relaxation time, r, is a function 
only of energy, the mobility may be written as 


e (er) 
M ’ (6) 
m) (¢) 


where m“? is an inertial mass for the direction of cur- 
rent flow. Unlike the cubic semiconductors in which m‘” 
has one isotropic value, we may expect m“ to have 
different values for current flow parallel and perpendicu- 
lar to the hexagonal axis in zinc oxide. If the hexagonal 
axis should turn out to be principal for the valleys, 
m) would correspond to the principal mass in that 
direction. The energy average of 7 in Eq. (6) contains 
a power of the density-of-states mass for a single valley, 
(mm m;)'. For scattering by the acoustical modes, this 
mass appears to the — 3 power in w and for scattering 
by optical modes it appears to the —} power. 

The density-of-states mass may be obtained from the 
common intercept of the plots in Figs. 4-7 making use 
of the evidence that D=2, m‘"’0.5m, provided also 
that our assumption that [uy/u|=3r/8 is not too far 
from the truth. There are two separable effects which 
might affect [uy/u |: first, the dependence of relaxation 
time upon energy which will probably not have any 
large effect, even with a considerable amount of 
optical-mode or impurity scattering; and second, the 
possible effect of the anisotropy of the effective mass if 
the hexagonal axis is not principal, which we are not 
yet in a position to evaluate. 

In order to obtain m™? from Eq. (4) with the value 
Epy=0.051 ev found for dilute donor concentration, 
we must have a value for x. There have been four deter- 
minations of this quantity reported in the literature for 
zinc oxide using three different methods.'® Glemser 
used a substitution method in which ZnO powder was 
introduced in a liquid cell containing mixtures of 
benzene and nitrobenzene and obtained a value of 
x= 36.5. Soos measures the standing-wave pattern at 
A=5 cm in front of a metal-backed, pressed-slab of 
ZnO (with microwave technique typical of 1940) and 
obtained x=7.9. Kamiyoshi applied a new deduction 
formula to data on powdered ZnO (no specification of 
experimental technique) and states that «=8.5. Hahn 
packed ZnO powder into a cylindrical capacitor and 
measured the capacity and losses with a Boonton Q- 
meter as a function of packed density, arriving at x=12 
and ¢6=5X1077 ohm™' cm™'!. Although Hahn’s value 
has been frequently quoted in the recent literature, the 
very low conductivity which he observed is probably 
almost entirely due to poor contacts between the ZnO 
grains, and therefore his measurement of « was prob 
Elektrochem. 45, 865 (1939): A. N. Soos, 


33, 210 (1941); K. Kamiyoshi, 
180 (1950); E 


Q. Glemser, Z 
Doklady Akad. Nauk S.S.S.R 
Sci. Repts. Research Insts., Té6hoku Univ. A2 
FE. Hahn, J. Appl. Phys. 22, 855 (1951 
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ably in error due to the Maxwell-Wagner effect. In 
view of the inadequacy of the published data, T. S. 
Benedict and the author have measured the dielectric 
constant of low-conductivity single crystals of ZnO by 
a microwave cavity perturbation technique at A=1 cm. 
It was only possible to make accurate measurements 
with the electric field directed along the length of the 
crystal needles (along the ¢ axis), so that in using our 
result in calculations one assumes that the static di 
electric constant is not very anisotropic, We obtained 
x«=8.5 for ZnO. The method was checked by inserting a 
similar needle of silicon with about the same losses, 
We obtained «=11.5 for silicon, in satisfactory agree 
ment with optical and other microwave measurements. 
8.5 and Epy=0.051 ev into 
14) <= ().27 m, for the 


Inserting our values of x 
Eq. (4), we arrive at the value 
effective electron mass associated with the hydrogen 
like binding of an electron to a donor. As might be 
expected, m“? is less than m‘%? 

We may also estimate the donor concentration at 
which the donor ionization energy may be expected to 
go to zero. Brooks'’ has developed the criterion D 

3.23r,, where D is the critical spacing between donors 
at which Ep goes to zero, and 7, is the radial extension 
of the wave function of an electron bound to a donor 
If spherical symmetry is assumed, r;=x(m/m )ao, so 
that with the present data for ZnO, D=54 A; Le., the 
critical donor concentration is Vp=6X10'* cm“, The 
critical donor concentrations for germanium and silicon 
are, respectively, Np=2 X10" and 2X10'* cm™*, and 
the decrease of Ep» with increasing donor concentration 
in ZnO appears to scale properly with Vp when com 
pared with germanium and silicon 


V. ELECTRON MOBILITY ANALYSIS 


‘The scattering processes which determine the electron 
mobility and its temperature dependence arise from the 
thermal vibrations of the lattice and from impurity 
centers. The lattice vibrations should play the dominant 
role at higher temperatures and the impurities may be 
expected to become more important at low tempera 
tures. Since zinc oxide is a crystal with considerable 
ionic character, one expects lattice scattering by the 
optical modes of vibration as well as by the acoustical 
modes. Impurity scattering is presumed to be due to the 
screened Coulomb fields of ionized centers and to the 
interaction of conduction electrons with the electrons 
bound in the large orbits of the hydrogen-atom-like 
neutral donors 

Typical mobility data for a crystal witha small 
concentration of donors is shown in Fig. 8 (filled circles) 
The variation of mobility with temperature suggests 
that lattice scattering is dominant, but that impurity 
scattering is also contributing at the low-temperature 
end. We shall attempt to fit the experimental data with 


‘TH. Brooks, in Advances in Electronics (Academic Press, Inc 


New York, 1955), Vol. 7, pp. 106, 107 
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hic. %. Analysis of the Hall mobility of a typical crystal of 
zinc oxide, The circles are experimental data. The mobility to be 
expected due to optical-mode scattering alone is given by wo. The 
lattice scattering mobility which fits the data above 200°K is 
given by w;, and the amount of acoustical-mode scattering which 
has been assumed for this fit is illustrated by us. The solid curve 
includes a smaii contribution from impurity scattering at low 
temperatures 


existing scattering theories using simply a scalar effe: 
tive mass and thereby neglecting the difference between 
m'' and (mymym,)'. There are essentially two theo 
retical approaches to the scattering by the optical 
modes of lattice vibration. The first is a perturbation 
treatment developed chiefly by Fréhlich and Mott'* 
and by Howarth and Sondheimer.” The second is an 
“intermediate-coupling” theory due to Lee, Low, and 
Pines.” The two theories are briefly discussed, and 
some minor corrections noted in an article on the 
mobility of electrons in PbS by Petritz and Scanlon.” 
The perturbation theory is based upon an expansion in 
powers of the coupling constant, a, which is a measure 
of the strength of the interaction between the electrons 
and the polar vibration modes. The expansion is ex 
pected to converge satisfactorily for a<1, and is not 
restricted to temperatures small compared with the 
Debye temperature, ©,;=hyv,/k, characteristic of the 


‘SH. Fréhlich and N. F Proc. Roy. Soc. (London 
A171, 496 (1939) 

71). Howarth and E 
A219, 53 (1953) 

* Lee, Low, and Pines, Phys. Rev. 90, 297 (1953); F. E 
and D. Pines, Phys. Rev. 91, 193 (1953). 


“RL. Petritz and W. W. Scanlon, Phys. Rev. 97, 1620 (1955), 


Mott, 


Sondheimer, Proc. Roy. Soc. (London 
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longitudinally polarized optical vibrations. The ‘‘inter- 
mediate-coupling” theory on the other hand is best 
suited to the situation a >1, but its validity is in doubt 
for temperatures approaching ©;. The coupling constant 
may be written as 


ey m \'fx—Ko\ sm*\! 
“aha” 
h 2k, KKg ™m 

where m is the mass of the free electron, m* is the 
scalar inertial mass of the electron in the conduction 
band, and « and xy are respectively the static and optical 
dielectric constants. For zinc oxide, x=8.5 (as dis- 
cussed above) and xo=n?=4 as determined by Mollwo” 
in the visible. The frequency of the transverse optical 
vibrations in zinc oxide has been estimated by Kréger 
and Meyer” from infrared absorption data to be v= 310 
cm™~!, Making use of the relation v,/v;=(x/ko)!, we 
obtain ©,=660°K. The effective mass, m*, is a quan- 
tity which we shall specify independently of the mo- 
bility data so that in comparing optical-mode scattering 
theory with experiment we have no adjustable pa- 
rameters (a situation not previously attained for polar 
crystals). In the expression for a, and in both the 
perturbation and “intermediate-coupling” theories, m* 
is the effective mass that the electron would have if 
the lattice were rigid, i.e., unpolarizable. The mass 
parameter which we would like to make use of is m“”) 
obtained from the binding energy of the hydrogen-like 
donor states. Now a slowly moving electron in the 
conduction band of a polar crystal polarizes the lattice 
in its vicinity. The unit consisting of the electron plus 
its associated lattice polarization is called a polaron, 
and intuitively, one can see that the polaron mass, 
m‘*), must be greater than m*. When the electron is 
weakly bound to an attractive center, we may expect 
it to behave as a polaron if the binding energy is small 
compared with hy, For zinc oxide, hyv,=0.057 ev and 
Ep»=0.051 ev so that m\” probably lies somewhere 
between m* and m‘”), Since it will turn out that m‘” 
is not very much greater than m*, we shall assume that 
m'?) =m"), Tt should be emphasized here that m“” 
as determined above may very well be too large due to 
the central cell correction to the binding energy. The 
intermediate-coupling theory yields a relation between 
m‘”) and m*: 


m'P) =m*(1+a/6) for a<6. (8) 


Solving (6) and (7) simultaneously for zinc oxide, with 
m'P) =m") =().27m, we find m*=0.23m and a=1. By 
way of comparison, the alkali halides have coupling 
constants of the order of 3 to 6. 

The expression for the electron mobility for optical- 


mode scattering alone resulting from the perturbation 


# FE. Mollwo, Z. angew. Phys. 6, 257 (1954) 
*F. A. Kroger and H. J. G. Meyer, Physica 20, 1149 (1954) 
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theory is 


1 ( KKo (7) 

— ——_—_[ - —} —— , (9) 

3 (2rmkO,)*\K—Ko7 \m* Z} 
where dg=h*/me? and Z=©,/T. The function x(Z) is 
given in references 19 and 21, and is slowly varying. 
Since there is very little difference between the numeri- 
cal results for ZnO in the temperature range of interest 
between the perturbation and intermediate-coupling 
theories, we have chosen to use the former. [There is 
no real inconsistency in using the intermediate-coupling 
theory to obtain from m‘”) the m* used in Eq. (9). | 
The mobility, wo, from Eq. (9), which would result from 
optical-mode scattering alone in ZnO, is shown in Fig. 8. 
When compared with the experimental Hall mobility, 
the agreement between theory and experiment is very 
satisfying. The curve of yo lies just above the experi- 
mental points so that the addition of some acoustical- 
mode scattering is possible. The presence of acoustical- 
mode scattering in this temperature range is required 
to explain the presence of a “‘phonon-drag’™ contribu- 
tion to the thermoelectric power in these crystals.” 
Since po~(m/m*),! it is clear that m* cannot be 


2000 














(Cm*VOLT~'sec~') 


MOBILITY 





@-HALL MOBILITY 
SAMPLE NO. 44 











20 
1000 600 400 200 
TEMPERATURE IN DEGREES K 





= 
| 
| 

100 60 60 


Fic. 9. Comparison of predicted lattice scattering with 
mobility data taken up to 1000°K. 


“See C. Herring, Phys. Rev. 96, 1163 (1954) for a complete 
discussion of the interaction of conduction electrons with the 
acoustical phonons resulting in the ‘“phonon-drag’”’ contribution 
to the thermoelectric power. 

*%* A. R. Hutson, Bull. Am. Phys. Soc. Ser. II, 2, 56 (1957). 
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appreciably larger than the value we have obtained 
from the ionization energy of the hydrogen-like donor 
states, though it may be somewhat lower. There are 
indications from the phonon-drag effect that the ratio 
of 4a/uo is smaller than that shown in Fig. 8, Anisotropy 
of the inertial mass as well as a ‘“‘central cell” correction 
tom” might have this effect. 

Above 200°K the Hall mobility shown in Fig. & was 
obtained on all zine oxide crystals with donor con 
centrations below 10° cm“ within the experimental 
error of about 10% resulting from geometrical uncer 
tainties. Thus, we may assume that only lattice scatter 
ing need be considered above 200°K, and proceed to 
acoustical-mode the form 
wa~T~', The lattice scattering mobility, wp=pauo 
(a+ wo) is Shown in Fig. 8, as well as the uw, required to 


add an contribution of 


bring mw; into agreement with the experimental points 
At present there is insufficient information available to 
calculate the magnitude of yu, independently, 

The temperature variation of our yu: seems to agree 
with experiment in the range 200°K to 600°K. Meas 
urements of Hall mobility up to 1000°K were carried 
out on sample 44 as shown in Fig. 9. The discrepancy 
between yw, and the data above 600°K may have been 
due to the fact that donor concentrations were changing 
by diffusion during the measurement 

Impurity scattering mobilities have been computed 
by using the Conwell-Weisskopf, Brooks-Herring for 
mula for the ionized centers and Erginsoy’s formula 
for neutral donors.”* The scalar effective mass m‘” 
=().27m was used throughout and the concentrations 


* See reference 16, pp. 156-162 
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of neutral and ionized centers were obtained from the 
Hall effect analysis. The total mobility was obtained 
simply from the sum of the reciprocals of the individual 
mobilities. The solid line of Fig. 8 shows the mobility 
(total) compared with the data. It appears that either 
the impurity concentrations obtained from the Hall 
analysis are not sufficient to account for the scattering 
at low temperatures, that our simplified application of 
impurity scattering theory to ZnO is too crude, or that 
#a/Mo 18 Smaller than indicated in Fig. 8. Some justifica- 
tion for the latter alternative is illustrated in Fig. 10 
where the same mobility analysis has been applied to 
two highly doped samples. The mobility is seen to drop 
at least qualitatively in agreement with the prediction 
of the impurity scattering theories. However, the con- 
centration of donors in sample 52 is so high that the 
distance between ionized donors is less than the wave- 
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length of a thermal electron, a situation which probably 
invalidates the present theory of impurity scattering. 
In the foregoing, no heed has been paid to the subtleties 
of the relation between the Hall and microscopic mo- 
bilities as the scattering mechanism changes with 
temperature, or to the errors inherent in summing the 
reciprocal mobilities obtained from different scattering 
mechanisms. It is felt that such refinements are as yet 
unwarranted in view of our present limited knowledge 
of the band structure of zinc oxide. 
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In the electrical behavior of high-resistivity copper-doped germanium the nature of the electrodes plays 
an essential role. Three different types of space-charge contacts can be distinguished. For two types of 
contacts only primary photocurrents are observed, for the other both primary and secondary photocurrents. 
The secondary photocurrent is observed only in samples with the electrodes prepared in such a way that 


they show the space-charge-limited current 
current is confirmed experimentally 


A simple theory on the magnitude of the secondary photo 
{lso, some observations are given on the space-charge-limited current 


and some experiments which throw light on the mechanism of electrical breakdown in this material] 


1, INTRODUCTION 


N a previous article’ the author derived a condition 

under which primary photocurrents can be observed 
in photoconduction, This condition (already derived 
earlier by Ryvkin*) is that the time 7 required for a 
carrier to traverse the photoconductor is small with 
respect to the dielectric relaxation time 
B=T/peK1. It was proposed then to study copper- 
doped germanium, because it would be possible in that 
material t® vary the resistance in one sample, by varying 
the temperature, from a high resistance in which the 
above condition is satisfied to a resistance where B 
becomes of the order of or larger than unity. This should 
give the rise of the secondary photocurrent from an 
unobservably small value at liquid nitrogen temperature 
to a magnitude comparable to that of the primary 
photocurrent at room temperature. An investigation of 
copper-doped germanium has now been carried out and 
is reported in this paper. However, the experimental 


(pe), SO: 


'P. J. van Heerden, Phys. Rev. 106, 468 (1957) 
*S. M. Ryvkin, Doklady Akad, Nauk S.S.S.R. 106, No. 2, 250 
(1956) 


results changed the author’s views somewhat and the 
experiments presented here are different therefore from 
the one he had originally in mind. The reason is the 
following: the original condition for the observation of 
the primary photocurrent was derived for an ohmic 
contact, defined as one in which the Fermi level in the 
electrode material is exactly equal to the one in the 
photoconductor. Since this is only a point in an infinite 
spectrum of possibilities, in which the Fermi level in the 
electrode material lies either higher or lower, this con- 
dition can in practice “hardly ever” be realized. Now 
many authors have used the term ‘‘ohmic contact” for 
contacts in which the Fermi level in the electrode 
material lies higher than the one in the photoconductor, 
so that free entry of electrons into the latter is possible. 
This terminology is correct for all practical purposes in 
the case of low-resistivity photoconductors like ger- 
manium and silicon at room temperature, since this 
contact leads to an “ohmic” current, that means a 
current obeying Ohm’s law and determined by the 
resistivity of the photoconductor. However, in high- 
resistivity photoconductors (and “high resistivity” will 





COPPER 


be defined here as identical to 8<1), this no longer 
holds true. In the case of the Fermi level in the electrode 
being higher than in the photoconductor, a space charge 
of electrons results in the material at the contact, and 
the current varies as the square of the applied voltage. 
This is the space-charge-limited current, which was 
first described theoretically by Mott and Gurney*® and 
which only rather recently was observed, by Smith and 
Rose‘ in cadmium sulfide. For this reason, this kind of 
contact will always be called a “space-charge contact” 
or “n+ contact” and the name “ohmic” contact will be 
reserved only for the theoretical case defined before. 

Now the case in which a pure space-charge-limited 
current——proportional to the square of the voltage 
flows in the material, is again a rather theoretical one, 
since the material has to be free of traps. In that theo- 
retical case the condition for observing the primary 
photocurrent is no longer satisfied. Any positive space 
charge formed by the trapping of holes in the photo- 
conductor will immediately be compensated by the 
electrons from the space-charge region. The primary 
photocurrent is equal to the secondary photocurrent 
and no experiment can separate them. However, 
Redington® has pointed out that if one defines di/dV 

=1/R, where is the space-charge-limited current and V 
the voltage on the photoconductor, and subsequently 
calls RC the “dielectric relaxation time” of the sample, 
where C is the capacity, then this relaxation time is 
only one-half of the transit time. In other words, the 
material in this state no longer has a high resistivity 
from the experimental point of view. 

This now is the key to a useful extension of the original 
definition of 8. In our experiments on copper-doped ger- 
manium with space-charge contacts, (dt/dV),.¢.=1/R,.1 
[R..1. is R-step function }, defined as the initial change 
in current for a small step function in the bias voltage, 
was usually much smaller than one can expect for the 
space-charge-limited current, and much larger than one 
can expect from the resistivity of the material. But it is 
this quantity R,+~. which should determine the initial 
secondary current 4j. Therefore, defining 8, previously 
defined for pure ohmic contacts only, as B=7/R,.C, 
one then has a natural extension of the original defini- 
tion, and the relation between the secondary photo- 
current 4j and the primary current j,, 4j=8/, for 
8<1, holds for both ohmic and space-charge contacts. 
This is the reason why the originally proposed experi- 
ment was replaced by experiments tending to prove 
that this more general formula is valid. 

It will be shown that in the behavior of a high- 
resistivity photoconductor the nature of the contacts 
plays an essential role. The statement in the previous 
paper' that the secondary current pulses from a par- 


Gurney, Electronic Processes in lonic 


‘N. F. Mott and R. W ; 
Crystals (Clarendon Press, Oxford, 1948), p. 170 

*R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955); see also 
M. A. Lampert, Phys. Rev. 103, 1648 (1956) 


*R. W. Redington (private communication 
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ticles observed in cadmium sulfide by Frerichs and 
Warminsky® could only be observed in low-resistivity 
material is no longer held to be true. They were ob 
served by the author in high-resistivity germanium 
provided with the proper space-charge contacts 


2. PREPARATION OF THE SAMPLES 


The photoconductors studied were round germanium 
disks about 24 cm in diameter and 1 mm thick. They 
were commercially available’ in that form as about 
4-ohm-cm n-type material. To give this material very 
high resistivity at liquid nitrogen temperature, they 
were doped by copper diffusion as described by Wood 
bury and Tyler.* First the Hall coefficient® R, of the 
starting material was determined with the aid of four 
platinum wires soldered to the edge of the disk about 
9) degrees apart.” An easy and quite satisfactory way 
for soldering on the leads in air is with the sample on a 
heating plate, using indium containing some arsenic as 
a solder and the ordinary red liquid flux.'' This results 
in good n* contacts which can easily be removed with 
a knife without damaging the sample. The starting 
material always gave a Hall coefficient R, = 1.4910" 
cm*/coul, indicating good uniformity of the material 
This corresponds to an initial electron concentration of 
4.9%10"/cm*. From this number can be calculated the 
temperature to which the sample has to be heated to 
obtain the desired degree of compensation. The graph 
given by Woodbury and Tyler® (Fig. 1) was used for 


this purpose and complete agreement with their results 
was found, except that corresponding results were 
obtained for a temperature lower by about 5°C. For 
instance, after diffusing in copper at a temperature of 


605°C an R,=0.6K10* cm*/coul was found (n-type) 
in a magnetic field of 1600 gauss. The time for heating 
the sample was always 20-24 hours and no indication 
of inhomogeneity of the samples was found. 

The samples prepared were always studied as ‘“‘sand 
wich cells,”’ that means with the two electrodes covering 
the major part of the two flat sides of the disk. Essen 
tially three different types of space-charge contacts were 
made, and these three different types lead to three 
different kinds of behavior of the samples, as will be 
described later. 

The first type was made by diffusing arsenic into the 
surface simultaneously with the copper diffusion. From 
the data given by Saby and Dunlap" one can estimate 

®R. Frerichs and R. Warminsky, Naturwiss. 33, 251 (1946): 
33, 281 (1946) 

Obtained from General Electric 
Department, Clyde, New York 

*H.H. Woodbury and W. W. Tyler, Phys. Rev. 105, 84 (1957) 

*W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 213 

“It should be noted here that the theory predicts that the 
resulting Hall coefficient is completely independent of the shape 
of the sample and the position of the leads as long as the sample is 
of uniform thickness. 

" “Special X Soldering Flux,”’ Industrial Service Laboratories 
710 West National Avenue, Milwaukee, Wisconsin 

J. S. Saby and W. C. Dunlap, Phys. Rev. 90, 630 (1953) 
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that at about 600°C and for a time of 20-24 hours, the 
arsenic will diffuse in about 5 microns. This therefore 
will convert the surface layer into a low-resistivity 
n-type region, which will form the electrode for the 
high-resistivity material inside. When preparing these 
samples, the germanium disk was smoothed by hand 
grinding with 260 600-mesh carborundum in 
water on a glass plate, etched with 80% nitric, 20% 
hydrofluoric acid, and rinsed in distilled water, It was 
then copper-plated in a solution of copper sulfate, 


and 


sodium hydroxide, and sodium potassium tartrate,” 
rinsed in distilled water, and dried. The sample was 
then sealed in a quartz tube and the tube was baked 
out under vacuum at about 500°C, after which a few 
grains of arsenic were dropped in and the tube was 
filled with 20 cm of hydrogen and sealed off. The baking 
out procedure was taken just as a precaution, but it is 
essential that the arsenic be of high purity," 
Weill 


since the 


!S. F. Field and A. D 
Sons, London, 1951), p. 259 

4 99.99-+- > arsenic vacuum-sealed in Pyrex capsule, American 
Smelting and Refining Company, Research Department, South 
Plainfield, New Jersey 


Pitman and 


Electroplating (1 
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1. Experimental arrangement for irradiation and dark-current observations 


use of arsenic of doubtful quality caused completely 
erratic results. The sealed-off quartz tube was then 
heated in an oven with the thermostat set at the desired 
temperature. The vapor pressure of the arsenic was 
determined by the coldest point in the tube, about 
475°C, corresponding to 1.5 mm pressure. After 20-24 
hours the sample was quenched by pushing the tube 
out of the oven into a room-temperature water bath. 
The sandwich cell was then prepared by removing the 
low-resistivity layer from the edge of the disk with 
emery paper. The whole sample was then copper- 
plated again, the two flat sides covered with ceresin wax 
to protect the copper, it was etched, the wax removed, 
and the sample was ready for use in the experiments 
(Fig. 1). 

The second method of preparing the contact layer was 
like the first, except that the strongly n-type layer 
was removed from the flat sides by etching, leaving 
only a weakly n-type layer. 

The third type of space-charge contact prepared may 
be called the “abrupt” n-type contact as contrasted to 
the two previously described ‘“‘gradual” n-type contacts 
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obtained by diffusion. Now the material is copper- 
doped without the arsenic vapor present. This is 
simpler since it can be done in an open quartz tube 
closed with silicone rubber stoppers and in which a flow 
of say 0.5 cubic feet/hour of hydrogen is maintained. 
The sample is simply quenched by dropping it from the 
tube* on a piece of quartz wool (after having replaced 
the hydrogen with nitrogen to prevent explosion). The 
copper, which now looks grey in color due to alloying 
with germanium, is removed from the surface by nitric 
acid or the etching solution. A layer of very roughly 
0.3 micron of arsenic and 3 micron of indium is then 
evaporated on one side of the sample in a vacuum bell 
jar (10-5 mm pressure). After that, the sample is 
heated in a hydrogen atmosphere to about 400°C. The 
originally grey-looking evaporated indium layer then 
acquires a shiny liquid-like appearance in melting and 
alloying itself with the germanium. The sample is then 
cooled off and copper-plated where desired. This method 
is essentially the same as the usual method of making a 
good n* soldered contact to n-type germanium, but by 
the evaporation process a thin layer is obtained which 
readily transmits infrared light and a@ particles. The 
formation of a space-charge contact in this process seems 
to happen in the following way'®: When the sample is 
heated, the indium melts and starts to dissolve the 
arsenic and also some of the germanium, to form a solu- 
tion. When the sample is cooled down again, the dis- 
solved germanium crystallizes back out on the ger- 
manium crystal but retains an amount of arsenic larger 
than the amount of indium, thus forming a thin n-type 
layer. This layer forms necessarily an abrupt transition 
to the intrinsic material inside, since the temperature is 
too low to give an appreciable diffusion of arsenic. 


3. THE EXPERIMENTS 


The samples prepared as described were mounted in 
a brass box (Fig. 1) which was placed at the bottom of 
a Dewar vessel, a setup very much like the one used by 
the author in studying silver chloride.'® All observations 
were made at liquid-nitrogen temperature. The oscillo- 
scope and preamplifier for observation of current pulses 
were the same as used in the experiments on cadmium 
sulfide,’ except that for many observations the model-50 
preamplifier could be omitted. In this setup the current 
pulses were observed from polonium a particles, Co” 
7 radiation, light flashes from a Perkin-Elmer mono 
chromator equipped with a 1/300-second shutter, and 
simply voltage pulses on the crystal. The copper-doped 
germanium samples were either high-resistivity p- or 
n-type since no essential difference in behavior could be 
expected in this type of experiment, because the free 
carrier concentration is negligibly small. 


R. N. Hall, General Electric Research Laboratory Report 
1039, 1954 (unpublished 

‘Pp. J. van Heerden, thesis, Utrecht, 1945 (unpublished 
Physica 16, 505 (1950); P. J. van Heerden and J. M. W. Milatz 
Physica 16, 517 (1950) 
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The samples with the first type space-charge contacts 
described above were by far the most interesting and 
showed the kind of behavior with which this investiga 
tion was mainly concerned. On the two other types of 
space-charge contacts only a few observations were 
made, by no means exhaustive, but enough to clarify 
their main features. They will be discussed first. 

The sample with the second type contact, the weak 
space-charge contact, shows a resistance of about 
10'' ohms. Three hundred volts can be put on the 
crystal without breakdown, No space-charge-limited 
current is observed. When the crystal is irradiated 
through the cathode with a particles, the current pulses 
are primary current pulses, as described in cadmium 
sulfide! and silver chloride.’* The pulse height becomes 
saturated at about 20 volts. No current pulses are 
observed when the anode is bombarded, instead of the 
cathode, indicating motion of electrons only and not 
of holes. The small “schubweg” of holes can be under 
stood from the studies of Woodbury and Tyler.* The 
polonium a-particle pulses have a rise time too short 
to be observed, for 45-volt bias, that means shorter 
than 0.04 ysec, as can be expected from the high 
mobility of the electrons. For 14-volt bias, however, 
the rise time is about one microsecond, which again 
agrees with a mobility of the order of 10* cm?/volt sec. 
The pulse height is far from uniform, probably due to 
roughness of the surface, but the maximum pulse 
height corresponds to 10° electron-hole pairs formed, in 
agreement with observations by McKay.'? When the 
sample is heated up from liquid nitrogen temperature, 
the a-particle pulses can be observed until a resistance 
of about 50000 ohms is reached; the crystal then 
breaks down and a noisy current results, Essentially, 
the behavior is quite similar to that of a high-resistivity 
manganese;doped sample obtained from Tyler and 
equipped with evaporated-gold electrodes in a pre- 
liminary experiment. The difference, however, is that 
the sample with simple gold electrodes breaks down 
after receiving a relatively small dose of radiation, 
while the present sample can be irradiated indefinitely. 
The nature of this latter breakdown is not completely 
clear, but it is quite similar to the breakdown observed 
by the author in silver chloride’® for an overdose of 
radiation. The breakdown current is very noisy and 
appears on the oscilloscope as if breakdowns are con 
tinuously taking place. This current was already re 
ported on and studied by Lehfeldt."*, Although this 
breakdown phenomenon is not understood, one can at 
least explain the absence of breakdown in the samples 
studied presently if one assumes that the breakdown is 
initiated by holes trapped very close to the cathode. 
This will gradually build up a field strong enough to 
cause electron emission, possibly field emission, from 
the cathode. In the present samples with diffused 

'7K. G. McKay, Phys. Rev. 84, 829 (1951) 
aa Lehfeldt, Gottingen Nachr. Fachgruppe UH, 1, 14, 171 
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arsenic, the electrode is protected from breakdown by 
the weak n-type space charge in front of it, which will 
recombine with any trapped holes and thus prevent the 
build-up of a strong field. Further investigation is 
necessary to clarify this issue. 

The third type of space-charge contact, the “abrupt” 
n-type layer, behaves very much like the second type 
There is no space-charge-limited 
current and q@ particles cause primary current pulses. 
However, the crystal breaks down already at 10-100 
volts, and the breakdown current then shows a regular 
noise very much like ordinary shot noise. How is it 
possible that this supposedly strongly n-type contact 


described above 


shows only primary photocurrent and no space-charge 
limited current? When this was found, first the experi 
mental procedure to make the contact was tested by 
making such a contact to low-resistivity n-type ger 
manium, It then makes an excellent n* contact even at 
liquid nitrogen temperature. Then, in thinking about it, 
it becomes clear that this behavior on high-resistivity 
samples is quite understandable (Fig. 2). When no bias 
voltage is applied to the sample, the Fermi level in the 
interior is lined up with the (second or third) copper 
level, 0.3.0.4 ev below the conduction band, while in 
the space-charge region the Fermi level is close to the 
conduction band, In thermal equilibrium the Fermi 
levels are lined up, and this means that the conduction 
band is bending down in the transition region. But this 
brings the copper levels below the Fermi level, and 
consequently they are filled by electrons which have 
migrated from the space-charge region. It is clear that 
this gives rise to a strong trapped negative space charge, 
and the width of this barrier is determined by the 
concentration of originally empty copper levels, which 
is about 10/cm*. Calculation shows that a trapped 
space-charge region about two microns wide is required 
to establish the desired potential difference of 0.3 ev, 
and the corresponding field strength is 1500 volts/cm. 
It is this barrier which prevents the free electrons in 
the contact region from entering the crystal. A not too 
high bias field will not lower this barrier significantly. 
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As Redington” has pointed out, this kind of contact 
behaves essentially as a pure ohmic contact for moderate 
bias voltages, since the concentration of carriers in the 
free space-charge region with energy high enough to 
overcome the trapped space-charge barrier is just equal! 
to the carrier concentration in the interior of the crystal. 

We come now to the observations on the first type of 
space-charge contact, the strong but gradual n-type 
contact made by diffusion of arsenic. This type of 
contact behaves completely differently from the ones 
already discussed, in that it shows large secondary 
current pulses for both a particles and light flashes, and 
gives a space-charge-limited current for pulsed voltages. 
For a particles irradiating the cathode, for instance, 
the charge pulses showed a long rise time, indicating 
currents continuing much longer than the transit time, 
and the total charge collected was over 1000 times 
what could be expected from a primary current only. 
No doubt this is the same kind of phenomenon as 
reported by Frerichs and Warminsky® in cadmium 
sulfide, 


4. SPACE-CHARGE-LIMITED CURRENT 


When a bias voltage of, say, 20 volts is suddenly put 
on the crystal in the absence of radiation, a strong 
current flows through it which decreases rapidly at first 
(Fig. 3) and continues to decrease over minutes to reach 
a value of the order of 10~-* amp. The strong initial 
current is due to the free space charge which is available 
at the cathode, and the decrease is due to trapping of 
electrons in the interior of the crystal, which sets up a 
polarizing field opposing the bias field, until an equi- 
librium is reached. Therefore this low stationary current 
is easily understood qualitatively, but hard to describe 
in exact terms, especially since different kinds of traps 
may be present. What should be simple, however, is 
the initial current, since it must be Mott’s space-charge- 
limited current, as has been pointed out by Smith and 
Rose.‘ Consequently the initial current was measured, 
in our case simply by putting the voltage from a charged 
2-uf condenser on the crystal by closing a mercury 
switch. The current was measured on the scope as the 
voltage across a 5-ohm resistance. The crystal was 
carefully shielded against radiation during the current 
measurement; however, a second current pulse a few 
seconds later is always negligibly small compared to the 


| BIAS PULSE 22 \/2v 
} 400 pA sem 


10 MILLISEC /cm 


, 

? 

i ©. : Fic. 3. The decay of the 

} space-charge-limited current 
with time as observed on 
the oscilloscope. 


“ R. W. Redington (private communication 





COPPER 


first one, indicating long depolarization times. To 
eliminate this, the crystal was irradiated after each 
measurement with weakly absorbed infrared radiation 
of about 1.6 microns. This neutralizes the polarizing 
field and makes the measurements reproducible. The 
initial current versus voltage curve is given in Fig. 4. 
Also shown in Fig. 4 is the current to be expected theo- 
retically from Mott’s square-law formula.** One ob- 
serves that for sufficiently high voltages the experimental 
curve seems to approach the theoretical one, both in 
slope and in absolute magnitude. In trying to explain 
the deviation, one must take into account that there 
is still a potential hill to climb for the electrons in the 
free space charge to enter the crystal. If one assumes 
that there is a constant slope to this potential hill, then 
there is a constant field opposing the bias field, and this 
suggests as a first-order experimental correction the 
addition of a fixed voltage to every point of the theo- 
retical curve. This is carried out in the figure for a value 
of 7 volts, representing the best experimental correction 
for bringing the theoretical curve close to the experi 
mental one. Now one has to compare this experimental 
value with what one can expect theoretically from the 
slope of the barrier. An exact theory of the shape of this 
barrier is rather involved, but a rough estimate puts 
the length of the slope equal to one diffusion length, 
which is 5 microns, while the height is known to be 
about 0.3 ev. This results in a barrier field of 0.3/5 104 

600 volts/cm. This rough theory therefore predicts a 
correction of 60 volts for the 1-mm thick sample, while, 
as said before, the best experimental fit is only 7 volts, 
a factor of 10 different. It was thought at first that this 
discrepancy might be explained by the illumination 
between two measurements. This will tend to break 
down the barrier. (This, by the way, is the reason that 
Smith and Rose needed a bias light during their obser 
vations of space-charge-limited current.) It may take 
a long time to rebuild this barrier, because of the 
extremely small trapping cross section of the negatively 
charged copper traps.* For that reason, some observa- 
tions were made of the space-charge-limited current by 
waiting a long time after depolarization, while keeping 
the crystal carefully “in the dark.” For a 20-volt bias 
pulse, for instance, the current pulse was reduced after 
5 minutes waiting to one-third of the original value, 
but it did not seem to decrease after that. Therefore, 
one must conclude that, while there is this effect of 
breaking down and rebuilding the barrier, it is not large 
enough to explain the difference between the theory and 
the observations. 

In Fig. 3 one can see that the current decreases in 
1-2 milliseconds to less than half of its initial value. 
This cannot be due to the trapping in the copper levels, 
since, because of the small cross section of 10~” cm’, it 


would at least take 10 seconds to reach that value. 


Therefore, the traps which determine the initial current 
decrease must be different. They must lie above the 
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hic. 4, Space-charge-limited current versus bias voltage for 
a crystal with diffused-arsenic contacts 


copper levels, since they must be normally empty. 
Traps with a cross section of 10~'® cm’, in a concentra 
tion of 10" to 10'*/cm*, would satisfy the requirements. 


The nature of these traps is unknown 


5. ELECTRICAL BREAKDOWN IN THE SAMPLES 


When a voltage of 50 to 100 volts is put on the crystal, 
the sample breaks down. Huge currents are observed, 
which seem only to be limited by the external impedance 
of the circuit. For instance, for 300 volts bias 20 am 
peres are drawn through the crystal, while the external 
impedance was about 15 ohms. The breakdown phe 
nomenon of these high-resistivity crystals was reported 
by Tyler” and can be understood only in terms of 
injection of minority carriers from the electrodes. These 
holes will get trapped in the interior, thus forcing more 
electrons to enter to maintain space-charge neutrality, 
and this lowers the resistance to a very low value. The 
surprise at first sight is that in our case the n-type 
contacts can inject holes. This can be explained, how 


”™W.W. Tyler, Phys. Rev. 96, 226 (1954 
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ever, in the following way (Fig. 5). The copper plating 
on top of the n-type layer actually forms a barrier- 
layer contact to n-type material, as was found by 
copper-plating a low-resistivity n-type germanium crys 
tal. Consequently, the layer close to the copper, which 
may be as thin as 1000 A, is really p-type. When a 
voltage is put on the crystal, these free holes at the 
anode cannot escape into the interior of the crystal, 
since this is prevented by the steep potential hill that 
they would have to climb towards the n-type region. 
But as soon as the voltage is put on, the space-charge 
limited current starts to flow from the cathode. The 
electrons in this current will reach the n-type region at 
the anode, but cannot go further owing to the steep 
barrier towards the p-type region mentioned before. 
They will therefore charge up the capacity of this layer 
until the field in this barrier is compensated, But then 
at the same time the path is free for the free holes to 
breakdown. This 
hypothesis was rather nicely confirmed by observing 
the breakdown pulse more closely (Fig. 6). When a 
sudden bias voltage of 45 volts is put on the crystal, 
first the ordinary space-charge-limited current is ob 
served to flow for, in this case, 30 microseconds. Then 
the current suddenly jumps to the breakdown-current 
value. The time during which the space-charge current 
flows is rather reproducible and decreases with in 
creasing bias voltage, that is, with increasing space 


enter the crystal and start the 


charge current. This suggests that the total charge 
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hic. 6. Breakdown current traces as observed on the oscilloscope 
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required to flow before breakdown is constant, indi- 
cating the charging up and breaking down of an 
originally insulating capacity. From the duration and 
magnitude of the space-charge-limited current the 
breakdown field in this capacity can be estimated, and 
the experiments indicate a value of 30000 volts/cm 
required to break down this barrier between p- and 
n-type layers near the anode. This is too low to expect 
Zener emission or field ionization. 

This delayed breakdown enables one to follow the 
space-charge-limited current into the region of break- 
down. For 90 volts, however, the delay is only 3 micro- 
seconds and beyond that the delay was too short for 
the means of observation. The high breakdown voltage 
in the weak n-type contact, mentioned before, may be 
explained by the absence of the space-charge-limited 
current. 


6. SECONDARY PHOTOCURRENT 


The quantitative study of the secondary photo- 
current was done with flashes of light, obtained with a 
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Kic. 7. A primary and a secondary photocurrent pulse, as 
observed on oscilloscope, The pulses are from light flashes of equal 
size. The secondary current pulse was obtained after shining in 
light for a few seconds to break down the barrier at the cathode 
The primary current has quantum efficiency of about 4, as it 
should have for weakly absorbed light 


1/300-second shutter in the light beam from a Perkin- 
Elmer monochromator. Light of a wavelength around 
1.58 microns was used, since it is rather weakly absorbed 
in the crystal. From the absorption curves of Dash and 
Newman”! one finds that 30% of the light is absorbed. 
The crystal was irradiated through the top electrode 
(Fig. 1), where a 1-cm* area of the copper plating was 
removed. The difference in the primary and secondary 
photocurrent is well demonstrated in Fig. 7. It can be 
expected that for very small bias voltages on the 
crystal the bias field is not able to overcome the barrier 
in front of the space charge. In that case only a primary 
current is observed, which flows only during the opening 
of the shutter. The first part of Fig. 7 gives the repro 
duction of such a pulse. The second part is a reproduc 

tion of a pulse given only 10 seconds later, while in 
between the barrier has been broken down by shining 
light on the crystal. This is the secondary photocurrent. 


“W. C. Dash and R. Newman, General Electric Research 


Laboratory Report 55-RL-1320 (unpublished) 
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Here the current continues to rise during the time the 
shutter is open, and flows for a considerable time after 
that. As will be discussed later, the quantity 6 defined 
in the introduction is still very small with respect to 
unity. This may cause the question to arise as to how 
then the secondary photocurrent can be larger than the 
primary, as it obviously is in the figure, while the theory 
demands that it be smaller by a ratio 8. The answer is 
that the theoretical derivation was given for a 6 function 
of irradiation, or at least an irradiation time smaller 
than the transit time. In this experiment the exposure 
time is 1/300 second, and therefore the secondary 
current is the integral over many 6 functions of radiation 
given successively. 

In Fig. 8 a reproduction is given of a secondary photo 
current pulse. It is seen that the current decays with a 
time constant of one second, and the decay must be due 
partly to the increased polarization of the crystal by 
trapping of electrons and partly to recombination of 
trapped holes. We are interested here only in the initial 
value. In Fig. 9 a graph is given of the initial secondary 
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8. The decay in time of the secondary photocurrent and of 
the current caused by a voltage step-function 


photocurrent versus the intensity of the light. It is 
observed that for low intensities the dependence of the 
current on light intensity becomes practically linear. 
This should be expected: for very low light intensity 
the effect of every absorbed light quantum is inde- 
pendent of that of the others. Therefore, in this linear 
region, one may with some confidence divide the current 
pulse by the number of light quanta absorbed and so 
obtain the effect of the ‘‘average single light quantum.” 

Now, to explain the results of Fig. 9, one has to apply 
the theory of the magnitude of the secondary current 
as mentioned in the introduction. It is felt that it is a 
reasonable assumption, even if the crystal is obviously 
polarized by the negative trapped space charge, that 
every electron that is drawn out of the cathode layer 
will reach the anode with a very high probability 
Consequently, in considering the secondary photo 
current, just as in the simple ohmic case discussed in 
the previous paper,’ the rise in field at the cathode 
caused by the trapped holes is the simple cause of this 
current. Only in this case one cannot say a priori how 
much current will result from a certain increase in field 
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hic. 9, The secondary photocurrent versus light intensity and 
the current due to a voltage step-function, The abscissas are made 
to coincide where the trapped positive charge caused by the light 
pulse is equal to the charge on the electrode in the voltage pulse 
There is an experimental uncertainty of a factor of 3 in the active 
area of the crystal in the voltage-pulse experiments 


at the cathode. One cannot take the dc “resistivity” 
(voltage divided by current) as a measure, as in the 
pure ohmic case, nor can one take the pure space 
charge-limited current, since one does not even know 
what the initial field at the cathode is. The thing to do, 
therefore, is to measure the effect of a small field increase 
at the cathode experimentally by superimposing a small 
voltage step-function on the bias voltage and measure 
the current increase (ig. 8). In that case our simple 
theory predicts that if the total extra charge put on 
the anode in the voltage step-function is equal to the 
total trapped charge in the light flash, the initial 
current increase should be the same. This statement 
needs a slight correction, in that since in weakly ab 
sorbed light the average hole is trapped halfway through 
the crystal, the effect is also one-half of an equal charge 
on the anode. (See the derivation in reference 1.) This 
is experimentally checked in Fig. 9, where the result of 
the voltage step-function experiment is plotted together 
with the secondary photocurrent experiments. The 
abscissas are made to coincide for equal charge, so that 
the theory predicts that the voltage step-function curve 
lies a factor of 2 higher. There is an uncertainty of 





23% AN 
about a factor of 3 in the active part of the crystal 
capacity, and therefore no exact quantitative agreement 
can be claimed; but on looking at the figure it seems 
that the evidence is strong enough not to make one 
doubt what one could expect in the first place: that the 
secondary photocurrent is caused by the field generated 
by the trapped holes. 

It should be remarked that [ (di/dV), ».=1/R,.¢. |, the 
initial change in current for a step-function obtained 
9, can be much larger than the ‘de con 
1/Ra. In this case, 
2.4 10° ohms, a ratio 


from Fig 
ductivity” calculated as: i/V 
R, 4. = 5.8% 10° ohms, while Rg, 
of 40, 

The quantity 6, defined by the extension of the 
original definition as discussed in the introduction 
B=T/R,1C, comes out to be about 10~ (since R, , =5.8 
* 10° ohms, C64 pul, T—510~* second), and there 
fore it is still small with respect to unity. It was not 
stressed enough in the first paper' that even if 6 is small, 
and therefore the secondary current small with respect 
to the primary, still the quantum efficiency, or gain as 
it is called by Rose,”’ may be considerable, provided 
the decay time of the secondary current is long. How 
ever, instead of this gain being equal to the ratio of 
trapping time of the holes to the transit time of an 
electron, as in the case of low-resistivity photoconduc 
tion (831), in the case considered here (81), the 
gain is equal to the ratio of the duration of secondary 
currents to the time (R,,C). In the measurements of 
lig. 9, for instance (R,y.=5.8%10° ohms, C= 64 yyf, 
duration of secondary current=1 second), the gain is 
about 3000, 

Finally, the author wants to mention the difference 
which seems to exist between his viewpoint and that 
expressed by Rose.” In his paper, Rose rather severely 
criticizes the applicability of the concept of primary and 
secondary current to photoconductors. The author’s 
viewpoint, on the other hand, is that primary and 


secondary photocurrent are the basic concepts by which 
the photocurrent can be analyzed and that his experi- 
ments tend to demonstrate this. It seems likely that 
Rose in his paper 


this difference of opinion is not basic 


# A. Rose, Proceedings of the Conference on Photoconductivity, 
\ilantic City, 1954 (John Wiley and Sons, Inc., New York, 1956 


HEERDEN 


deals with photoconductors where space-charge neu- 
trality is maintained (651) and specifically excludes 
from his discussion the case where this no longer holds 
(8<<1) (reference 22, page 7, last paragraph). The case 
<1 is just the one with which this paper is concerned 
and for which these concepts were originally developed 
by Pohl. There is another difference. The primary 
photocurrent, whether observed in the original experi- 
ments by Pohl and his school with light, or in the later 
crystal-counter experiments with corpuscular radiation, 
was always essentially the initial response to a pulse of 
radiation. It is in pulse experiments that a sharp distinc- 
tion between the basic concepts becomes possible, as 
Rose himself has demonstrated for the space-charge- 
limited current. The stationary photocurrent is quite 
a different matter. It isa very complicated phenomenon, 
the general explanation of which can be attempted only 
after the response to pulses (step-functions or 6 func- 
tions) is understood, 


7. CONCLUSION 


It is shown in this paper that in the electrical behavior 
of high-resistivity copper-doped germanium the nature 
of the electrodes plays an essential role. The primary 
and secondary photocurrent can be sharply distin 
guished experimentally and form the basic concepts 
for an explanation of the photocurrent. The secondary 
photocurrent can be quantitatively expressed in terms 
of the primary photocurrent and the variation of the 
dark current with a voltage step-function. It is believed 
that the study of this particular photoconductor has an 
application to high-resistivity photoconduction in gen- 
eral. Also, observations are given on the space-charge 
limited current and some light is thrown on the mecha 
nism of electrical breakdown. 
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The density of dislocations in silicon crystals is shown to have a marked effect on the annealing of the 
9 w infrared absorption band at 1000°C. (This absorption band had previously been shown to be due to 
oxygen and to be dependent on the amount of oxygen present.) The annealing behavior has been studied 
in crystals grown from quartz crucibles and in samples where dislocations have been introduced by plastic 
bending. For a deformed sample with a dislocation density of 10’/cm*, the amplitude of the 9-4 band is 
reduced appreciably in 15 minutes at 1000°C, while the undeformed sample with a dislocation density of 


10*/cm? requires about 12 hours 


Preliminary light-scattering experiments in deformed and annealed 


samples show a definite anisotropy of the scattered intensity when the light vector is perpendicular or 


parallel to the dislocation lines 


INTRODUCTION 


T has now been generally established’? that oxygen 
is present in concentrations up to 10'%/cm’ in silicon 
crystals grown from quartz crucibles. The absorption 
band in the infrared spectrum of silicon which appears 
at 9» has been shown to be due to oxygen! and to be 
dependent on the amount of oxygen present.’ By 
suitable heat treatment, at 1000°C, the amplitude of 
the 9-4 band can be decreased to a minimum value.*° 
It has been shown that on subsequent heat treatment 
at 1300°C, the original amplitude of the band can be 
very nearly regained. Furthermore, this heat-treatment 
cycle may be continued with no apparent loss of oxygen 
from the crystal.*® At the lower temperature of heat 
treatment, 1000°C, marked discrepancies in the time 
necessary to decrease the 9-4 band to its minimum 
value were observed. For example, in one of the crystals 
examined, the amplitude was reduced to its minimum 
value in about 10 hr, while for another crystal grown 
in apparently the same manner, annealing times up to 
48 hr were insufficient. It was suspected that the 
annealing process, which probably involves the move 
ment of oxygen from sites that are optically active at 
a wavelength of 9 to those that are inactive, might 
be structure-sensitive, and dependent on the imper- 
fections present in the crystal. Inasmuch as the crystals 
all contained approximately the same detectable im 
purity concentration (5X 10'/cm*), it was postulated 
that the different dislocation densities introduced in 
these crystals during growth may have a strong effect 
on the rate of annealing. Accordingly, the present 


* Supported in part by The Bureau of Ships 
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experiments were undertaken with a view to studying 
the heat-treatment behavior of samples in which 
dislocations were deliberately introduced by plastic 
deformation. 


Experimental Procedure 


Dislocations may be introduced into single crystals 
of silicon in a controlled manner by plastic bending at 
elevated temperatures. Single-crystal samples, 50.8 
«0.3 cm, were bent by a pure couple at the ends about 
the [211 ] axis. The orientation of the longitudinal axis 
of the single crystal was such that slip occurred pri 
marily on the (111) plane. The samples were heated to 
approximately 950°C by passing a current through 
them and held at that temperature for approximately 
90 seconds during deformation. The current was then 
switched off and the samples allowed to cool by radi 
ation. Specimens were cut from the deformed sections 
for the absorption measurements. The densities of 
dislocations introduced by bending were obtained by a 
direct count of etch-pit densities on the (211) face.’ 

Infrared absorption measurements were made with a 
single-beam double-pass Perkin-Elmer spectrometer 
modified to accommodate a sample at the exit slit to 
minimize defocusing effects. The samples were heat 
treated in quartz tubes that had been evacuated prior 
to filling with helium. The short-time heat treatments 
were performed in a suitably programmed furnace with 
a thermocouple near the samples to record the temper 
ature continuously. The samples attained their anneal 
ing temperature in times that were short compared to 
the annealing time 


Annealing of Undeformed Single 
Crystals at 1000°C 


Silicon crystals grown from quartz crucibles have been 
examined for a variety of growth conditions. Under 
ordinary conditions of growth with rotation, the crystals 
exhibit a large absorption band at 9 yu. The measured 
average value of the absorption coefficient a is about 
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Annealing of the 9-4 absorption band at 1000°C for silicon 
crystals grown from quartz crucibles 


5.6 cm™!, Since a@ is related to the extinction coefficient 
by the relationship a= 4rk/d, where ) is the wavelength 
and k is the average value of the extinction coefficient, 
we find that k is 4X10~*. On heat treatment at 900 
1100°C for periods up to 48 hours, the extinction 
coefficient usually decreases to 4 minimum value. For 
heat treatment at 1000°C, the minimum value of k 
appears to be about 1.0% 10~*. Absorption due to free 
carriers was not an important consideration in samples 
heat treated at 1000°C, The initial carrier concentration 
was approximately 5 10'*/cm* and remained essenti 
ally unchanged after prolonged annealing at 1000°C.* 
The decrease in the amplitude of the 9-4 band as a 
function of heating time at 1000°C has been investi 
gated for a large number of samples from different 


crystals. Differences in the annealing rates of crystals 
grown under apparently identical conditions were 
observed. The time dependence of annealing at 1000°C 
of samples from 3 different crystals is shown in Fig. 1, 


coefficients at time /=0 have 
been normalized to k= 3.5% 10~*. The marked difference 
in the rate of anneal of crystals A and B is evident. 
After 10 hours at 1000°C, the extinction coefficient, k, 
of crystal B has reached its minimum value while & of 
1 is not very different from its initial value. 
Crystal C is intermediate and B. This 
difference in annealing behavior cannot be due to any 
detectable impurity effect since electrical measurements 
show that crystals A, B, and C had approximately the 
same concentration of carriers. 


where the extinction 


crystal 
between A 


Annealing Behavior of Deformed 
Silicon at 1000°C 


The annealing behavior of heavily deformed and 
lightly deformed single crystals, as determined from 
Treatment of specimens before annealing at 1000°C 


Pane tf. 


ktch pit counts 
(average 


Time at 


T #950" Deformation 


Specimen 
3 10°/cm? 
2X 10*/cm? 
2 10"/cm?* 
2 10*/cm? 


Light 
None 
Heavy 
None 


90 sec 
90 sex 
90 sec 

0 sec 
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changes in the 9-4 absorption band, was compared 
with the behavior of control samples cut from adjacent 
sections of the same crystal. The specimens used are 
identified in Table I, and the treatment accorded them 
before annealing at 1000°C is specified. 

The density of dislocations, as stated before, was 
obtained by suitably etching the sample and counting 
the etch pits on the (211) face. It has been shown that 
these pits are due to edge dislocations.’ Average 
densities only are quoted in Table I, since the densities 
in the bent samples varied from a maximum at the 
specimen edge to a minimum at the neutral axis of the 
specimen. In Fig. 2, the amplitude of the 9-~4 band for 
the samples in Table I is plotted as a function of 
annealing time at 1000°C. The curves have been 
normalized at /=0 for k=3.5X10~. The plot shows 
very clearly the differences in annealing behavior of 
samples with varying dislocation densities. The heavily 
deformed sample C-3 has reached its equilibrium value 


T T 


Cl LIGHTLY DEFORMED 
C2? HEATED CONTROL 

C3 HEAVILY DEFORMED 
C-@ UNHEATED CONTROL 








Time -? 


Extinction coefficient as a function of annealing time at 
1000°C for plastically deformed silicon 
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in about 3 hours, compared to the lightly deformed 
sample C-1 which takes about 6 hours and the control 
C-2 which requires about 48 hours. 


DISCUSSION 

The results of the previous section show that the rate 
of annealing of the 9-~ band in silicon depends in a very 
sensitive fashion on the dislocation density of the 
material. The magnitude of this effect is evident from 
Fig. 2. For specimen C-3 with a dislocation density of 
10’/cm*, the band has practically decreased to its 
minimum value after 15 minutes at 1000°C. The rate 
of annealing does decrease rapidly as the dislocation 
density decreases; however, the annealing effect will 
still be significant in crystals grown from the melt, 
where the dislocation density is high (10*-105/cm*). 
Since the density of dislocations in crystals which have 
been grown under apparently identical conditions is 
seldom the same, the variability of the observed 
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annealing behavior for the three different crystals is 
probably due in large measure to these differences in 
dislocation density. From the present data, it is not 
possible to draw any definite conclusions as to the 
actual mechanism of the annealing process. However, 
some general conclusions on the behavior of oxygen in 
crystals pulled from quartz crucibles may be drawn. 
Comparison with floating-zone crystals shows that 
oxygen must enter silicon from the silica crucibles used 
in growing crystals from the melt.! At temperatures 
close to the melting point, 1300°-1350°C, the 9-u 
absorption band is high*® and does not decrease with 
prolonged heating, as it does at lower temperatures. It 
is reasonable, therefore, to assume that oxygen enters 
the crystal from the melt and is frozen into positions 
where it is optically active. Some annealing of the 9-» 
band must take place as the crystal is cooled through 
the temperature at which the band decreases. Usually, 
however, for normal rates of growth and low dislocation 
densities, the crystal is never at these temperatures 
long enough for appreciable annealing to occur. If the 
samples are now held at 1000°C, the oxygen apparently 
prefers to be in optically inactive sites, as evidenced by 
the decrease in the 9-4 absorption band. 

It appears that the role of dislocations is to aid the 
annealing processes by offering favorable sites at which 
oxygen can precipitate. In this connection, it may be 
pointed out that the dislocation density varies quite 
markedly across the cross section of silicon crystals 
Therefore, the observed variation in the 9-4 band along 
the cross section of the crystal* may actually be due to 
some annealing of the band as the crystal is cooled 
during growth. The densities of dislocations, as shown 
by etch pits, may vary from 10*/cm? at the center of 
the crystal to 10*/cm* at the outer edge. Hence, the 
amplitude of the 9-4 band in crystals grown from the 
melt does not provide an unambiguous criterion for the 
oxygen content of the crystal. 

Further evidence that dislocations play an important 
role in the annealing process is provided by some 
preliminary experiments on the angular dependence of 
scattered light by deformed crystals. It has previously 
been reported’ that small inhomogeneities are present 
in silicon crystals grown from the melt and that the 
size of these inhomogeneities changes on heat treating 
at 1000°C. Preliminary light-scattering measurements 
on control and deformed samples after heating for 12 hr 
at 1000°C show that in the undeformed sample the 
scattered intensity is independent of sample orientation. 
For the heavily deformed sample with the light beam 
polarized first parallel and then perpendicular to the 
dislocation lines, a marked difference in the magnitude 
as well as the angular dependence of scattered intensity 


* W. Kaiser and P. H. Keck, J. Appl. Phys. 28, 882 (1957) 
*P. P. Debye and S. Lederhandler, Bull. Am. Phys. Soc. Ser 
II, 2, 66 (1957) 
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Fic. 3. Etch pits on (211) face of silicon deformed by plastic 


bending, after annealing for 12 hours at 1000°C 


was observed. The data were consistent with the 
scattering expected from inhomogeneities with the long 
dimension parallel to the dislocation lines."” Evidently, 
some changes occur during annealing since the anisot 
ropy of scattering is not marked in deformed samples 
before heat treatment. All aspects of this problem are 
not clear yet and further work along these lines is being 
continued, 

Attempts to observe oxygen precipitates along dislo 
cation lines in silicon using an infrared microscope were 
unsuccessful. However, with the copper precipitation 
technique of Dash," it has been shown that the dislo 
cation lines in the deformed samples are generally 
oriented in one direction, as expected from the geometry 
of slip.’ Furthermore, the copper precipitates themselves 
lie with their long dimension along the dislocation line 
This appears to be consistent with the preliminary 
data of light-scattering experiments on deformed and 
annealed crystals. 

As seen in Fig. 2, the control samples exhibit a 
curious behavior in the initial stages of heat treatment 
at 1000°C. It is noticed that for both the heated and 
unheated controls the extinction coefficient first in 
creases and subsequently decreases for heating times 
less than 1 hour at 1000°C. It is difficult to understand 
why this should occur, since at 1000°C oxygen evidently 
prefers to be in optically inactive sites, as shown after 
heating for long times at 1000°C. The initial rise may 
be due to the arrangement of oxygen prior to precipi 
tation. Further experiments are necessary to clarify 
this initial behavior of the 9-y band. 

Heating at 1000°C did not appear to result in any 
appreciable annealing of the dislocation configuration 
introduced during bending. Figure 3 shows a photo 
micrograph of etch pits on the (211) face of the heavily 


”(Q, Guentert (private communication) 


" W.C. Dash, J. Appl. Phys. 27, 1193 (1956 
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deformed sample C-3 after annealing for 12 hours at 
1000°C. The etch pits where the dislocation lines inter- 
sect the surface are stil] lined up predominantly on the 
primary slip planes. It has been shown elsewhere’ that 
prolonged heating at 1300°C is necessary before any 
appreciable annealing of the dislocations is observed. 
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Domain Conversion of Multidomain Barium-Titanate Single Crystals* 
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It is found that complete domain conversion of single crystal BaTiO, can be achieved by passing the 
crystal through the orthorhombic-tetragonai transition under an applied de field. By using this process 


either complete a or ¢ domain crystals can be prepared 


IRGIN BaTiO, single crystals grown by Remeika’s 

method! usually are multidomain, i.e., several a 
and ¢ domains occur in the same crystal. The method 
of converting these crystals into single ¢ domain form 
(similar to the piezoelectric poling process) has been 
used often in ferroelectric studies. On the other hand, 
methods for converting multidomain crystals into 
a domain form are not known and measurements of 
a domain characteristics have been confined to crystals 
of small size. In this note, a method of converting multi 
domain single crystals into completely a domain form 
will be given. 

In the usual method for ¢ domain conversion, the 
multidomain crystal is first etched briefly in_ hot 
phosphoric acid at about 140°C (i.e., well above the 
Curie temperature of BaTiO,), and then the crystal is 
cleaned by water and immersed in glycerol between two 
plate electrodes, After the system is heated above the 
120°C transition temperature, a dc voltage is applied 
and maintained while the temperature is brought down 
below the Curie point. Subsequently, the applied field 
is removed, and the resulting crystal in most cases is 
completely ¢ domain. 

In this study it has been found that domain con 
version can also be accomplished if, instead of being 
heated above the 120° transition temperature, the 
crystal is cooled below 0°C and the temperature per 
mitted to rise through the orthorhombic-tetragonal 
transition point. Furthermore, depending on the liquid 
medium used, either a complete ¢ or a domain can be 
obtained. The resulting domains are identified by use 
of the polarizing microscope. 

Table I lists three types of liquids and their dielectric 


* Research supported by the U. S. Atomic Energy Commission 
1]. P. Remeika, J. Am. Chem. Soc, 76, 940 (1954) 


constants. Using the liquids in the first column, com- 
pletely c domain crystals are obtained. The liquids in 
the second column result in completely a domain 
crystals. With the liquids in the third column, the 
domains are sometimes changed but remain mixed. 

Inspection of this table shows a correlation between 
the dielectric constants of the liquids used and the type 
of domain conversion achieved. Using plate electrodes, 
complete ¢ domain conversion is achieved with liquids 
of large dielectric constant (about 40), and a domain 
conversion with liquids of small dielectric constant 
(less than 10). Using liquids of intermediate dielectric 
constant (around 20) results in mixed domains. 

No correlation was found between the chemical 
nature or the electrical conductivity of these liquids and 
the domain conversion. 

It seems that the influence of the dielectric constant 
of the liquid medium on the domain conversion can be 
explained by the effect of the direction of the displace- 
ment vector D in the BaTiO, crystal due to the applied 
field. Denote by r the ratio of the dielectric constant 
of BaTiO, to that of the liquid. For a small angle of D 
in the liquid medium with respect to the normal to the 
crystal surface, when r is small, then by the law of 
refraction, the direction of D in the crystal will be 
practically parallel to that of the ¢ axis, and the con- 
verted crystal will become ¢ domain. On the otherhand, 
ify is very large, a large deviation of the direction of D 
in the crystal from the ¢ axis will result; in the extreme 
case, a completely a domain crystal will be obtained. 

The above consideration is confirmed by the following 
experiment; instead of using plate electrodes, if point 
electrodes are used, a large deviation of D in the liquid 
medium can be obtained such that the deviation with 
respect to the normal in the crystal is also very large 
in spite of a small r. In this case a completely a domain 
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TABLE I. Liquids for domain conversions at 0°C using plate electrodes 


Dielectric 


constant* a domain 


Marcol®¢ 
Carbon tetrachk 


¢ domain 


48 

47.2 

41.9 (20°C) 
37 (25°C 
37.1 


Methy! sulfate 

Glycerol4 

Furfural 

Ethylene glycol” 

Methy! alcohol4 

20% Methy! alcoho! 
+80% water® 


Butyl acetate 


77.6 


* Dielectric constants are for 0°C unless otherwise specified 

» Tables of Dielectric Constants of Pure Liquids, National Bureau 
1951). 

¢ A white mineral oil made by Esso Standard Oil Company 

4 Handbook of Chemisiry and Physics, edited by C. D. Hodgman (Chemi 

¢ Extrapolated from J. Wyman, Jr., J. Am. Chem. Soc. 53, 3292 (1931 
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crystal is also obtained even with a liquid medium of a 
large dielectric constant. 

In the present study, Marcol has also been used in 
the 120°C temperature conversion method. The result- 
ing crystals consist mostly of a domain, but the con- 
version is not as complete as in 0°C case. In the process 
of conversion using the 120°C transition, BaTiO, is 


n-Butyl alcohol 


Dielects ix 
constant® 


Dielectric 


constant* Mixed domain 


\cetone? 
Isopropyl! alcohol! 
Isobuty! alcohol! 
Ethyl alcohol! 


_ 


4 (20°C) 
(19°C) 


pride” 


an Nw he 
~ ooN 
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ndards Circular 514 (U. S. Government Printing Office, Washingtom 1D), ¢ 


al Rubber Publishing Company, Cleveland, 1955), thirty-seventh edition 


dipole) to the ferroelectric state. On the other hand, 
in the 0°C case, BaTiOy is transformed from one ferro 
electric state with a permanent dipole orientation to 
another ferroelectric state with a different permanent 
dipole orientation. A quantitative comparison between 
the effectiveness of domain conversion by those two 
methods should provide some information on the role 


transformed from the paraelectric (zero permanent of permanet dipoles on the nucleation of domains 
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Conductivity of Superconducting Films for Photon Energies 
between 0.3 and 40k7.* 
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Far infrared and millimeter microwave transmission experiments through thin superconducting lead and 
tin films are reported. The frequency range covered corresponds to photon energies from 0.3 to 4047 
The measurements include the previously unexplored frequency region in which a superconductor change 
from an essentially lossless conductor to a normal one. By suitable analysis the effective complex conduc 
tivity of the films is obtained from the transmission data. For thin superconducting films it is shown that 
ia2(w) |/on is, to a good approximation, a universal function of the reduced frequency (hw/k7 
being independent of film resistance, thickness, degree of anneal, and material (for the two metals tried 
At 7 =0, 0; appears to be very small (or zero) for photon energies below roughly 347,. Starting at 3k7., 0; 
rises rapidly and reaches its limiting value oy at about 20k7,. This behavior suggests a gap of width» 3k7 
in the electronic excitation spectrum of the superconducting state. At 7=0 and for photon energies con 
siderably smaller than 3k7., 02/oy ~akT,/hw, with a=3.7+0.7 for both Sn and Pb 
pendence is in agreement with the London theory. This theory, however, would not predict that the results 
Phe Pippard 
ol 


Lo,(w) 


The frequency cde 


for Pb and Sn should be the same and, moreover, it would give values of a~100 times too large 


nonlocal theory predicts the type of universal dependence found, but with a=6.7. For photon energie 
the order of 3k7., a polarizability term o2'(w), required by the Kramers Kronig relations because of the 
cutoff of o;(w) near 3k7., becomes important and tends to cancel the 1/w term in oy. Asa result is reduced 


Some information about the temperature dependence of 


0% 
to a small value for photon energies above 5k7 
the complex conductivity has also been obtained 


I. INTRODUCTION 
ERHAPS the most striking property of a super 
conducting metal is the large drop in the d 
resistance which takes place when it is cooled through 


the critical temperature 7, Below the critical temper 


ature a lossless flow of current can occur. It has been 


impossible to detect any remaining trace of resistance 
At frequencies corresponding to the visible spectrum, 
* Supported in part by the Office of Naval Research, the Signal however, the behavior is entirely different. The optical 
Corps, the Air Force Office of Scientific Research, and the Nationa! 
Security Agency 

t National Science Foundation Postdoctoral Fellow 


properties of a superconducting metal are unchanged 


when it is cooled through 7,, indicating that there is 
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no change in the electrical properties at these fre- 
quencies. Therefore, at these high frequencies the 
mechanisms for energy absorption which are character- 
ized by the electrical resistance of normal metals must 
be also operative in the superconducting state. It has 
long been thought that a detailed study of this radical 
change in the properties of a superconductor with 
frequency might lead to information about the funda- 
mental nature of the interaction responsible for super- 
conductivity. Recent work on both the low- and high 
frequency sides has helped to narrow the range of 
frequencies in which this transition could be taking 
place 

A theoretical argument suggests that the frequencies 


of interest should be near w=k7T,/h. (Throughout this 


paper we use the term “frequency” to denote w=AL/h 


rather than y=AK/h.) ‘This is obtained by dividing 
the free energy decrease per unit volume in the super 
conducting state, 1.2/8, by the number of electrons 
per unit volume having energies within k7, of the 
Fermi surface, presumably the number able to partici 
pate significantly in the phase transition. This leads to 
an energy of order kT, per electron. (In the case of 
tin the wavelength corresponding to a photon of this 
energy is 3.8 mm.) This suggestion is supported by 
recent experimental electronic specific heat data. 
Accurate measurements! have revealed an exponential] 
dependence | C~exp(—1.57,,/T) | at low temperatures 
This form suggests an energy gap E,~kT, in the spec 

trum of electronic excitations, 

Starting from the low-frequency end, the behavior 
of superconductors has been studied up to frequencies 
in the millimeter microwave range. By measuring the 
losses in a resonant cavity the “surface resistance,” 
which is essentially the resistance of a layer one skin 
depth thick, has been determined for bulk samples. 
Because of the superconducting penetration depth A 
and the anomalous skin effect, however, the skin depth 
depends in a complicated way on both frequency and 
temperature. As a result, it has not yet been possible 
to give a quantitative interpretation of the surface 
resistance of superconductors, Qualitatively, the evi 
dence indicates that for nonzero frequencies the re 
sistance does not drop discontinuously at the critical 
temperature but falls off more gradually. However, at 
for w<O0.5kT./h, R appears’ to extrapolate to 
0. In the measurements** from 0.5 to 2.3 


least 
zero at T 
kT./h, experimental difficulties have made it impossible 
to decide whether or not the resistance approaches 0 at 
absolute zero. Moreover, it appears that the tempera 
ture for which the surface resistance begins to drop is 


lower than 7',. This downward shift seems to increase 


'Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev 
102, 656 (1956); W. S. Corak and C. B. Satterthwaite, Phys. Rev 
102, 662 (1956) 

*E. Fawcett, Proc. Roy. Soc. (London) A232, 519 (1955) 

‘ Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955 

‘ Biondi, Garfunkel, and McCoubrey, Phys. Rev. 101, 1427 
(1956) 
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with frequency. An interpretation of this effect in 
terms of a gap in the electron energy levels which 
increases in width from 0 at 7’, to a limiting value at 
low temperatures has been given,® but it does not yet 
appear to be established in detail. 

Starting from the high-frequency side, the optical 
properties of metals in the normal and superconducting 
states have been compared. Hirschlaff® measured the 
reflectivity of Pb and Ta mirrors in the normal and 
superconducting states for wavelengths from 4000 to 
10 000 A. No change was detected with an accuracy of 
4%. Hilsch’? measured the transmission of visible radi- 
ation through thin films of Sn. Together with Schertel® 
he showed that the transmission in the normal and 
superconducting states were the same within 2 parts in 
10°. Going to lower frequencies, Ramanathan and 
others’ have studied the absorption of infrared radiation 
in bulk samples. At 0.014 mm, corresponding to 275kT, 
for Sn and 140k7, for Pb, no change was detected with 
experimental errors of 6.3% and 5%, respectively. 

In a previous publication’ we have reported experi- 
ments on far infrared and millimeter wave transmission 
through thin films, in principle quite similar to the 
work done by Hilsch. These preliminary results were 
shown" to provide strong support for an energy-gap 
model. In the present paper we give detailed results 
and discuss improved experiments covering an extended 
frequency range. 

In a film experiment the measured value of the 
transmission is related directly to the admittance per 
square of the film as a function of frequency. The 
conductivity of the metal in the film is directly propor- 
tional to this admittance since the field is uniform 
through the film and the thickness of the current- 
carrying layer is independent of frequency. The re- 
sistance may therefore be expressed in ohms per square. 
contrasted with that which 


This situation may be 


Fic, 1, Schematic diagram of the apparatus for 


infrared measurements 


5M. J. Buckingham, Phys. Rev. 101, 1431 (1956) 

°E Hirs« hlaff, Proc Cambridge Phil. Soc 33, 140 (1937) 

7 R. Hilsch, Physik. Z. 40, 592 (1939). 

* R. Hilsch and A. Schertel (private communication 

* Daunt, Keeley, and Mendelssohn, Phil. Mag. 23, 264 (1937); 
K. G. Ramanathan, Proc. Phys. Soc. (London) A65, 532 (1952), 

 R, E. Glover, III, and M. Tinkham, Phys. Rev. 104, 844 
(1956). 

''M. Tinkham, Phys. Rev. 104, 845 (1956) 
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obtains with bulk metal, where variations of the skin 
depth may greatly complicate the interpretation of 
surface-resistance measurements. Film experiments 
have the further advantage that a moderate change in 
the conductivity can produce a relatively large change 
in transmission. The resulting intrinsic sensitivity of 
the method has allowed us to study the behavior of a 
superconductor throughout almost all of the previously 
unexplored and technically inconvenient frequency 
range in which it changes from a material having 
almost negligible resistance to one having the resistance 
of a normal metal. 


Il. EXPERIMENTAL METHOD 
A. Procedure 


The experimental setup is shown schematically in 
Fig. 1. Radiation from a grating monochromator passes 
through a film of a superconducting metal and into a 
detector. The film can be made either superconducting 
or normal, and the transmission is measured for both 
conditions. 


B. Film and Low-Temperature Techniques 


Films of lead and tin approximately 2 cm square are 
prepared inside the Dewar by evaporation. They are 
produced in place for the transmission experiments and 
are kept at all times under high vacuum. The metals 
are condensed onto a crystal quartz plate making good 
thermal contact with a copper block soldered to a tank 


which can be filled with liquid helium. A 32-inch diameter 
hole in the block makes it possible to pass radiation 
through the film. Two radiation shields are provided, 
one at 4°K and the other at 77°K. Cold windows of 


sooted crystal quartz are inserted in these shields to 


reduce the radiant heating of the sample. ‘These pass 
the very long-wave infrared radiation of interest but 
absorb the visible radiation and the infrared frequencies 
which predominate in room temperature radiation. 

Material to form the films is evaporated from an 
oven placed outside the 77° radiation shield and some 
what below the plane of the section shown in Fig. 1. 
A shutter (not shown) is provided in the outer heat 
shield, making it possible to open and close the path 
between oven and quartz substrate. 

Electrical contact with the films is made through 
gold electrodes coated on the quartz plate. Current 
and potential leads are supplied, making it possible to 
monitor the de resistance continuously. 

For the transmission experiments, the films are 
cooled until they become superconducting and the 
transition is followed by watching the disappearance 
of the de resistance. ‘The film can be made normally 
conducting at will by passing a current through it larger 
than a critical value. The de resistance indicated that 
no appreciable heating above 7, occurred. This tech- 
nique allows a direct comparison of the high-frequency 
energy transmitted through the film in the normal state 


PERCONDUCT 


ING FILMS 
at T=T, 
state at any accessible temperature. 

The films were prepared from Johnson, Matthey 
Pb and Sn having a stated purity of 99.998 and 99,99%, 
For most of the films studied, the substrate was held at 
77° during the evaporation. The low temperature was 
used to reduce migration of metal along the substrate 
and so to insure a reasonably uniform layer. The usual 


with that transmitted in the superconducting 


procedure was to anneal the film overnight at room 
temperature and then to cool to liquid helium tempera 
tures for the superconductivity measurements. In order 
to check the effect of annealing, the substrate was in a 
few cases held at 4.2°K during the evaporation and the 
transmission measured before and after annealing, 

To a good approximation the resistance of the an 
nealed films varied linearly with temperature down to 
T.. For Pb films on the order of 20 A thick, a typical 
value of the resistance at 20°C was 200 ohms per square 
and the low-temperature residual resistance was about 
half value. Annealed films could be kept for 
periods of a week without either their low- or high 


this 


temperature resistance changing by more than a few 
percent. 

The temperature is measured by using a carbon 
radio resistance cemented in a hole in the copper block 
which carried the quartz substrate with the film. 
During the transmission measurements the film temper 
ature was usually of the order of 0.3°K above the 
measured temperature of the block. ‘This temperature 
difference could be checked by observing the tempera 
ture dependence of the critical current when the heat 
shield windows were closed. In this case the temperature 
of the block and the film are the same and the critical 
current can be calibrated against the carbon resistance 
thermometer to give a measure of the true film temper 
ature 

The film thickness, though not of direct importance 
for the experiments, was estimated in two ways. For 
massive samples of a metal, lattice disorder has the 
effect of adding a temperature-independent contribution 
of resistance to the component which varies approxi 
mately linearly with temperature. ‘To the degree that 
this is also true for a thin film, it is possible to calculate 
the thickness from the temperature-dependent part of 
the resistance. ‘The values arrived at in this way agreed 
approximately with those calculated from the Fuchs” 
theory when one assumes random scattering of the elec 
trons at the film surface 

The thickness of the films used for the transmission 
experiments was estimated to be on the order of 20 A 
Preliminary experiments showed that even such thin 
films have well-defined superconducting properties. 
For a typical Pb film the transition temperature was 
found to be 0.1°K lower than that of bulk material. 
The transition region was roughly 0.1°K wide. At 
0.2°K below 7,, no trace of resistance could be detected 

2K. Fuchs, Proc 


Cambridge Phil. Soc. 34, 100 (1938) 
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It was down by at least a factor of 500 from the normal 
value. The Sn films were less well behaved, having a 
somewhat wider transition region. The loss of resistance, 
however, appeared to be complete. 

In an attempt to learn something about the uni 
formity of the films, one of them was removed from 
the vacuum and examined under a microscope. In the 
time required for this operation, the film oxidized 
completely. The resulting oxide layer appeared to be 
uniform, and any structure must have been on a scale 
smaller than 1 A fact speaking for the uni 
formity of the films is that their transmission of infrared 
radiation, aS measured at room temperature, checked 


micron 


with the value predicted theoretically from the meas 
ured value of the de resistance on the assumption of a 
uniform layer. This agreement held for the complete 
range of wavelengths used from 0.10 to 0.75 mm 


C. Infrared Techniques 


The far infrared monochromator, shown in Fig. 1, 
was designed for use in the wavelength region between 
0.10 and 0.75 mm. It is similar to ones described by 
McCubbin and Sinton” and by Genzel and Eckhardt." 
The source is a UA3 quartz mercury arc which provides 
a continuous spectrum in this region. At the 0.10-mm 
end of the spectrum, the quartz envelope is largely 
opaque and emits as a body at a temperature of the 
order of 108 °K. At 0.75 mm the envelope is transparent, 
and one uses the direct emission from the discharge 
inside the tube. This has a noise temperature of the 
order of 10‘ °K for these frequencies, and so it provides 
appreciably more long-wavelength energy than any 
practical blackbody radiator. The radiation is chopped 
at the rate of 10 cps by a rotating disk, and a sooted 


polyethylene filter is used in front of the source to 


reduce the amount of stray chopped radiation in the 
room, A similar filter is located directly over the 
entrance window of the detector to reduce its response 
to any fluctuations of the light in the room, These 
filters transmit roughly 80% at these long wavelengths, 
but are opaque to visible and near-infrared radiation 
his greatly reduces the stray energy. Additional filters 
of fused quartz and of rocksalt are required to suppress 
higher order reflection from the grating when working 
at wavelengths exceeding 0.2 and 0.3 mm, respectively. 

Solid aluminum spherical mirrors, turned and polished 
on a lathe, proved adequate for our purposes. The 
various echelette gratings used in the experiment were 
ruled in the shop on a planer, and had from 12 to 50 
rulings per inch. The first grating in the setup is used 
in zero order as a final low-pass filter to systematically 
scatter the shorter waves out of the beam. At fre 
quencies where the other filters are adequate, this 
grating is replaced by a plane mirror. The second 
grating provides the dispersion, and angles from the 


8 T. K. McCubbin, Jr., and W. M. Sinton, J 
42, 113 (1952) 


'L. Genzel and W 


Opt. Soc. Am 


Eckhardt, Z. Physik 139, 578 (1954 
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position of the zero-order spectrum are measured using 
a dial on its worm-gear drive. Course gratings with low 
dispersion are used to allow utilization of the energy in 
as broad a band of frequencies as is convenient. For 
the same reason, no slits are provided other than the 
source and the film cross section. 

By using 12-in. diameter optics, it is possible to 
obtain an aperture of f/1.5, even with the awkward 
optical arrangement necessitated by the large Dewar. 
To eliminate the chance that radiation which had not 
passed through the film might be scattered into the 
detector, the radiation is conveyed from the film to the 
detector through a brass light pipe. Since the entire 
cross section of the pipe is filled with radiation passing 
through the film, no serious loss of energy occurs from 
our resulting inability to focus the output onto the 
entrance window of the Golay detector. The signal from 
the detector is run through a lock-in amplifier and the 
result displayed on a strip-chart recorder. 

Accuracy is limited by the low signal/noise ratio. A 
transmission ratio is measured by running in the normal 
and superconducting states during alternate 10-minute 
periods for a total of one hour. By alternating the 
two states, systematic drifts are cancelled. The signal 
from the detector is recorded continuously (through a 
60-second time constant), and average values for the 
two transmitted signals are obtained numerically from 
the charts. Limits of error have been assigned on the 
basis of an empirical study of the system noise as it 
actually enters with such long-term averages.'° 


D. Microwave Techniques 


In the microwave setup, the source of energy is a 
crystal frequency multiplier driven at ~24 000 Mc/sec 
by a 2K33 klystron. Constricted sections of wave guide 
serve as high-pass filters. They allow any harmonic to 
be used in the presence of only higher harmonics, whose 
intensity can usually be neglected. Usable power for 
our purposes could be obtained in the second, third, 
and fourth harmonics, which have wavelengths of 
approximately 6, 4, and 3 millimeters, respectively. 

This power is brought into the Dewar through }-in. 
diameter thin-walled stainless steel tubing, with a thin 
polyethylene vacuum seal in the line. From the end of 
the tube the power is projected at the film from an 
adjustable distance of approximately one centimeter. 
Since this tube is considerably oversize for lowest-mode 
propagation even at 6 mm, the radiation is largely 
concentrated in the forward direction, and no horn is 
needed. The output is also of stainless steel tubing. 
To avoid any leakage into the pipe around the film, 
the pipe is attached directly to the rear of the copper 
block which supports the substrate and film. A Golay 
cell is again used as the detector. Its sensitivity is 

'® This study revealed a systematic error which had lowered 
the apparent ratio T's/T7ny of the long-wave, low-signal/noise 
points in the preliminary measurements (reference 10). This 
error was eliminated in the present measurements 
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comparable with that of a crystal detector at 3 mm 
and it has the advantage of having an exact power-law 
response. 

The signal/noise ratio was satisfactory for quite rapid 
measurements. Standing waves, however, caused trouble 
and it was found impossible to reduce them to negligible 
proportions. The accuracy of the final results must 
then depend on averaging out the standing wave effects 
over phases. This average in principle could be per- 
formed by varying the frequency continuously over a 
range sufficient to insure that the number of wave- 
lengths between each pair of reflecting surfaces would 
change by at least one. The behavior would then be 
similar to that in the infrared case where a broad band 
of radiation is used and standing-wave difficulties do 
not arise. This procedure was approximated by varying 
the frequency stepwise over a range of several percent. 
It fails to give an average, however, for surfaces which 
are separated by distances of only a few wavelengths. 
There are two such path lengths of particular impor 
tance in the apparatus: the separation of the film from 
the input tube which projects the microwave power, 
and the thickness of the quartz substrate on which the 
film is laid. The averaging over the first of these is 
approximated by mechanically varying this distance 
over a wavelength or so. Since there is no way to 
average over the second distance, a theoretical correc 
tion must be made for reflections within the quartz 
substrate. This discussed in 
Appendix A. 


essential correction is 


Ill. EXPERIMENTAL RESULTS 
A. Infrared Measurements 
1. Frequency Dependence 


The measured ratios of the transmission in the 
superconducting state (7's) to that in the normal state 
(Ty) are plotted for a typical Pb film in the lower half 
of Fig. 2. The two curves correspond to different 
temperatures. Preliminary experiments confirmed that 
the transmission in the normal state is independent of 
frequency. We note that 7's is larger than 7'y over the 
entire frequency range of the measurements and that 
it has a maximum in the frequency region between 3 
and 5 kT,./nh. At maximum and for the lower 
temperature, the film is transmitting about twice as 


this 


well in the superconducting as in the normal state and 
has approached to within 25% of complete transmission. 
At higher frequencies the experimental curve approaches 
an ordinate of 1, and for frequencies of about 20kT./h 
the point is reached where the transmissions in the 
normal and superconducting states are the same within 
experimental accuracy. Pb films varying in residual 
resistance by a factor of 5 were studied and all gave 
curves qualitatively similar to Fig. 2. It will be shown 
in Sec. [IV that after reduction in terms of a frequency 
dependent conductivity, the data for all of the films lie 
close to a single curve. The curves drawn in Fig. 2 are 
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Fic, 2. Experimental ratios of power transmitted through 
typical lead and tin films in the superconducting and normal 
states, plotted against frequency. (Throughout the paper we 
use the term ‘‘frequency” to devote w=AF/h rather than v 
=AE/h.) The frequency uncertainty on each point is the width 
at half-power of the continuous spectrum used. The vertical 
error limits are based on the random scatter in the observer signal! 
averaged for one hour. The curves are calculated by using the 
universal conductivity function for thin superconducting films 
discussed in Secs. IV and V 


based on these approximately universal results, and 
they will be discussed in Sec. IV 


2. Dependence on Material 


In Fig. 2 we also show the frequency dependence of 
the transmission through a tin film of approximately 
the same resistance as the lead film shown in the same 
figure. Both curves are plotted on the same reduced 
frequency scale (reduced in terms of k7T./h). Accord 
ingly, the absolute frequency scales differ by a factor of 
approximately 2 (7.2°/3.7°). Plotted in this way, the 
curves for Sn and Pb show a marked similarity. It is 
also worth noting that for the Sn film the three lowest 
frequency points show a rapid systematic increase in 
T's/T, whereas the points for Pb at the same absolute 
frequencies show a rather flat maximum. This contrast 
lends assurance that the maximum found with lead is 
not an instrumental effect associated with the unavoid 
ably low signal/noise ratio 


3. Temperature Dependence 


‘Transmission curves are presented in Fig. 2 for the 
same lead film at two different temperatures, namely 
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Vic. 3. Temperature dependence of the transmission ratio 
The upper curve shows the increase in infrared transmission in 
the superconducting state over that in the normal state; the 
lower curve shows the decrease in microwave transmission 


0.30 and 0.67 7,. Although the statistical errors in the 
data are large, the trend seems clear. The effect is more 
pronounced at the lower temperature, but not by a 
large factor. This behavior is typical of most properties 
of superconductors: the departure from the normal 
state develops rapidly near 7’, but levels off to a nearly 
constant value at low temperatures. We note that the 
deviation of the transmission ratios from unity change 
upon cooling from 7/T,=0.67 to 0.3 in roughly the 
same proportion (0.8 to 1) for the entire frequency 
range from 3 to 20 kT,/h. 
temperature dependence is roughly the same over the 


This suggests that the 


whole range of frequencies. 

To check this dependence more closely, we took the 
data on tin plotted in the upper part of Fig. 3. Since 
I’. for Sn lies within the temperature range accessible 
by pumping on liquid helium, we were able to follow 
the effect nearer to the transition temperature. How 
ever, since the frequency for the transmission maximum 
has scaled down to a region where our source power is 
even less than for the transmission maximum in the 
case of Pb, we were forced to use a very broad band of 
frequencies to get a usable signal/noise ratio. This was 
done by eliminating the gratings and using only a rock 
salt transmission filter to limit the band pass. The 
estimated half-power points of the resulting spectrum 
are at 3 and 8 k7T./h. The errors are still very large, 
but again the trend seems to be clear. The effect 
appears to set in very near the de value of 7, increasing 
linearly with decreasing temperature at first, then 
leveling off at low temperatures. Unfortunately our 
sensitivity does not allow us to plot the behavior in 
the immediate vicinity of 7, with any significance. 

For comparison, Fig. 3 also shows the temperature 
dependence of the transmission of 6-mm microwaves 
through a similar Sn film. At this frequency the trans- 
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mission through the superconducting film is less than 
through the normal film, but the temperature depend- 
ence of the change is similar to that found in the 
infrared. (The large errors are assigned to allow for the 
imperfect average over standing waves.) Thus in these 
films there seems to be no evidence for a shifted transi- 
tion temperature at any frequency, contrary to the 
increasingly rapid shift with increasing frequency found 
in the bulk metal surface-resistance measurements.** 


B. Microwave Results 


‘Transmission ratios for typical Pb and Sn films are 
plotted as a function of frequency in Fig. 4. All values 
have been corrected for the effect of standing waves in 
the quartz substrate, discussed in Appendix A. This 
correction is in some cases as large as 100% and so 
may not be neglected. It cannot be calculated without 
assumptions about the nature of the conductivity in 
the superconducting state. The assumption we have 
made here and the one used in most of the following 
discussion is that for frequencies up to about 3kT,/h 
and temperatures well below 7, the conduction in the 
films in the superconducting state is essentially lossless 
(o2>>0,~0). Evidence supporting this assumption will 
be given in Sec. IV and it will also be shown that it 
leads uniquely to a consistent treatment of the data 
over both the infrared and microwave ranges. 

The significant thing to note here is that, when 
plotted on a reduced frequency scale, the Pb and Sn 
data fall on the same curve within the scatter of the 
data. The rapid rise in 7's with frequency is such as to 
allow a continuous joining with infrared data of the 
type shown in Fig. 2. The curve drawn through the 
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Fic. 4. Experimental ratios of microwave powers transmitted 
through lead and tin films in the superconducting and normal 
states. These experimental values have been corrected for the 
effects of multiple internal reflections in the quartz substrate 
As in Fig. 2, the curve is calculated by using the universal con 
ductivity function presented in Sec. IV. 
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data is again derived from a universal formula based 
on an average over many films as discussed in Sec. IV. 
The temperature dependence for a single frequency has 
been shown in the lower half of Fig. 3. 


IV. DISCUSSION OF LOW-TEMPERATURE RESULTS 


The optical behavior of a film is determined by the 
electrical properties of the material of which it is 
composed, as modified, of course, by the surface effects. 
In this section we consider the interpretation of the 
measured transmission ratios in terms of the effective 
conductivity of the material, 7. The discussion follows 
a suggestion previously made by one of us.'' In general 
a will be frequency-dependent and complex, allowing 
for currents both in and out of phase with the electric 
field. It will be written here in the form o=0;(w) 
—io,(w). From the measurement of just one optical 
parameter, such as the transmission, it is not in general 
possible to determine both components. Some help is, 
however, offered by the Kramers-Kronig relations!® 
which restrict the possible pairs of functions o(w) and 
a2(w) (see Appendix B). Since these relations are inte 
gral transforms, any practical method of solution may 
involve iteration and appear to be a circular argument. 
given transmission data, the 


However, complete 


Kramers-Kronig restriction in principle assures a unique 
solution. In the case at hand, it turns out that for most 
frequency regions the transmission is dominated by 


either o; or a2, separately, the other component being 
smal]. Namely, we can assume that for T7<T,, 0,~0 
for hw<kT, and o2.~0 for hw>5kT,. Since it will be 
shown that these regions can be estimated a priori, the 
analysis proceeds in a surprisingly straightforward 
manner. In view of the uniqueness of the solution, the 
fact that the pair of functions, 0;(w) and o2(w), obtained 
in this way are consistent with the observed transmis- 
sion data and the Kramers-Kronig relations furnishes 
the final validation of the assumptions. 

In order to interpret the observed quantity 7's5/Tw, 
the ratio of the power transmitted in the supercon 
ducting state to that transmitted in the normal state, 
in terms of conductivities, it is necessary to solve the 
electromagnetic problem of a plane wave incident from 
free space onto an infinitely extended film of thickness 
d(« wavelength or skin depth) laid on a substrate of 
index of refraction m and thickness |, backed by free 
space. This is an idealized version of the actual situ- 
ation, and neglects edge effects. It should be a good 
approximation so long as the transverse dimensions of 
the film are large compared to a wavelength—as is 
true in our experiments. 

A further simplification results if it is possible to 
neglect multiple reflections inside the quartz substrate, 
since / then becomes unimportant. In Appendix A it is 

%R. de L. Kronig, J. Opt. Soc. Am. 12, 547 (1926); H. A 
Kramers, Atti congr. intern. fis. Como 2, 545 (1927). For a recent 


review, see J. R. MacDonald and M. K. Brachman, Revs 
Modern Phys. 28, 393 (1956) 


SUPERCOND(lU 


4 


CTING FILMS 249 
shown that this is the case for the infrared measure 
ments. For the microwave measurements, standing 
waves in the substrate do prove to be important 
However, the directly observed values of the trans 
mission ratios can be corrected for this effect by using 
the methods discussed in Appendix A. To simplify the 
present discussion, it will be assumed that this has been 
done. 

The resulting simplified expression for the ratio of 
the power transmitted with a film to that with no film is 


Lo 
/ 1 / |1+0d , (1) 
n+ 


where d is the film thickness, » is the index of refraction 
of the substrate, and Zo is the impedance of free space 
(49/c, cgs; 377 ohms, mks). For the case of a metal in 
the normal state, the effective conductivity in a thin 
film, as limited by surface scattering, is independent of 
frequency for the frequencies of interest here. Moreover, 
to an excellent approximation it may be taken to have 
only a real part. We denote this by oy, and henceforth 
reserve a, and o» for description of the superconducting 
state, Since oy is a constant, Eq. (1) predicts that Ty 
should be a constant depending only on (awd). ‘This 
quantity is just the reciprocal of the de resistance pet 
square of the film, a quantity easily measured experi 
mentally. In preliminary experiments the applicability 
of (1) to our films was checked. Upon using a series of 
thin Pb films, the transmission was found to be fre 
quency-independent over the entire infrared range from 
0.10 to 0.75 mm. The absolute value agreed within a 
few percent with that calculated from (1) using the 
measured value of the de resistance per square. This 
suggests both that the assumptions used in deriving (1) 
are adequately fulfilled and that for purposes of the 
optical measurements the films used can be considered 
uniform. 

By forming the ratio of two expressions of the type 
(1) and carrying out a simple reduction, we obtain the 
following expression for T's/7Ty, the ratio of the trans 
mission in the superconducting to that in the normal 
state, 


T's l 


T's [Twi+(1 Ty')(o;/on) P+E 0 Tw)(ae an) F 


(2) 
The T'3/T wn, is 
given in terms of Ty [a quantity which in principle 
could be directly measured but was in practice usually 


experimentally measured quantity, 


’ 


determined from the measured de resistance per square 
with the help of (1) |, and the ratios a;/ay and a»/o, 
which are to be determined. 


A. Microwave Measurements 


Microwave experiments’ on bulk samples have shown 
that, for frequencies at least as high as 0.5kT,./h, the 
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Fic. 5. Frequency dependence of the imaginary part of the 
reduced conductivity of five lead and tin films in the supercon 
ducting state. The values shown have been extrapolated to T=0 
as described in the text. The indicated error limits allow only 
for the uncertainty in the data associated with an imperfect 
average over phases in the standing wave patterns. The solid 
curve shows the frequency dependence for a London-type con 
ductivity with a greatly reduced coefficient. 


surface resistance R approaches zero rapidly as the 
temperature is lowered below T,. Since the surface 
resistance is directly proportional to a, (if 72>>0,), this 
result is possible only if 0, approaches zero. It is worth 
pointing out that this property of R makes small values 
of o; more accessible to measurement with bulk speci- 
mens than with films. Unless the properties of films 
and bulk metal differ in an unexpectedly fundamental 
way, we can then assume a priori that o,; in the films 
should be very small for TT, and ho SkT,. Direct 
evidence from these film experiments that o;<oy at 
still higher frequencies is given by Fig. 2. If 0; were 
not reduced from its value in the normal state, no 
increase in transmission would be possible at all. By 
assuming o.=0 in (2), we can find the upper bound 
o;/on<0.24 at the transmission maximum for the film 
in Fig. 2. A nonzero value for 0, would require a still 
greater reduction in o;. In view of these considerations, 
we shall analyze the microwave data at 7<T, on the 
assumption that o;/ow can be neglected as much smaller 
than o2/ay. This makes it possible to determine a2/ay 
directly from the observed transmission ratios by using 
formula (2) 

The results of measurements at 6, 4, and 3 mm on 
three Pb and two Sn films are shown in Fig. 5.'7 All of 
the points fall near the single curve: 


akT, hu. (a 


ay! On 


3.7). (3) 
The frequency dependence has the form 1/w. This is 


just the form to be expected for charge carriers that 


' These data were reduced to T=0 by a small extrapolation 
from the values found experimentally near 7 =0.47,,. As suggested 
by Fig. 3 this correction is small. The changes made were of the 
order of 1% and do not effect the conclusions drawn 
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can be accelerated freely in an electric field and is that 
predicted by the London theory of superconductivity. 
The superscript L signifies three things: (1) this is the 
part of a, found in low-frequency measurements, (2) 
the 1/w frequency dependence is that of the London 
theory or (3) of a lossless inductance. More precisely, 
the London theory predicts an imaginary conductivity 


o2=0*/(4rd*w), (4) 


where \, the “superconducting penetration depth”’ is a 
material constant. For bulk samples and temperatures 
well below 7, ” differs for Pb and Sn by a factor of 
almost two. Further, a, should be independent of ow, 
the low-temperature limit of the conductivity of a 
particular sample. A remarkable feature of the present 
film results is that the measurements of o2”/ay for both 
Sn and Pb seem to fall on the same curve in terms of 
hw/kT.. The two sets of measurements shown for Sn 
were actually made on the same film. Between the two 
runs the film was annealed, raising oy by 40%. Both 
sets fall on the same curve with the three Pb films. 
that for these thin films the low- 


This must mean 


frequency (w<kT,/h) conductivity in the supercon- 
ducting state is scaling directly with the normal residual 
conductivity in a way independent of the particular 


substance involved. 

The value of the coefficient 3.727, for the films turns 
out to be roughly equal to the width of the energy gap 
and is an order of magnitude smaller than (4) would 
predict on the basis of the measured penetration depth 
in bulk material. In a typical case the film value is 
down by a factor of roughly 100 (A increased by a 
factor of 10). This major reduction of a2” is a necessary 
requirement for the surprising rise in transmission 
observed in the infrared experiments. If o2” had its 
bulk value, it would be large enough to prevent an 
increase in transmission from occurring at any fre- 
quency. 

The most promising explanation presently available 
for these two surprising experimental results is offered 
by Pippard’s nonlocal modification'® of the London 
equations for the accelerative supercurrent. His expres- 
sion for the superconducting current density in the 
presence of an oscillating electric field is obtained by 
replacing o/! by (iwt)A)~' and / by & in the integral 
expression which gives the current density in the normal 
state when the mean free path is comparable with other 
relevant dimensions and diffuse surface scattering is 
assumed. In these formulas, / is the mean free path in 
the normal state, &) is the ‘coherence length’ for a 
pure sample, & is the coherence length in the actual 
sample as reduced by impurities and lattice disorder, 
and A is m/ne*®. Because of the close resemblance of the 
two formulas, the ratio o2”/0vy=Js/Jy is given simply 
by (wtoAo/l)~' provided that §=/ and that the surface 
scattering is diffuse. Because of the high degree of 


'* A.B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 
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disorder present in the films, it seems reasonable to 
assume £=/l<<£, according to Pippard’s theory. If &, A, 
and o/l are expressed in terms of the Fermi velocity iy, 
the area of the Fermi surface, and the dimensionless 
constant a of Pippard’s theory (= ahio/kT.), a simple 
reduction yields 


oo" /an=(1/a)kT./hw, 


which is exactly the form (3) found in our experiments. 
Faber and Pippard"’ found a=0.15 from studies of the 
surface reactances of wires of Al and Sn at 1200 Mc/sec. 
This value corresponds to a=6.7, which is comparable 
to our experimental value (a=3.7) obtained at fre 
quencies 50-100 times as high, with different materials, 
and a radically different geometry. 

When one considers that the ordinary London equa 
tions (a) would not predict the existence of a universal 
relation of this form, and (b) would predict coefficients 
a for various metals and film thicknesses which are of 
the order of 100 times the observed values, one sees 
that the Pippard nonlocal equation gives results which 
are immensely closer to the fact. The remaining 
numerical discrepancy from the Pippard result still 
appears to be outside the experimental errors, however 
Because the dependence of the integrals on £ or / is only 
logarithmic in a thin film, no more than 20% of the 
difference can reasonably be ascribed to a difference 
between & and /. Thus it seems likely that some other 
detailed form of nonlocal formulation may be required 
to give exact agreement with the data on macroscopi 
samples. Pending the availability of further data on 
other materials, though, the present semiquantitative 
agreement is not too unsatisfactory. 

In contrast to the Pippard theory, it should be noted 
that in the absence of magnetic fields the Ginsburg 
Landau theory” reduces to a local theory equivalent to 
that of F. London and H. London. Therefore it does 


not appear to provide a natural explanation for the 
observed great reduction of o2” in a film. As with the 
London theory, the only explanation is through an 
ad hoc assumption that the density of superconducting 
WV *, decreases with decreasing film 


electrons, n, or 
thickness. 


B. Infrared Measurements 


In Fig. 5, o2”/ay, which governs the behavior of the 
films in the low-frequency range, is seen to drop 
monotonically with frequency. This results in the 
increase of 7's/T'y with frequency shown in Fig. 4 and 
at the lowest infrared frequencies in Fig. 2. Above about 
3kT./h, however, the transmission begins to fall. This 


J. E. Faber and A. B (London) 
A231, 336 (1955) 

™YV. L. Ginzburg and L. D. Landau, J. Exptl. Theoret. Phys 
(U.S.S.R.) 20, 1064 (1950); V. L. Ginsburg, J. Exptl. Theoret 
Phys. (U.S.S.R.) 29, 748 (1955) [translation: Soviet Phys 
JETP 2, 589 (1956) ] 
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"1G. 6. Frequency dependence of o)/awn for several lead and tin 


films in the superconducting state 


behavior can only be explained by assuming that a 
new component in the complex conductivity is becoming 
effective. Above 20kT../h, Fig. 2 shows that the trans 
mission through the film is essentially the same in the 
superconducting and normal states. Since the normal 
transmission is governed by the real (lossy) conductivity 
ov, it seems natural to assume that o,;=oy for fre 
quencies above 20kT,./h. Since we have established in 
IV-A that o;~0 below hw = 3k7 
the drop in T'5/T'y above hw = 3kT, with the appearance 
of a lossy conductivity component o; in the supercon 
ducting state. For the purpose of analyzing the infrared 
continues to fall 


, we are led to associate 


data, we shall assume that o2/an 
rapidly with frequency, and may be neglected for 
hw>5kT,. This assumption is strengthened by the 
fact that oy enters (2) only quadratically, and it will be 
verified by the final self-consistency and uniqueness 
of the solution. 

With this assumption, formula (2) 
determine a value of o;/aon from each measured trans 


allows us to 


mission ratio for AHw>5kT,. The results for three lead 
films and one tin film are plotted in Fig. 6. As with o» 
there is a remarkable degree of consistency among the 
values of o, inferred for all the films, when plotted in 
This 
is true despite the 5:1 range of film resistances and the 
fact that tin and lead films are plotted together. Some 
of the deviations from the smooth curve drawn through 
the data are probably significantly outside the experi 


terms of the reduced variables o,/awy and tlw/kT, 


mental error. None the less, to a good first approxi 
mation there seems to be a universal! form for the cutoff 
SRT, 


directly from the experimental data, since o./ay can 


The behavior of o;/ay for w< h cannot be inferred 
no longer be neglected. However, a, is falling rapidly 
at 5k7°., and an extrapolation to zero at 3kT, would 
appear to be close to the truth (at these low tempera 
tures). With our highly disordered films, it might seem 
reasonable that there should be some sort of a tailing 


off, rather than a sharp edge. The present evidence is 
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Fic. 7, Approximate universal frequency dependence of the 
complex conductivity of thin superconducting films at 7=0 
The curves of a;"/an and oy'/aw are shown separately to allow 
separate adjustment for 7>0. The fact that o, is shown going 
to zero at exactly 3k7, is not directly measurable with our present 
accuracy. The data do not really exclude any projected end point 
between 3 and 4 k7 


too meager, however, to justify any more complicated 
assumption than a straight extrapolation to zero.”! 

A real conductivity o,/on having the form suggested 
in Fig. 6 cannot be introduced without an associated 
imaginary conductivity, which we shall call the polar- 
required by the Kramers-Kronig 


/ 


izability term oy’, 
equations, ‘The 
depends on the shape of the cutoff for o;. In any case, 
it is negative, it has a maximum value near the fre- 
quency at which the cutoff takes place, and it has an 
area 4a oy 0) |= 4aon under the curve (when 
plotted on a logarithmic frequency scale), independent 
of the form of the cutoff. The function o2'(w)/an 
required by the Kramers-Kronig relations as a result 
of the experimentally suggested form of o,/aw has been 
calculated by numerical integration and is plotted in 
Fig. 7. This is added to o2”/an =3.7kT./hw, the compo 
nent found from the low-frequency measurements, to 
give ox/on, the total imaginary conductivity. ‘Two 
things are to be noted from the figure. First, for fre 
a,” showing 


exact frequency dependence of o» 


a\(w 


quencies smaller than about 2k7./h, o2 
that there is no contradiction caused by the fact that 
we only found a 1/w term from the microwave measure- 


“ and o» almost cancel, 


ments. Second, above 5k7.,, a» 
leaving only a small value for oy. This shows that the 
assumption used in obtaining o;/on from the trans- 
mission ratios, namely that o» 
for frequencies > 5k7,/h, is correct. 

As the final test for the self-consistency of the 


oy could be neglected 


analysis, transmission curves for films having the same 


resistance as those of Figs. 2 and 4 have been calculated 
using formula (2) and the conductivities of Fig. 7. The 
resulting curves are those shown in Figs. 2 and 4 

“It should be pointed out that the analytic approximation 
o,/on=1—w,2/w*, with hw,=3kT,., which was suggested in our 
preliminary report, does not give an adequate fit to our improved 
data 
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together with the experimental! points. (The curves for 
T/T,.=0.67 and 0.58 are based on temperature- 
dependent functions discussed in Sec. V.) In all cases 
the fit is satisfactory. Clearly each set of data could be 
fitted somewhat better by a suitably chosen pair of 
functions o;(w) and o2(w). However, considering that 
the functions chosen are averages based on films of 
many different resistances and of two different metals, 
the agreement is surprisingly good. 

Actually, the crucial point in this test is the accuracy 
with which the calculated curves fit the peak in trans- 
mission. In this region, from about 3 to 5 kT,, both o; 
and g, are important. Moreover, the value of 02 depends 
critically on the partial cancellation of a2” by oy’. 
Therefore, the agreement of the calculated and meas- 
ured peak heights within the experimental accuracy 
and reproducibility from film to film completes the 
circle of argument. It shows that the functions plotted 
in Fig. 7 are the unique conductivity functions satisfying 
all the experimental and theoretical (Kramers-Kronig) 
requirements. 

Of course, the accuracy of these functions is limited 
by the accuracy and extent of the experimental data. 
Unfortunately it is in precisely the most interesting 
region (that near 3k7,) that the limitations on accuracy 
are most severe. It is not possible to say whether o, 
has a sharp cutoff as shown or a slightly rounded one 
with a tail. Neither can one locate the exact position of 
the effective cutoff. However, it seems that it must lie 
between 3 and 4 kT, if the agreement found with the 
plotted functions (based on a sharp cutoff at 3k7,) is 
not to be seriously destroyed. 

To explain the results of the film transmission 
experiments, then, the real (lossy) conductivity must 
to a good approximation depend on frequency as indi 
cated in Fig. 7, being zero or at least very small up to 
frequencies corresponding for Pb and Sn to about 
3kT./h. Here energy absorption by the superconductor 
begins to become possible, and o, now increases rapidly 
with frequency until for w= 20kT,/h, or about seven 
times the cutoff frequency, energy is absorbed equally 
well by superconducting and normal material. This is 
suggestive of an energy gap model in which we suppose 
that a finite amount of energy £, is required to produce 
an individual excitation from a condensed, many- 
electron ground state. The film experiments indicate a 
gap width of about 3&7, for both Pb and Sn.” For 
hw<E,, the energy of the photons is insufficient to 
bridge the gap, and therefore no electrons can be 
excited. For photons having energies large compared to 
E, the presence of the gap will no longer be felt and 
superconducting and normal metal will act alike. For 


® While this paper was in preparation, Bardeen, Cooper, and 
Schrieffer [Phys. Rev. 106, 162 (1957)], have presented a new 
theory of superconductivity. It predicts an energy gap E,=3.7kT 
for tin, if one utilizes experimental values for H» and the specific 
heat parameter y. The very satisfactory agreement of this value 
with our experimental results strongly supports their theory. 
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photon energies just above E,, the shape of the “‘ab- 
sorption edge” o,(w) will depend on details of the 
density of states near the gap and the matrix elements 
for transitions across the gap. Therefore it should prove 
particularly useful in testing any proposed detailed 
model. 

The gap widths found here for Sn and Pb on the 
basis of a detailed study of the conductivity as a 
function of frequency are consistent with recent careful 
specific heat measurements.' For V, Sn, Al, and Tl and 
exponential dependence exp(— 7/7) is found for the 
low-temperature electronic specific heat, with B= 1.5. 
This exponential form suggests an energy gap E, in 
the spectrum of electronic excitations. The width of 
the gap would be BkT’, or 28kT., depending on whether 
the excitation produces one or two statistically inde- 
pendent entities. The latter situation [C~exp(E,/2kT) | 
obtains, for example, in intrinsic semiconductors, where 
a hole-electron pair is created by the absorption of a 
single quantum of energy. If this situation may be 
presumed to hold for the superconductor, then the 
specific-heat data yield an energy gap E,~3kT, in 
agreement with our spectroscopic result. 


V. TEMPERATURE DEPENDENCE OF 
CONDUCTIVITY FUNCTIONS 


A. Microwave Measurements 


The major departures from the low-temperature 
conductivity functions discussed in the previous section 
occur near 7, where for all frequencies a. must drop 
toward zero and o; must approach oy. Under these 
conditions, it is clear that our assumption that o)/oy 
is negligibly small at microwave frequencies can no 
longer be justified, even if o2/an is still much larger 
than 1. Some temperature dependence must be assumed 
to interpolate between o;/oy=0 at T=0 and o,/oy=1 
at T'=T,. We have followed the usual assumption, 
namely, that o;/oy=(7T/T,)*= for these fre- 
quencies well below the energy gap, where quantum 
absorption should be impossible. This is the conduc 
tivity associated with the ‘‘normal electrons’’ in the 
Gorter-Casimir” two-fluid energy gap 
model it may be considered to be the conductivity of 
electrons thermally excited out of the condensed state 


low 


model. In an 


into a roughly normal continuum of states. 

By using this assumption the 6-mm microwave data 
for Sn (hw=0.6kT,.) shown in Fig. 3 were analyzed, 
and the results for o,”/oy are plotted against tempera- 
ture in Fig. 8. These results are satisfactorily fitted by 


oo” (w,t) = (1—1)4o2"(w,0). (5) 


This dependence is contrary to the (1—/) dependence 


expected on the basis” that oo’~1/d and A~(1—#)-4. 
For comparison, a (1—(¢*) curve is also shown in Fig. 8, 
*C, J. Gorter and H. B. G. Casimir, Physik. Z. 35, 963 (1934) 
“T). Shoenberg, Superconductivily (Cambridge University 
Press, Cambridge, 1952). 
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Fic. 8. Temperature dependence of the imaginary part of the 
conductivity of a superconducting tin film at hw=0.6k7,. The 
experimental! points were obtained from the observed transmission 
ratios by assuming o;/ov = at this frequency. The data are best 
fitted by a (1—f)§ dependence, shown in the solid curve. For 
comparison, a (1—f) dependence, which had been expected, is 
shown by the dashed curve 


but it does not give an acceptable fit to the data. The 
temperature dependence given by the Pippard theory 
is (1—/*)', apart from a weak logarithmic factor. This 
dependence is even further from our results than the 
temperature dependence given by the simple London 
equations. This discrepancy shows that the details of 
the theory are still quite obscure. 

To test how strongly this conclusion rested on the 
particular form of the o,/aoy= assumption, the same 
data were analyzed by assuming instead that o2/(t) 

(1—)ae"(0), and solving for o;/oy. ‘The resulting 
temperature dependence gave o,/oy rising from 0 at 
!=0 to ~1.33 at /=0.9, then falling back to 1 at /=1 
Since there to expect 
anything but a continuous rise of o;/an from 0 to 1,”° 
it seems more likely that the former analysis is correct 
At the very least, it provides a reasonable form for 
0. Further experiments 


seems to be no clear reason 


extrapolation of the results to / 
at other frequencies should resolve this question as to 
whether oj, 02, or both have rather surprising tempera 
ture dependences. 


B. Infrared Measurements 


Since oy decreases to zero as T approaches 7, the 
assumption that a2 is negligibly small for hw>5kT, is 
on even firmer ground than it was in the analysis of 
Unfortunately the only 


available data on the temperature dependence of 


the low-temperature data. 


transmission with monochromatized infrared radiation 
is that on the lead film shown in Fig. 2. If this is 
analyzed using (2), it is found that [1—0,(w,t))/on | 

*® Note added in proof.-A counter-example is offered by the 
recent measurements of L. C. Hebel and C. P. Slichter [Phys 
Rev. 107,901 (1951) ], which reveal a maximum nuclear relaxation 
rate at an intermediate temperature near 0.87',. Thus there is now 
much less ground for rejecting the expected (1—f) dependence 
for a2” on the basis of the temperature dependence it would imply 
fora 
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~0).8[1—0;(w,le)/on |, where (;=0.3 and t,=0.67. 
Since (1—1t;4)=0.80 and (1—1,4)=0.99, this suggests 
that we take [1 


or 


a; (w,t)/on |= (1—0)[1—0;(w,0) /on | 


a\(w,t)/on = b+ (1—f)o\(w,0)/on (6) 


This was the function used in calculating the curves 
for the higher temperatures shown in Fig. 2. It should 
be noted that (6) has the property of reducing to 
a\/on=* for frequencies below 3k7T,. Hence it is con 
sistent with the assumption made in V-B. Although 
(6) behaves correctly in various limits, it is certainly 
oversimplified near the energy gap, since the width of 


the gap presumably varies with temperature, decreasing 


to zero as (+1. Further experiments will be required to 
settle the question. In any case, to the extent that (6) 
holds, the polarizability term o' derived from the cutoff 
of a, will vary simply as (1—/‘), keeping the same 
frequency dependence. Since o2’~(1—(*)', this makes 
the shape of the resulting o2(w) curve change as /-1. 
This effect has been included in calculating the trans 
mission curves for /=0.58 and 0.67 which are shown in 


Fig. 2 
VI. RELATION TO EXPERIMENTS OF BULK SAMPLES 


Throughout the foregoing discussion, we have stressed 
the qualitative agreement between the conductivity 
functions which we find and those required to explain 
the reflection and absorption measurements on bulk 
samples (for the frequencies at which they are available). 
The only major discrepancy between the results of the 
two types of measurements is that we find no evidence 
for a shift in the apparent transition temperature at 
any frequency, whereas the experiments’* on bulk 
samples indicate that the location of the sharp drop in 
the surface resistance curve shifts toward lower temper 
atures as the frequency is raised. A reasonable projec 
tion® of those results to a frequency of Sk7T./h (the 
midband frequency for our data of Fig. 3) would lead 
one to expect the break in the curve to be shifted down 
at least to a reduced temperature of 0.8. Such a shift 

3. The 
in Fig. 2 


is clearly incompatible with the data of Fig 
fact that the curves for 7=0.3 and 0.67 T, 

have such a similar shape at all frequencies shows that 
even for frequencies of 15&7./h the effect is well under 
0.677... This 
preclude any shift which increases systematically with 


way at additional evidence seems to 


frequency, at least in the frequency region above 
~SRT Sh 

In view of these results, the interpretation of the 
apparent shift of 7, with frequency found in the bulk- 
metal measurements becomes rather difficult. No clear 
contradiction is present, however, since the experiments 
measure two quite distinct quantities, between which 
no obvious relation exists. This decoupling occurs 
because in the film experiments the electronic mean 
free path is severely limited by the geometry and 
imperfection of the sample. This eliminates anomalous 


Pah, 
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skin-effect problems and also appears to introduce a 
simple connection between conductivities in the super- 
conducting and normal states which is not present in 
pure bulk metal. Thus, even the complete frequency 
and temperature dependences of the film conductivity 
(which are not yet available with any certainty in the 
critical region) would not be sufficient to allow a 
straightforward prediction of the result of a measure- 
ment of the surface resistance R of a bulk supercon- 
ductor. For orientation purposes, however, we have 
made calculations along this line, neglecting the anom- 
alous skin effect and the lack of connection between 
o,” and oy in pure bulk metal. The results suggest 
that at temperatures just below 7, one might find 
either a relatively smal] increase or decrease in R for 
w2w,, depending on the details of the cutoff of o, for 
T>0O. Thus it seems quite reasonable that the change 
in R for these high frequencies should be small for 
temperatures just below 7, if an energy gap is opening 
up from zero width at 7,, but it seems rather unlikely 
that there should be no change at all. Certainly further 
experimental! investigation is required in this direction. 


VII. CONCLUSIONS 


rom transmission measurements through films of 
lead and tin, the frequency dependence in the region 
from 0.3 to 40 kT./h of the complex conductivity in 
thin superconducting films has been determined. These 
measurements include most of the previously-unex- 
plored frequency regions in which a superconductor 
changes from an essentially lossless conductor (for 
T<T,) to a normal one. The frequency dependence 
(shown in Fig. 7) appears to be approximately a 
universal one, provided the conductivity (0;—i02) is 
reduced in terms of the conductivity oy of the film in 
the normal state and the frequencies are reduced in 
terms of kT./h. This approximately universal depend- 
ence appears to be. independent of film resistance, 
thickness, degree of anneal, and material (for the two 
metals tried). 

At T=0, the real part 0; appears to be zero for photon 
energies less than roughly 3k7., where it rises rapidly, 
reaching its limiting value oy at about 20k7T,. Such 
behavior suggests a gap of width =3kT, in the elec- 
tronic-excitation spectrum of the superconducting state. 

At T=0 and hw<kT,, o2 is well approximated by a 
term with the London-type frequency dependence 
(1/w), namely o2!/on=akT./hw with a=3.7. The 
magnitude of this term is greatly reduced from the 
value expected on the basis of the London equations 
and the penetration depth in bulk material. The 
London equations also fail to predict the existence of 
such a universal relation. A reduction to just this 
universal function (but with a=6.7) would be expected 
on the basis of Pippard’s nonlocal modification of the 
London equations. 

Above tw=kT,, a polarizability term o2'(w), which 
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is a necessary consequence, through the Kramers- 
Kronig relations, of the cutoff of o;(w) near 3kT,, 
becomes important and tends to cancel o2”. As a 
result, 72 is reduced to a small value for frequencies 
above 4-5 kT ./h. 

At temperatures 0<7<T, there is some evidence 
that o;(w,t)/oy=+ (1—f)o,(w,0)/on. For frequencies 
<kT, this reduces to o,/ov =“. If the data are analyzed 
under this assumption, the temperature dependence of 
a," seems to be o2"(w,t) = (1—4)!a2"(w,0), as opposed 
to the (1—#) dependence expected from penetration 
depth measurements as interpreted with the London 
equations. The temperature dependence predicted by 
the Pippard theory is in even worse agreement with 
the experiments. 
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APPENDIX A. ANALYTIC METHODS FOR REDUCING 
TRANSMISSION MEASUREMENTS TO 
CONDUCTIVITIES 


If we idealize the actual situation to that of a film of 
thickness d ( wavelength or skin depth) laid on a 
substrate of thickness / and index of refraction n, we 
may calculate exactly the transmission of a normally 
incident plane wave. The result is 

&n* 
A+B cos2kl+C sin2kl 
where 
A =n'*+6n?+ 1+ 2(3n?+1)¢+ (n?+1) (0? +2"), 
B=2(n?—1)g—(n?—1)?+ (n?—1) (6°+-g"), 
C=2(n?—1)nb, 
k=nw/c, 


(a,;—102)dZy 1s 


and y=g—1b= YZo= (G—1B)Zo the 
dimensionless complex admittance per square of the 
film in units of the admittance Z,' of free space. 
(Zo 


4a/c, cogs; 377 ohms, mks.) 


Infrared Case 


In the infrared experiments we use a band of fre 
quencies so wide that the periodic functions of 2k/ go 
through at least a complete cycle within the pass band 
This allows us to average over 2k/, with the result 


se 8n? 8n? P+C 
T = i (: + ) (A-2) 
(A2— BC) 2A? 


Since B and C are always less than A, and usually 
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much less, the corrections from the multiple internal 
reflections are second order and very small (typically 
of order one percent). Moreover, since we are only 
interested in the ratio of transmission in two rather 
similar cases, these errors tend to cancel. In this way 
we see that we are justified in analyzing the infrared 
data using the simple formula quoted previously" for 
the ratio of the transmission with film to that with no 
film. In our present notation, it has the form 


T = \14+y/(n+1) (A-3) 


and it is equivalent to formula (1) in the body of the 
article. This formula is derived by neglecting reflection 
within the substrate from the start, since it is clear from 
elementary considerations that the multiple internal 
reflections will not exert an important influence so long 
as the average over phases is justified and the reflection 

In the normal state 
the de 


coethcients are reasonably small 


yy =n =Zo/Ry, where Ry is resistance per 


square of the film in the normal state. Therefore 7’, 


is independent of frequency 

By expressing y in (A-3) in terms of o and taking the 
ratio of the expressions for transmission in the normal 
and superconducting states, one can solve for o\/ay 
The result is 


[1+ (n+1)(Rw/Zo) |{(Tw/T's) 
(n+1)(Rwy/Zo) |-?y4— (n+1)(Rw/Zo) 


O;/ON (de an)’ 


«1-4 (A-4) 


Note that o2/oy enters only quadratically compared to 
a number of order unity. Therefore, so long as o2/an 
is small, as it turns out to be for MHw> 5k7,, we can take 
it to be equal to zero in (A-4) without making any 
serious error. Inspection of (A-4) shows that the value 
o\/on Obtained in this way is a rigorous upper bound 


In any case 


Microwave Case 


In the microwave region we use monochromati 
radiation and the thickness of the substrate is com 
parable with the wavelength. This obliges us to use the 
complete formula (A-1) in the interpretation of the 
data, since the multiple internal reflections now give 
first-order effects. Further, the high reflectivity of the 
superconducting film for these microwave frequencies 
enhances the magnitude of reflections. The 
necessity for properly including these effects is made 
clear by the fact that for our value of / they keep 7.5/7 y 
roughly the same for 6-mm, 4-mm, and 3-mm radiation 


these 


despite a change by a factor of 2 in the film admittance 
over this frequency interval 

For the purpose of analyzing the data, it is convenient 
to form the ratio of two expressions of the type (A-1) 


I's gn’ t+agnt+y 


A-5) 
Ty B+g*+ag+pb+y 
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a= D | 6n?+-24-2(n?—1) cos2kl}, 
B=D™ | —2n(n?—1) sin2kl), 

y= DD" n*+-6n?+1— (n?—1)* cos2kl |, 
D=n'+-1+-(n?—1) cos2hl, 


and where gy and (g—1b) are the dimensionless admit- 
tances of the film in the normal and superconducting 
states, respectively. The parameters a, 8, y may be 
calculated once and for all for a given n and &l, that is, 
for a given substrate and operating wavelength. The 
admittance gy=Z»/Ry is known from the dc film 
resistance. Thus the observed ratio 75/7 is reduced 
to its dependence on the superconducting admittance 
(g—-1b), which is to be determined. The superconducting 
conductivity is then related to the normal conductivity 
by (01:—1t02)/on = (g—ib)/gn. 

Obviously one cannot determine both the real and 
imaginary parts of the conductivity at a given frequency 
from a single measurement of 7's5/Ty at that frequency. 
Except near 7=T,, however, o2 is dominant in the 
microwave frequency region for which (A-5) is useful. 
Therefore it is most useful to solve (A-5) for o2/on 
with o;/on, or g, entering the formula as a correction. 
The desired result is 


b/gn= gn '{ —B/2+[ (8/2)? 
+ (Ty ‘IT s)(y + agn + gn’) “Te g° |). 


02/ON 
(A-6) 


Since a is a positive quantity, we may always obtain an 
upper bound on o2/oy directly from a measured value 


0 in (A-6). In the 


O1/ON 


of T's/Ty simply by setting g 
analysis referred to in Sec. V, we assumed g/gw 

(T/T,)*. This allows o2/ay to be determined. Know- 
ing both o;/on and o2/on, we can then calculate the 
value that 7's/7'y would have in the absence of internal 
reflections by using (2). 


APPENDIX B. KRAMERS-KRONIG 
CAUSALITY RELATION 


The Kramers-Kronig integral transforms'® relate the 
real and imaginary parts of any linear response function 
with no poles in the lower half of the complex frequency 
plane. This condition is equivalent to the causality 
requirement that no effect precede its cause. Expressed 
in terms of conductivities, these relations are 


J 
a. 


In obtaining these, one takes advantage of the fact that 


® wiay(w;)dw, 
a1(w) 


d4(w) 


but 
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a(w) =a0*(—w). That is, 7;(w) must be an even function, 
whereas o2(w) is odd. Also, we have used the assumption 
that o(w) vanishes in the limit of infinite frequency, 
as is reasonable physically. 

In the case of a superconductor, we have the lossless 
London-type conduction mechanism o2”=a/w in addi- 
tion to terms satisfying the above restrictions. This 
provides a pole at the origin which must be treated 
separately. This separation is possible because linearity 
allows superposition. We gain physical insight into the 
situation by handling this extra term by a direct 
application of the causality principle. Imagine an 
impulsive electric field &(t)=6((—O) is applied to a 
superconductor. If the current j(/) which results from 
this pulse is calculated using o2” alone, the result is 
odd. That is, j7(—t)=—j(t). Therefore a current of 
prescribed strength would be required to have existed 
before the pulse of emf producing it. It would merely 
change sign when the pulse occurred. To obtain the 
physically sensible result, namely a current which 
starts at /=0 when the pulse is applied, it is easily 
verified that we must introduce an additional real 
conductivity having the form o,(w) =wa6(w—0). There- 
fore the London-type conductivity has no o, associated 
with it except at zero frequency. Since o, is infinite 
there, it could cause no energy dissipation even if o» 
were finite. 

We also note that o;=oy=constant in the region of 
interest would give rise to no o» term through (B-1). 
Thus the magnitude of oy and o," are allowed to be 
completely independent, and this is found to be the 
case in bulk samples. The fact that we find an apparent 
proportionality between the two in the film samples is 
therefore an unexpected result. 

In view of the last two paragraphs, the role played 
by the integral relations (B-1) in our work is only to 
relate the cutoff of o, at low frequencies, associated 
with the energy gap, to a polarizability term, which we 
denote a2’. (Section IV.) This term represents the high 
polarizability or dielectric constant (€=—4202/w) at 
low frequencies which is a necessary consequence of the 
low-lying excited states above the gap. Classically, 
this high polarizability corresponds to the small re- 
storing force (~wo’) in an oscillator of low natural 
frequency. The characteristic frequency in a supercon- 
ductor is of the order of 10 cm™', whereas in ordinary 
materials it is of the order of 1 ev or 10‘ cm™. Therefore, 
the dielectric constant corresponding to a’ (for hw< E,) 
is ~ 10° times as great as those (~1) found in ordinary 
materials. The existence of a large dielectric constant 
of this sort was predicted many years ago by Landau. 
As is seen in Fig. 7, even this huge value is swamped 
by the “inductive” polarizability, denoted by o»! 
until a frequency of order k7./h has been reached 
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\ new type of instrument has been used for measurements on Mg metal and single crystals of Lik, NaCl, 
KCl, KBr, and KI. The data, after correction for instrument resolution, yield the momentum distribution 


of either the photons or the center of mass of the positron and electron just prior to annihilation 
mentum distribution obtained for NaCl is accounted for by assuming (a 


rhe mo 
that the positron is bound to the 


chloride ion in an s state, (b) that annihilation takes place with one of the electrons of the closed shell, and 


(c) that the overlap wave function is of the form (r 


b)*e°™" 


for 30% of the annihilations taking place with s electrons for which b 


Best agreement with experiment was obtained 


0.75 A, and m=3.64 A! and the 


other 70% with p electrons for which b=0.70 A and m=4.00 A“ 


I. INTRODUCTION 


HE measurement of the angular correlation of 
two-photon annihilation radiation will, when the 
data are corrected and properly analyzed, lead to the 
distribution of the total momentum of the positron and 
electron just prior to annihilation.! The value of such 
information is strengthened considerably by theoretical 
calculations which indicate that a positron is reduced 
to thermal energies before it is annihilated.? The results 
obtained for positrons annihilating in certain metals 
confirm these calculations,’ since the momentum distri 
bution obtained is largely that expected on the basis of 
the Fermi distribution of the free electrons. 

The alkali halides are of interest since they are ionic 
crystals. This provides the possibility of the positron 
becoming bound to the negative or halogen ion.‘ The 
binding energy of the positron to the isolated chlorine 
ion as calculated by Simons? is 3.74 ev in the ground 
state. When takes the Madelung 
correction due to the neighboring ions in the crystal,® 
the binding energy in NaCl is 8.4 ev.’ 

Although the alkali halides have already been studied 
by Lang,* our results are reported here since we have 
obtained more detail. Since the experimental arrange 
ment used in this investigation is basically different 
than that used in other measurements of this type, a 
detailed description of the apparatus is included here. 
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The measurements which have been reported thus 
far have in every case determined a set of numbers 
proportional to the probability that the total mo 
mentum of the annihilation photons has a ¢ component 
lying between p, and p,+-Ap,. The probability that the 
total momentum of the annihilation photons, p, lies 
between p and p+Ap, i.e., N(p)Ap, is obtained from 
the data as follows. Let the coincidence counting rate 
measured at an angle 6, after correction for instrument 
resolution, be represented by C,(@). Then 


V(p) « ddC,(0) /dé, 


where p is equal to @ times the momentum of an 
annihilation photon, i.e., p= Om 

The apparatus described here yields, after correction 
for instrument resolution, numbers which are propor 
tional to the probability that the total momentum has 
a p component in cylindrical coordinates which lies 
between p, and p,+Ap,, ie., C(p,)Ap,. If we let 
D(p,)=C(p,)/2ap,, then D(p,) « D(6), since p,= Ome, 


and 
“1 dD(0,) 
V(p)« wf dé, 
0, db, 


0 


where p=Ogmc and 0,=[07 +6 }! 

One advantage of the latter method is that N(p) is 
determined with less error since it is obtained from a 
sum of slopes rather than from the slope at a point. As 
will be seen later, an additional advantage lies in the 
improved counting efficiency 


Il. APPARATUS 
1. Geometry 


‘The experimental measurements determine the rela 
tive number of pairs of annihilation gamma rays having 
an angle between them which lies between m— (6+ A@) 
and r—8@. This relative number is determined by scintil 
lation counters connected in coincidence as indicated in 
Fig. 1. 

One of the collimators placed in front of the scintil 
lation counters defines a narrow cone originating at the 
sample (collimator B, Fig. 2) while the other defines a 
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hic. 1, Schematic diagram of apparatus 
thin conical shell coaxial with the cone defined by the 
first. This arrangement will admit 
gamma rays falling into a cone with a half-angle of one 
milliradian and in the opposite direction those falling 
into the conical shell with a half-angle Q, and a thickness 
The coincidence 
arrival in 


in one direction 


of plus and minus one milliradian 
circuit that their time 
agreement to within 0.7 psec. 

The geometry is indicated schematically in Fig 
The distance 1 from the sample to collimator “A 


indicated of was 
2 
” was 
varied according to the angle Q to be selected and the 
particular collimators used. The range used was from 
one to two meters. The thickness of the conical shell 
was kept at 2 milliradians for {2 set at an integral 
number of milliradians. The half-integral positions were 
obtained by keeping the collimator fixed and changing 
L appropriately. For convenience collimator “A” and 
its counter were set up on the carriage of a lathe with 
the axis parallel to the lathe bed. The source and sample 
holder was clamped to the head stock. The three sets of 
collimators were aligned with the aid of a surveyor’s 
transit 

A source strength of approximately 0.7 millicurie 
gave a counting rate of about 1.3 counts/minute be 
tween 2 and 6 milliradians. We did not continue taking 
data when the counting rate dropped below 0.25 
count/min, Approximately one month of continuous 
operation was required to take the data for each sample 
measured. The apparatus was checked frequently for 
reliability and reproducibility. The coincidence counting 
rate at a given angle Q was divided by the singles 
counting rate in “A” with the same collimator. Since 
the latter is proportional to the solid angle of col 
cou. 
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2. Diagram of collimators and sample 
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CASTILLO-BAHENA 
limator ‘‘A,”’ this ratio is proportional to the coincidence 
counting rate per unit solid angle. 


2. Calculation of Resolution 


Before the data may be analyzed to determine the 
momentum distribution, they must be corrected for the 
finite resolution of the apparatus. To do this we must 
first calculate the resolution of the apparatus. This 
calculation must be carried out for each angle at which 
data were taken. 

For a given collimator defined by the central angle 
{l,, we want to determine the relative probability of 
counting gamma rays correlated at some angle y. The 
first step in determining this probability is illustrated 
by Fig. 3. A point 1,4; in the sample is considered as 
the source of two gamma rays correlated at the angle 
y. If one of these gamma rays strikes collimator “B” at 
the point p,6 then the other gamma ray will strike 
collimator “A’’ somewhere on the approximately circular 
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Kic. 3. Diagram illustrating the method of determining, for a 
given set of collimators defining the central angle Q, the relative 
probability of counting gamma rays correlated at an angle y 


line indicated. The probability of this giving rise to a 
count is proportional to the length of are falling within 
the opening in the collimator, This are length is re- 
corded for a fixed point in the sample (p;,4,), while the 
point in collimator “B”’, (p,), is varied until the opening 
in collimator “B” is covered. Then a new point in the 
sample is used and the process is repeated. When the 
calculations have been carried out for all points in the 
sample the calculation is complete for that value of y. 
Now the calculation is repeated for other values of y 
until the resolution curve for Q» is determined. The same 
calculation is carried out for all values of Q.. Three of 
the resolution curves obtained are shown in Fig. 4. 


3. Data Correction 


When all of the resolution curves are obtained, the 
data correction may be carried out. The procedure is 
one of trial and error. 

To explain this procedure, let us assume that we 
guess the corrected data to be 7(@) and the resolution 





ANNIHILATION 


curve for the collimator at the angle 6, is given by 
2,(0). Then let the generated function be defined by 


s 


G(8,) [ r@2,(040 


0 


When a 7(@) is found such that G(@,) equals the data 
measured at the angle @, and this equality holds for all 
values of 6, for which data were taken, the 7(@) is the 
corrected data and it will be designated by D(@). The 
trial function 7 is adjusted until this condition is 
satisfied. 

The raw and corrected data for Lik are given in 
Fig. 5. 


4. Momentum Distribution from the Data 


Consider the meaning of the corrected coincidence 
rate per unit solid angle, i.e., D(@). First note that by 
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lic, 4. Resolution curves obtained for the collimators defining 
the central angle { equal to 1, 3, and 6 milliradians 


conservation of momentum the sum of the momentum 
of the positron and electron just prior to annihilation is 
equal to the sum of the momentum of the two annihi 
lation gamma rays. The momentum sum, #, is very 
small compared to the momentum of one of the 
gamma rays which is approximately the rest mass of 
the electron times the speed of light, mc. The projection 
of the momentum sum onto a plane perpendicular to 
the direction of one of the gamma rays, py, is approxi- 
mately mc. The coincidence counting rate at a given 
angle @ is proportional to the probability that the 
momentum vectors in momentum space terminate on a 
thin cylindrical shell of radius p,=4mc. The coincidence 
counting rate per unit solid angle is proportional to the 
probability that p falls in one narrow element of this 
cylindrical shell. 

Now consider how these corrected data lead to the 
momentum distribution. Let C(p,)Ap, be the proba- 
bility that the vector p in momentum space will termi 
nate somewhere on a cylinder of radius p, and let R(p) 
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Fic. 5. Curves illustrating the effect of the correction for the 
instrument resolution. The upper curve gives the uncorrected 
data; the lower curve gives the data after correction. The un 
certainties indicated are estimated probable errors 


be the density in momentum space such that 


Cp AP, inp, f RL (p+ p.’)? Je p.} 9P, 


Note that the corrected coincidence counting rate at a 
given angle @ is proportional to C(p,), where p, = Ome 
and C(p,)/2xp,= D(p,) is proportional to the corrected 
coincidence counting rate per unit solid angle, Then, by 
expressing C(p,) in terms of D(p,), we have 


D(p,) of R| (p,’ + p)? \dp, 


Now taking the derivative of both sides of this expres 
sion with respect to p,, 


* ORL(p,?+ p/)* | 
of dp, 
0 Op, 


The integral may be rewritten in terms of a derivative 
of R with respect to p 


dD(p,) 
dp, 


“dR dp 
D'(p,) dp 
dp, 0 dp dp, 


dD(p,) 


Since 


P=p,+p? and dp=(p,/p)dp, 


it follows that 


“dR | 
D’(p,) 2p, f dp, 
o dp (p+p7)! 
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Fic. 6. Plot of D'(p,)/p, versus p, (the curve on the right) 
The uncertainties indicated are estimated probable errors. To 
replot this quantity versus p,=(p,*—p,/)' for a particular p,, 
each point is shifted to the left by the appropriate amount. This 
method is illustrated for the case py=4mcXK10™* by the curve 
on the left (for which the abscissa should now be read as p,) 
The dashed circles indicate the geometrical] construction of p, 
from p, for this value of p, 


Now writing p, as (p2+> ,’)', dividing both sides by 
p,, and then integrating over p,, we have 


D'U(p2+p,’)") 
dp, 
(p.’+ py)’ 


ff ARL (p+ by +92)*) 
0 0 ‘ dp 


The double integral on the right may be expressed as a 
single integration by going to cylindrical coordinates, 
i.e., the double integral is replaced by 


*“dR ppdp, “dR 
rf rf dp 
0 dp (p,+p,’)' dp 


Py 


dp dp, 
(pitpy+pe)? 


WwR(p,). 


The probability that the total momentum lies between 
p and p+Ap, namely N(p)Ap, is found from the 
density R(p) by the following relation: 


V(p)Ap=4rp’R(p)Ap 


Therefore, the probability N(p) is obtained from the 
data by the following prescription : 


” D'(p2+p,’)') 
V(p) ap f dp, 
0 (p.4 p,*)! 


The fact that the data are taken for a particular p, and 
D'(p,)/p, is integrated over p, is only a minor incon 


R. CASTILLO-BAHENA 
venience since the abscissa is just transformed by the 
relation p,’=p,’+p,?. The derivative of the corrected 
data is obtained by a least squares method. The 
integration is obtained with the aid of a planimeter. 

A plot of D’(p,)/p, versus p, for LiF is given in Fig. 
6. The abscissa transformation is illustrated for 


py =4mceX 10°. 


Ill. RESULTS 
1. Check on Method 


A check on the operation of the apparatus and the 
method of analyzing the data is obtained from the 
measurements on magnesium. When a high-speed 
positron enters a metal it is rapidly slowed down to 
thermal energies and is then annihilated by one of the 
conduction electrons. For metals the density function 
R(p) equals unity up to the Fermi energy and then it 
abruptly drops to zero. The N(p) should then be pro- 
portional to p? up to the maximum p allowed, pr, where 
pr’/2m equals the Fermi energy, and then it should 
drop to zero. Our results are compared with the calcu- 
lated Fermi distribution in Fig. 7. Note that the 
parabolic shape fits at the lower momenta. The solid 
line representing the Fermi distribution is extended 
until its area is equal to the area under the shaded 
portion of the data, The peak momentum determined 
in this manner yields an energy of 6.96 electron volts. 
If the valence of magnesium is taken to be 2.00, the 
Fermi energy is calculated to be 7.09 ev. This represents 
an error of 1.8% in the energy. More extensive measure- 
ments and analysis are needed, however, to determine 
whether or not this agreement is fortuitous. 
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Fic. 7. Comparison of the experimental momentum distribution 
for magnesium, dashed curve, with the calculated Fermi distri 
bution, solid curve. The area under the shaded portion of the 
dashed curve is the same as that under the solid curve 
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8. The experimental momentum distributions obtained for Mg, LiF, NaCl, KCI, KBr, and KI 
Ihe estimated probable errors for some of the points are indicated 


2. Alkali Halide Crystals 


The N(p) versus p curves obtained for Mg, LiF, 
NaCl, KCl, KBr, and KI are given in Fig. 8. The 
estimated probable errors for some of the points are 
indicated. 

To account for the shape of the N(p) curves, we 
assume the positron is bound to the halogen ion and 
that annihilation takes place with one of the two s 
electrons or six p electrons in the closed shell of the 
halogen ion to which it is bound. The bound positron 
is assumed to be in an s state. The total momentum of 
the two annihilation gammas is assumed to be equal 
to the vector sum of the momentum of the positron and 
electron just prior to annihilation. 


If we knew the wave functions of the positron and 
electron, the momentum distribution of the annihilation 
lerrell! 


V(p)« e| fe & Vode] 


hk, Y¢ is the product of the wave functions 


radiation could be determined. has indicated 


that 


where p 
of the positron and electron, and dr is the element of 
volume. 

lerrell' made an analysis of some NV(p,) data for the 
alkali halides taken by Lang et al.* For this analysis he 


assumed the wave function of the positron to be a delta 
function. The momentum distribution obtained by such 
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Fic. 9, Comparison of calculated and experimental momentum 
distributions obtained for NaCl. The individual contributions due 
to s and p electrons are indicated by the dashed curves, their sum 
by the solid curve, and the experimental values by the solid 
circles, The contribution due to s electrons is 30% of the total 
rhe estimated probable errors for some of the points are indicated 


a wave function leads to a sequence of peaks which 
decrease only slightly in amplitude with increasing 
momentum 
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In this analysis the product y¢y was taken to be 


Yovo- Ao(r—bo)*e saad for r>by 


= for r<bo, 


for an s electron annihilating the s positron and 


Vigi=A,(r—b,)*e-™’ cos? for r>b, 


=< for r<by,, 


for a p electron annihilating the s positron. The calcu- 
lation was carried out for a wide range of parameters 
with the aid of a C.P.C. The fit was made for the 
momentum distribution obtained for NaCl. The 
parameters giving best fit for the annihilation with an 
s electron were b)=0.75 A and my = 3.64 A and 29.8% 
annihilated in this way. For annihilation with a p 
0.70 A and m,=4.00 A-!. The results of 
this analysis are shown in Fig. 9. The dashed curves are 
the separate contributions for s and p electrons, the 
solid curve their sum and the solid circles the experi- 
mental values. 

Further attempts are being made to account for the 
shape of the other N(p) curves. 
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The values of the energies at the point K=2ra™(1,0,0) are calculated in Si by the orthogonalized plane 
wave method. The curves of energy versus K are drawn in the [100] direction. The results are in agreement 
with the fact that Si is an insulator. They also indicate that the minimum of the lowest conduction band 


lies near the surface of the zone 


HE orthogonalized plane-wave method has proved 
to be quite accurate in giving the energies of a large 
number of electronic bands at high symmetry points of 
the reduced zone.' Woodruff? has presented the method 
in a convenient form and has used it to evaluate the 
energies of the valence and conduction bands in silicon 
at the point K 
work the energy bands have been calculated at the 
point K= 2ra-'(1,0,0) by the same method 
The sets of plane waves (100), (O11), (120), and 
(211) have been used in deriving the crystal symmetry 
combinations of plane waves, which transform accord- 


0 of the reduced zone. In the present 


ing to the irreducible representations of the small 


group of the wave vector K= 2ra~!(1,0,0).* The approx- 


TABLE I. Orthogonality coefficients, A,i(| K+h|).* 


(a*/4n?)|K+h|? Au(|K+h]) Au({|K+h iAw(|K+h|) 
0.15937 
0.14865 
0.12142 
0.11374 


0.016941 
0.016874 
0.016674 
0.016608 


0.045692 
0.060936 
0.081406 
0.084505 


® Ani({K+h]) = (Q0)9 func exp(i(K +h) -r]dv, where uni is the core 
function for the atomic state and Q is the volume of the unit cell 


TaBLe IT. Energies (in rydbergs) of valence and conduction states 


in Si crystal with K =2ra™(1,0,0). 


Xi(1) Xa(1) Xi(2) Xa(l) X4(2) 
~ 1.0035 
- 1.1153 
1.1164 
1.1665 


~1.1871 


0.7674 
~(),.9464 
0.9552 


0.2880 
0.0956 0.4504 


0.2413 


0.4547 
~0.4927 
0.5408 
~0.5408 


* The subscripts attached to Z indicate the order of the secular deter- 
minant used in obtaining the energies 
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263 


imate atomic-core wave functions and the energy 
eigenvalues for the Si atom have been evaluated by 
Woodruff? The coefficients of orthogonality between 
the plane waves and the core functions are listed in 
Table I. Since the Fourier coefficients of the potential 
do not depend on the wave vector K, Woodruff’s values 
of these quantities have been used. 

The final results obtained for the energies are pre 
sented in ‘Table II. At the point K 
the point K 


appear in the same order in Si as in diamond. 


2ra™'(1,0,0), as at 


(0,0,0), the energies of the various states 


In Fig. 1 the curves of energy versus K are plotted 
along the [ 100 | axis. The results of ‘Table LI and those 
of Woodruff for the same stage of approximation were 
used. The interpolation scheme is that proposed by 
Slater and Koster‘ and the integrals over atomic orbi 
tals are treated as parameters to be fitted to the 
calculated values of the energies. 

From the position of the energy bands in Fig. 1, it 


can be seen that Si should be an insulator. This was 
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Fic. 1. Diagram of the energy band structure of Si 
along the [100] axis 


‘J. C. Slater and G. F, Koster, Phys. Rev. 94, 1498 (1954) 
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not the case in a recent calculation by Jenkins,’ who 
used a variational cellular method. It is difficult to 
determine the position of the minimum of the conduc- 
tion bands, because the energies at I'\, and at X,(2) 
are almost equal and the interpolation scheme is only 
approximately valid. Since, however, it has been shown? 
that the value of the energy at I'\, decreases very little 
if plane waves of higher energy are taken into account, 


*D. P. Jenkins, Proc. Roy. Soc. (London) A69, 548 (1956). 


"HYVYSICAL REVIEW VOLUME 


108, 


BASSANI 


it is to be expected that the minimum should lie near 
the point K= 2ra~(1,0,0), as predicted by Herman.* 
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Observations in n-type germanium show a decrease in the anisotropy of the magnetoresistance with in 
creased ionized-impurity content and with decreased temperature. Although similar to what is expected due 
to ionized-impurity scattering, the details of the variation do not agree with calculations assuming aniso 
tropic impurity scattering. Deviations from the magnetoresistance symmetry conditions are observed for 
crystals with electron concentration n>4 X10" cm™* at 77°K 


HE interpretation'® of magnetoresistance obser- 
vations’ in n-type germanium has confirmed the 
(111) symmetry of the band structure deduced from 
cyclotron resonance experiments**® at low temperature. 
However, there is apparent lack of agreement between 
the anisotropy observed®* in the low-field galvanomag 
netic effects and that expected from the cyclotron- 
resonance effective masses. It has also been observed 
that the magnetoresistance anisotropy seems to be a 
function of the concentration of impurities and the 
temperature at which the measurements were made. 
In this paper, experimental data pointing out this 
effect are presented, and possible explanations are 
discussed 
The magnetoresistance coefficients’ b, c, and d are 
defined in Eq. (1). This expression describes the mag- 
netoresistance for a cubic crystal inthe low-field region, 
i.e., where the change in resistivity is proportional to 
the square of the magnetic field, 


eH? 
Ap (I-H)? (1 


+d 
Pp 


b+e (1) 


pif® PY 


In this equation p is the resistivity, and I and H are 


1B. Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954) 

*M. Shibuya, Phys. Rev. 95, 1385 (1954) 

5G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1951) 

‘ Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955) 

5 Dexter, Zeiger, and Lax, Phys. Rev. 104, 637 (1956) 

® Benedek, Paul, and Brooks, Phys. Rev. 100, 1129 (1955) 

7 C, Goldberg and R. E. Davis, Phys. Rev. 102, 1254 (1956) 
*M. Glicksman, Phys. Rev. 100, 1146 (1955) 


the current and magnetic field, with the components 
taken along the cubic axes. For a conduction-band 
structure like that in germanium, the coefficients 
satisfy the conditions: 


b+c=0, d>0. (2) 


These coefficients are functions of the relaxation time 
r and the shape of the energy surfaces, as represented 
by the ratio of longitudinal to transverse effective 
masses, K,,. If a specific form is assumed for the de- 
pendence of 7 on energy, A,, can be calculated directly 
from the magnetoresistance. If, in addition to the 
magnetoresistance, the Hall coefficient R and the con- 
ductivity o are known, K,, can be calculated, provided 
that 7 is a function only of the energy of the carriers. 
Observations of the quantity 


b+c+d 
b+ ( Roa)’ 


can be used to calculate’ K from Eq. (4). 


K*—2K+1 
W 2( ) 

2K?+5K+2 
Here K is the ratio of the mass anisotropy K,, to the 
relaxation-time anisotropy K,. The latter is defined as 
the ratio of longitudinal to transverse scattering times 
in the same directions as the mass ellipsoids. If 7 is a 


(4) 


*C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
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function of the energy only, K, is unity and K is equal 
to Km. 

The low-field data, analyzed in this way, yielded a 
considerably lower value for K than the 19.3 value‘ for 
K,, derived from cyclotron resonance observations. The 
Pearson and Suh! data*® give 10-11; Benedek, Paul, and 
Brooks® calculated 14.5; Goldberg and Davis’ report 
values close to 12, and the author has also reported* 
values between 12 and 13. On the other hand, the same 
parameter K calculated from measurements of high- 
field magnetoresistance by Furth and Waniek" and by 
Broudy and Venables" has values close to the cyclotron 
resonance value. Recent magnetoconductivity experi- 
ments by Goldberg” also give close to 20 for this ratio. 
There is thus a discrepancy between values of the same 
parameter K calculated from these somewhat different 
experiments. The observations to be described were 
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Ihe magnetic-field dependence of the magnetoresistance 
for a heavily doped crystal of n-type germanium 


made to investigate the effect of impurity scattering on 
the low-field magnetoresistance values K. 

The measurements were of the conventional dc type, 
making use of bridge-shape samples.’ The Hall effect 
and magnetoresistance effects were measured as a 
function of the magnetic field, in the range 500 to 
10 000 oersteds, in order to search out the low-field 
region, where the Hall voltage is proportional to the 
magnetic field and the magnetoresistance proportional 
to the square of the field. Sufficient observations were 
made to calculate the three coefficients b, c, and d. 

In Figs. 1 and 2, typical results for the magneto 
resistance as a function of magnetic field are plotted. 


“ H. P. Furth and R. W. Waniek, Phys. Rev. 104, 343 (1956) 
"RR, M. Broudy and J. D. Venables, Phys. Rev. 103, 1129 
1956) 

2 C, Goldberg, Bull. Am. Phys. Soc. Ser. I, 2, 65 (1957) 
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The magnetic-field dependence of the magnetoresistance 
in a crystal with intermediate doping 


Fic. 2 


The crystal described in Fig. 1 had a concentration 
of electrons of 210"? cm, The relative change in 
resistivity has been divided by (///c)’, where c (here 
only) is the velocity of light, so that small deviations 
from a horizontal line are deviations from the low-field 
region. The magnetoresistance plotted here is in the 
low-field region over most of the region of magneti: 
field investigated. In Fig. 2 the same type of results are 
presented for a purer specimen (with an electron concen 
tration n=4X10'® cm) at liquid-nitrogen tempera 
tures. Although the observations do not show a hori 
zontal region above 1000 oersteds, they show signs of 
levelling off below that field value, and the curves have 
been extrapolated to zero field on the basis of the changes 
in curvature evinced in the 1-3000 oersted region. The 
difference in magnetic field dependence of these two 
figures is due to the great difference in mobility, as is 
evidenced by the fact that the magnetoresistance of 
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Fic, 3. Experimental values of the function W as a function 
of temperature. The curve labelled n= 1 10" cm™* is given in 
reference 7 
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TABLE I. Magnetoresistance of n-type germanium. 


Electron 
concentration Temp 
(cm~) (°K) 


2x10" 289 
4X 10'* 298 
200 
150 


4250 
3540 
6370 
9500 
15 800 
21 050 
3135 
2940 
4140 
4950 
10 650 
2030 
2370 
2685 
3040 
525 
600 


1x 10" 
2« 108 


2% 10" 


5 10!" 


the purer specimen was 50 times larger than that of the 
impure one. Curves of these types were taken for a 
number of specimens, ranging in electron concentration 
(and impurity content) from n=10" to 5X10'* cm. 
Some of the observations are presented in Table I. The 
values for the experimental ratio W for all except the 
last of these are plotted in Fig. 3, as a function of the 
temperature, W is determined by the coefficients , c, 
and d and the Hall mobility Ro. If K, is assumed to be 
unity, W should only be a function of the energy-surface 
anisotropy. 

The top curve, labelled n=1 10" cm“, 
observations of Goldberg and Davis,’ in which no 
change in the factor W was seen, on going down to 


shows the 


liquid-nitrogen temperatures, The data reported here 
lor 210" 4 10'° 
cm * above 250°K agree with these measurements, 
which gave a K of about 12. However, for 410!° 
there is a systematic change with temperature to lower 
values of W, which would yield apparently lower values 
of K,, (the ratio of effective masses). For 2 10'® cm? 


electron concentrations and 


n 
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© 210 cm 
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Fic. 4. The function W as a function of u,/u;. The solid curves 
are calculated; for the experimental points u:/u; is calculated 
from the measured mobilities 


Hall mobility 
(cm*/v-sec ) 


Magnetoresistance coefficients 
¢ 
(10¢ cm*/v? —sec*) 


—8.0 
—4,82 
13.0 
21.8 
45.2 
72.4 
3.04 
2.6 
4.20 


19.1 
0.85 
1.14 
1,41 
2.23 
0.109 
0.177 


0.025 


0.076 0.006 


the same behavior occurs, with a somewhat lower 
value even at room temperature, and for 2X10" cm * 
similar behavior, with a still smaller value at room 
temperature. It should be pointed out that for all these 
curves, the (111) symmetry conditions were also in- 
vestigated. They were obeyed fairly well for all except 
the three points at 77°K for which W=0.3, and also 
perhaps in the temperature range just above this for 
the sample with 2X10"? cm~* concentration. 

It was suggested by Ham" that for an energy-band 
surface like that of the electrons in germanium, scatter- 
ing by ionized impurities would be strongly anisotropic, 
i.e., depend on the angle of scattering, so that the re- 
sulting scattering relaxation time must be represented 
by a tensor. He calculated that this tensor would be 
diagonal in the same representation as the effective- 
mass tensor, with a K, of about 12, if the energy sur- 
faces have the anisotropy given by cyclotron resonance. 
This holds for the impurity scattering if there is also 
appreciable lattice scattering present. The magneto- 
resistance and Hall effect for mixed lattice and impurity 
scattering have been calculated, assuming the scattering 
to be represented by the relaxation times shown below: 


Ty = A e066 


1 0 O 
r;=Be*|0 1 O}, 
0 0 a@ 


r, represents the lattice scattering, in which the devia- 
tions from a 7~'* mobility dependence have been 


attributed to the dependence on electron energy €; 
rT; represents ionized-impurity scattering, with a a 


‘SF, Ham, Phys. Rev. 100, 1251 (A) (1955) 
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parameter giving the anisotropy of this scattering. Of 
course, the r for combined scattering now has different 
energy dependences for the diagonal terms. A is a 
function of the temperature, and is taken from the 


Rooo= 0.0983u1( 
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measured values of the Hall mobility for the purest 
specimens. 

New expressions for the Hall mobility and W were 
calculated in terms of a group of current integrals J nym. 


2K mJ ut —*) 


2K wJ + Ji 


K,2J p— 2K mJ 0% tJ 
W 2 . ), 
2K Jb +5K mJ it QJ 


x 


0 [0.07072° 864. (u/s }"[ 0.84842° 664 (uy, /uya'® a 


These include as a parameter the relative strength of 
the two types of scattering, given by wz/ur. In this 
expression for the J’s, the K, for impurity scattering 
(the parameter a) has been taken" as 12. These inte- 
grals were evaluated numerically and from them pw,/y, 
(not directly measurable) was calculated as a function 
of w/ur (directly measurable). The function W was 
calculated and is shown in Fig. 4, plotted as a function 
of ur/ur. Pure lattice scattering is represented by 
ut/ur1=0. The two curves represent results assuming 
K,=19.3, and K,,=12, respectively. In both cases, the 
curves show some deviation from their values for pure 
lattice scattering for up/u;>10~*, and decrease fairly 
rapidly for uz/u;>10-'. The measured points, previ- 
ously shown for different concentrations as a function 
of temperature, are also plotted here. For each crystal 
(same n-value), the value at the smallest u,/p, is at 
room temperature. It can be seen that there is some 
correlation at room lemperature, with a value of K,, of 
12-14, but that otherwise there is no fit. It must be 
concluded that the observations cannot be explained 
solely on the basis of an impurity scattering mechanism 
of the type assumed. 

At 77°K, it was noted that from n=4X10'® cm™ to 
210"? cm’, the magnetoresistance did not obey the 
symmetry conditions mentioned earlier for (111) energy 
surfaces. These conditions are that b=—c, and d>0. 
Although d remained positive, 6 became smaller than 

c, i.e., the ratio —c/b increased to values between 
1.16 and 1.23 for these crystals. For a crystal of n=5 
«10'* cm~, b, c, and d were all positive at 300°K as 
well as at 77°K, i.e., there was no sign of the energy 
band symmetry. These deviations from the conditions 
are also unexplained. Ham suggested” that very strong 
scattering by ionized impurities would give a magneto 
resistance which did not obey the symmetry conditions. 
However, these deviations appear for crystals in which 
the electrons are still strongly scattered by the lattice. 

In conclusion, changes in the magnetoresistance 


xle~*dx 


(10) 


anisotropy have been observed for crystals with mixed 
impurity scattering and lattice scattering as compared 
to those with almost all lattice scattering. These ob 
servations are not completely explained by a theory 
which ascribes these changes to a simple type of 
anisotropic impurity scattering. Three possible reasons 
for the discrepancy can be suggested: (1) the theory 
used for the low-field magnetoresistance is at fault; 
(2) there is a different “type’’ of scattering entering, 
with an anisotropic temperature dependence; (3) the 
impurity scattering has an anisotropy which is strongly 
concentration dependent and/or temperature dependent. 
That such a dependence on concentration does occur 
seems reasonable, since the scattering will change from 
peaked forward (large anisotropy) at low concentrations, 
to more large-angle scattering (with less anisotropy) at 
higher concentrations. However, it is questionable that 
such a dependence can be sufficiently strong to explain 
the observations. It was also observed that the sym 
metry conditions fail somewhat worse (by 15-25%) at 
77°K for n>4X10"* cm™ than they do at higher tem 
peratures. For n=5X10'* cm, they_are not at all 
observable. 

It should be noted that there still remains the puzzle 
of the difference between the values 12 for K derived 
from low-field magnetoresistance and the larger values 
obtained from other measurements. Since the other 
observations also give K, and not K,,, it would appear 
that a value of K, different from 1 (for lattice scatter 
ing) would not fit the other observations."-" The 
calculated slow variation of W at low impurity con 
centrations precludes an impurity-scattering explana 
tion for this, as well. 
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Infrared Absorption in n-Type Silicon* 


W. Spitzer anp H. Y. FAn 
Purdue University, Lafayette, Indiana 
(Received July 8, 1957) 


rhe absorption by free carriers in n-type silicon has been studied in a spectral region from 1 to 45 microns 
for samples of various impurity and carrier concentrations. In all samples measured the absorption consists 
of a band between 1.5 and 5 microns in addition to an absorption which rises smoothly with wavelength. 
The absorption band is found to be proportional to the carrier concentration in samples doped with different 
donor impurities. It is suggested that the band is associated with the excitation of carriers to a higher 
lying energy band. The behavior of the smoothly rising portion of the absorption curve is in agreement 
with the Fan and Frohlich theory of free-carrier absorption. Quantitative agreement is obtained with a 
value of 0.3m for the effective mass 


INTRODUCTION carrier concentrations, N, were determined from elec- 
trical measurements of resistivity and Hall effect. The 
second column indicates the chemical donor impurity 
in the crystal. The values of the impurity concentra- 
tions, V;, given in the last column were estimated from 
the Brooks-Herring formula’ for the impurity-scattering 
mobility. 

Figure 1 is a plot of the room-temperature absorption 
coefficient as a function of wavelength for the six 
samples of Table I. The absorption bands starting at 
approximately six microns, seen in the samples of small 
carrier concentrations, are due to absorption by the 
silicon lattice and have been reported previously.‘ It is 
apparent that the absorption in the 1.5- to 5-micron 


T has been shown previously that in n-type ger- 

manium! the spectral dependence and magnitude of 
the absorption on the long-wavelength side of the 
intrinsic absorption edge depend upon temperature, 
carrier concentration and impurity concentration of the 
specimen. This absorption is associated with the conduc- 
tion property of carriers and is called “free-carrier 
absorption.” At room temperature no absorption bands 
were found beyond the absorption edge, up to 45 
microns, except those due to the germanium lattice. 

The present measurements were made by using a 
number of n-type single-crystal silicon samples in a 
wavelength region between 1.0 and 45 microns. In all 
samples measured, a pronounced absorption band is 
observed between 1.5 and 5.0 microns. The experi- zee] 
mental evidence indicates that this absorption band is 
due to the excitation of electrons from the conduction- 
band minima to a higher lying energy band. The 500} 
normal free-carrier absorption is observed at longer 
wavelengths and is compared with the theory of Fan 
and Fréhlich.? 


1000} 


EXPERIMENTAL RESULTS 


‘Table I is a list of the samples which were used for 
the optical measurements. The room-temperature 


Pane I. A list of the samples used with their donor impurities, E si*4 P 
room-temperature carrier concentrations, and impurity concen Yl 
trations - 

si?3 Pa 
F tilt ecaaatil 
Sample No Donor impurity Nerex (cm~*) Ni (cm™*) y LV ge 
arsenic 1.4 10'* 
antimony 8.0 10'* 0.95 10" 
antimony 1.7K 10" 5.5 10" 
phosphorus 3.2 10" 1.26 10"* 
arsenic tin alloy 6.1 10"* 4.6 K10" 
arsenic 1.0 10" 6.6 K10" 





a 16 
 ( microns) 
* Work supported by an Office of Naval Research contract . ‘ ; 
' Fan, Spitzer, and Collins, Phys. Rev. 101, 566 (1956) Fic. 1. Room-temperature absorption coefficient as a function of 
*H. Y. Fan and M. Becker, “The Infrared Optical Properties wavelength for six different silicon samples. 
of Silicon and Germanium,” Symposium Volume of the Reading 
Conference (Butterworths Scientific Publications, Ltd., London, +See P. P. Debye and E. M. Conwell, Phys. Rev. 93, 693 (1954). 
1951). Also see reference 1 *R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954) 
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region is the superposition of an absorption band and 
the normal free-carrier absorption which increases 
smoothly with wavelength. This absorption band varies 
with the concentration of conduction electrons and is 
not observed in p-type samples. The band may be 
isolated by extrapolating back the free-carrier absorp- 
tion from beyond 5 microns and subtracting it from the 
measured curve. The peak of the band obtained in this 
way corresponds to approximately 2.3 microns. The 
peak absorption coefficient is plotted in Fig. 2 as a 
function of the carrier concentration. The points lie 
close to a straight line of slope one, indicating that the 
height of the absorption band is proportional to the 
carrier concentration. 

The temperature dependence of the absorption is 
illustrated in Fig. 3 for sample Siilicon—3. The ab- 
sorption band for this sample is shown in Fig. 4 for 
three different temperatures. 











N 


Fic. 2, Height of the absorption band as a function of carrier 
concentration for the different samples 


For \>6 microns, the absorption increases smoothly 
with wavelength and is evidently the effect of free 
carriers. As in n-type germanium, the absorption shows 
a larger spectral dependence for samples of higher 
carrier concentration. Figure 5 shows the absorption 
coefficient at 10 microns as a function of the carrier 
concentration for the different samples. It will be noted 
in this log-log plot that the absorption increases more 
rapidly than the carrier concentration. 


DISCUSSION 


The absorption band between 1.5 and 5 microns is 
present in all samples and is proportional to the carrier 
concentration. The samples have different donor im- 
purities and were made in five different laboratories. 


ABSORPTION IN wn 


r¥PE Si 





Temperature 
297" 
60*% 











5 
d (microns) 


Fic. 3. Absorption coefficient vs wavelength for Silicon-—3 
at three temperatures 


Hence it is very unlikely that the band is an accidental 


result of a particular condition of crystal growth. 
Two possible explanations may be offered for the 
existence of the absorption band. One possibility is 


that the band is associated with the excitation of 
carriers from the conduction-band minima or, at low 


temperatures, from the impurity levels to a higher 








ee a 2 
$000 6000 7000 
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4000 


Fic. 4. The absorption band of Silicon—3 obtained from 


the data in Fig. 3 
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Fic. 5. Room-temperature absorption coefficient at 10 microns 
wavelength as a function of carrier concentration. The dash line 
has a slope equal to 1 


lying energy band. A second possibility is that the 
absorption band is produced by the excitation of elec- 
trons from deep lying levels in the forbidden energy 
gap to the conduction band. The latter explanation is 
unlikely since the concentration of such levels would 
have to be proportional to the conduction-electron 
concentration. Also, the location of the levels in the 
energy gap would have to be independent of the type 
of donor impurity used. 

It may be noted in Fig. 4 that the center of the ab- 
sorption band shifted to a higher energy in going from 
297°K to 80°K. The value of the shift is 0.04-+0.01 ev. 
Electrical measurements made on the sample showed 
that approximately ¢ of the free carriers at room 
temperature were in the impurity levels at liquid- 
nitrogen temperature. If the interband excitation is the 
correct interpretation for the absorption band, then the 
shift in energy should be approximately the ionization 
energy of antimony in silicon which is 0.039 ev.’ The 
close agreement between the expected and observed 
shifts supports the interpretation. 

If direct interband transitions were involved, then 
the expected half-width of the absorption band in 
Fig. 4 would be ~&7, unless the higher lying energy 
band should have a steep slope at the same points in k 
space where the conduction-band minima are situated. 
The observed half-width is an order of magnitude 
larger. The oscillator strength of the absorption band 
calculated from the area under the curve in Fig. 4 is 
~0.1. Therefore, indirect transitions are indicated. The 
absorption band extends from approximately 0.25 to 


Rev. 96, 833 


®* Morin, Maita, Shulman, and Hannay, Phys 
(1954) 
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0.85 ev. It is possible that the low-energy threshold 
corresponds to carrier excitations to the higher lying 
minima in the (111) directions. 

One method of proving that the absorption band is 
produced by the excitation of conduction electrons is to 
measure a pure specimen at*an elevated temperature. 
The band, being too small"to be observed at room 
temperature, should grow in magnitude as the electron 
concentration rises in the intrinsic range. Transmission 
measurements at 670°K and 726°K did not clearly 
show the band. However, the cross section of holes for 
absorption is larger than that of electrons and may well 
mask the absorption band. 

This interpretation of the room-temperature absorp- 
tion for \>6 microns is the same as was used by the 
authors for n-type germanium! in a previous paper. 
The absorption is treated as composed of two parts 
which are associated with lattice scattering and im- 
purity scattering, respectively. The theoretical expres- 
sions for the absorption may be written as® 


a= N(m/m*)*L(0,T) for lattice scattering 


and 


a=NN,(m/m*)'I(9,T) for impurity scattering, 
where L(7,7°) and /(%,7) are functions of wave number, 
vy, and temperature, 7. These functions may be calcu- 
lated for silicon in the same manner as was done for 
germanium. 

The absorption, at \=10 microns, per unit carrier 
concentration for the different samples is plotted 
against impurity concentration in Fig. 6. A straight 
line of best fit is drawn through the points. The slope 
of the line should be equal to (m/m*)'/(7,T) and the 
intercept at V;=0 should be given by (m/m*)*L(i,T). 
In view of inaccuracy involved in the experimental 
values of a/N and N,, the obtained intercept at V;=0 
is not sufficiently reliable to be used. However, the 
slope of the line agrees with the value predicted by the 











3 4 
Ny; (ori) 

Fic. 6. Ratio of room-temperature absorption coefficient at 10 
microns to carrier concentration as a function of impurity concen 
tration for the different samples 


® See reference 1 for definition of terms 
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theoretical expression with m*~0.3m. This value of m* ACKNOWLEDGMENTS 


is in reasonable agreement with the value of conduc- We wish to express our appreciation to Dr. E. 
tivity effective mass obtained from other measure- Roreneman, Dr. R. Davis, Dr. W. Wright, and Dr 

' ‘man, Dr. R. Davis, Dr. W. ; yr. 
ments. P. Debye for supplying the silicon samples used in 


7 W. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957) this work. 
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Magnetic Annealing Effect in Cobalt-Substituted Magnetite Single Crystals* 


R. F. PENoveR AND L. R. Bickrorp, JR 
International Business Machines Corporation Research Laboratory, Poughkeepsie, New York 


(Received May 15, 1957) 


The effect of magnetic annealing at 375°K on the room-temperature anisotropy of a series of six single 
crystals in the composition series Co, Fe3_,O0,, in the range of « values between 0.0 and 0.15, is investigated 
The anneal-induced anisotropy is shown to be represented by the equation Wy = — 2, a28,2?—G,,; aajhiB, 
where a and §; are direction cosines of the magnetization during measurement and during the annealing 
process, respectively. / and G are shown to vary with « in a regular fashion: / 10.1 10%x* erg/ce and 
G=9.25X 10°x erg/cc. These results cannot be explained by the Néel orientation-ordering model or by the 
precipitate model of magnetic annealing. A new model, involving cobalt ions individually_rather than in 


pairs or larger agglomerates, is introduced 


1. INTRODUCTION 


URING the course of an investigation of the tem- 

perature dependence of the cubic anisotropy 
constants of some cobalt-substituted magnetite single 
crystals' it was found that measurements above about 
400°K were greatly affected by magnetic annealing. 
The magnetic field applied during the torque measure- 
ments induced continuous changes in the anisotropy of 
the specimen, and thus masked the cubic anisotropy. 
This paper is a report of a systematic study of the 
anneal-induced anisotropy in these crystals and in 
others of the same composition series. 

The effect of magnetic annealing on the anisotropy of 
ferrites containing large concentrations of cobalt has 
been investigated by Bozorth, Tilden, and Williams.’ 
These authors found that the anisotropy of their 
crystals could be expressed by the equation 

W 4 = Ky (ayn? +09"? + 03"a;") + Ky sin?(6—Oy), (1) 
in which the a’s are the direction cosines of the satura 
tion magnetization (M,) with respect to the crystal 
axes; @ is the angle between M, and [001 ]; @y is the 
angle between the uniaxial preferred direction and 
(001 |; and Ky is the uniaxial anisotropy constant. This 
equation was shown to be valid by experiments per 
formed on (100) and (110) disks of Coo 32Zno.o4F 2. Os. 
Two characteristic features of their results were as 
follows: (1) The magnitude of Ky was the same for all 

* A preliminary account of this work was presented at the 1957 
Annual Meeting of the American Physical Society [ Bull. Am 
Phys. Soc. Ser. II, 2, 21 (1957) ] 

! Bickford, Brownlow, and Penoyer, Proc 


(London) 104, Part B, Suppl. 5, 238 (1957). 
? Bozorth, Tilden, and Williams, Phys. Rev. 99, 1788 (1955) 
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values of 04, the angle between the annealing magneti 
field and [001]; (2) The direction of the annealing 
field became the uniaxial preferred direction (@y coin 
cided with 04). 

In this paper we report the results of similar experi 
ments performed on crystals in the composition range 
from Fe;04 to Coo ysFes 9504 and show that neither of 
the characteristic features referred to in the foregoing 
paragraph were observed. The magnitude of Ay and 
the deviation of @y from 64 are both shown to be strongly 
dependent on 64. The strength and symmetry of this 
dependence change systematically with increasing cobalt 
concentration, We discuss our experiments in the light 
of existing theories of magnetic annealing and show 
that our results are not entirely consistent with the 
predictions of these theories. Finally, we introduce a 
new model which is consistent with our experimental 
observations. 


2. EXPERIMENTAL PROCEDURE 


The six crystals studied in this investigation belong 
to the composition series Co,Me, ,O4, and have the 
following values of x: 0.005, 0.01, 0.04, 0.07, 0.10, and 
0.15. Details concerning the method of crystal growth 
(from the melt) have been published elsewhere. ! 

A spherical sample shape was chosen in order to 
minimize errors introduced by the fact that the cobalt 
concentration is not uniform throughout a given crystal 
growth. By using one and the same sample, measure 
ments could then be carried out with the magnetization 
in each of the three crystal planes. The spheres were 


shaped by the abrasion technique of Bond? to a diameter 


*W.L. Bond, Rev. Sci. Instr. 22, 344 (1951 
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of approximately 2.5 mm. Their volume was determined 
from their mass, by assuming their density was the 
same as that of a synthetic magnetite crystal (5.19 
g/cm*).* They were oriented by x-ray diffraction, using 
the Laue back-reflection technique. 

Curves of torque versus orientation of the magnetiza- 
tion (@) were obtained by means of an automatic 
torque balance.* They were plotted on an X-Y recorder 
as the magnetic field rotated at a uniform angular 
velocity (~1 rpm) in one of the principal crystallo- 
graphic planes of the spherical specimen. The procedure 
for annealing the specimens and measuring their 
anisotropy was as follows: The specimen, while mounted 
in the torque balance, is heated to 375+1°K in a 
continuous stream of dry nitrogen by means of a non- 
inductively wound cylindrical heater. The annealing 
magnetic field (about 10000 oersted) is applied in a 
particular direction 6, for a time sufficiently long 
(about 30 min) to insure that the maximum annealing 
effect has been induced, The specimen is then cooled 
rapidly to room temperature with the magnetic field 
still applied. A torque curve is recorded at 301+0.5°K 
in a field of 10 000 oersted, This procedure was repeated 
for different values of 64, varying in ten degree steps 
from 0° to 90°. All angles are measured from [001 | in 
the (100) and (110) planes, and from [110] in the 
(111) plane. 

As a result of the large cubic anisotropy at room 
temperature in the four samples of highest cobalt con 
centration, the magnetization was not aligned with the 
magnetic field at all orientations of the latter. There- 
fore, the torque curves for these crystals were corrected 
in the following way’ prior to analysis. For a given 
point on the curve, the angular deviation y between 
the applied field H and the magnetization M can be 
calculated from the equation L= MH siny, where L is 
the measured torque. The correction consists of changing 
the @ coordinate of the point in the direction of de 
creasing anisotropy energy by the amount y. This 
correction is obviously valid only if the magnetization 
remains in the plane defined by the magnetic field. The 
use of spherical samples rather than oblate ellipsoids 
has the disadvantage that no demagnetizing fields are 
present to constrain the magnetization to remain in the 
desired plane. However, it can be shown that for the 
magnetic fields used the magnetization does not deviate 
from the correct plane in the (100) and (110) torque 
curves. Since the deviation becomes appreciable in the 
(111) plane, we have not attempted to analyze these 
curves for x values larger than 0.04. The cubic ani- 
sotropy at the annealing temperature is only approxi- 
mately one-third as large as the room-temperature 
value. Therefore the largest deviation of M from the 
direction of H during annealing (for x=0.15) was only 
four degrees. 

* J. Smiltens, J. Chem. Phys. 20, 990 (1952). 


R. F. Penoyer, Proceedings of the AJ.EL 
\agneltism and Magnetic Materials (1956), p. 365 
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The equation of the torque curve is obtained by 
taking the negative derivative of Eq. (1) with respect 
to angle 6, and can be written: 


~L=K,f,(0)+K2f2(0)-+Kv sin2(6—6v), 


(2) 


where L is the torque per unit volume (dyne/cm?) 
and f,(@) and (6) are well known functions of 6 which 
are characteristic of the different crystallographic planes 
[ see, for example, Eqs. (2), (3), and (4) of reference 1}. 
The method used here to obtain the anisotropy con- 
stants from the torque data has been described for the 
(100) plane by Bozorth, Tilden, and Williams? (herein- 
after referred to as BTW). For all planes Eq. (2) can be 
written in the form of a Fourier expansion 


—~L=> (a, cosn6+6, sinn@). (3) 


The torque curves were analyzed into the coefficients 
a, and 6, (through the twelfth-order term) by means of 
an electronic computer. The constants K,, Ke, Ku, 
and 6) were then calculated from these coefficients. 


3. RESULTS AND DISCUSSION 


The first- and second-order cubic anisotropy con- 
stants at 301°K, which were extracted from our data, 
are plotted as a function of x in Fig. 1. The dashed 
curve joining the K, points is the expression K;= A+ Bx 
+Cx(1—«) previously suggested’ for the dependence 
of K, on x.® 

Figure 2 shows Ky and 6y as functions of 64 for 
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Fic, 1. First- and second-order anisotropy constants at 301°K. 


0.20 


* Because of a calibration error the numerical results of refer 
ence 1 are all too small and should be multiplied by the factor 1.19 
to give the correct values. The corrected values of A, B, and C 
are ~1.3X 10°, 3.6 10° and 9.3 10° erg/cm’, respectively. 
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(100), (110), and (111) planes, respectively. The (111) 
curves characterize the behavior reported by BTW: 
Ky is independent of 64 and 6, coincides with 4. In the 
(100) and (110) curves, however, the magnitude of K, 
and the deviation of @y from 6,4 are each strongly de- 
pendent on 64. The magnitude and shape of the Ky 
curves and the shape of the @) curves change in a 
continuous manner with increasing cobalt concentration. 

Our data will be discussed in terms of the following 
general mathematical expression of the noncubic ani 
sotropy energy density, Wr: 


Wo=—-FZ a#B? 


G pi aa 8,8 ;, (4) 


i>) 


where a; and ; are the direction cosines of the mag 
netization during the torque measurement and during 
the annealing process, respectively; and F and G are 
positive constants. It will be shown later (Sec. IV) that 
several different physical models lead to Eq. (4) in 
their mathematical formulation. 

Equation (4) can be reduced to the form W, 

Ky sin*(@—6y) in case the magnetization lies in one 
of the three principal crystallographic planes. Expres 
sions for Ky and 6y in terms of F, G, and 6,4 are given 
for the (100), (110), and (111) planes in Table I. By 
using these expressions, values of F and G for each of 
the (100) and (110) planes were obtained from a Fourier 
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analysis of the experimental data (Ky? versus 64). The 
appropriateness of Eq. (4) to express the results can be 
seen in Fig. 2, where the solid curves are plots of the 
equations of Table I using the average values of f and G 
obtained by the harmonic analysis. 

The principal results of this investigation are sum 
marized in Table II, where the individual values of F 
and G at 301°K following annealing at 375°K are 
tabulated. The average of the two values of each con 
stant obtained from different crystallographic planes is 
plotted as a function of composition in Fig, 3. It can 


TABLE I. Equations for Ay and 6, in terms of 64 as determined 


for the three principal planes from Eq. (4) 
Equations 
Ky? = dg+ a; CO820 4+ ay COBAD, 
ao™ (1/128) (442+ 44'G+- 19G4 


a= (1/32) (124? —47G —G?), 
dg™ (3/128) (12/24 4G 5G? 


ae sf | 
cot2ar (56 4) 2044 ( { j) corde, 


Ky? = 4[ 484+ G2+ (4h? —G? 
tan20, = (G/2F) tan26, 


COBAO 4 ! 


Ky= 4 (F +G 
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Tasie Il. F and G constants, as determined from (110) and 
(100) planes, for various values of cobalt concentration in 
magnetite (x) 


x 10°°F(110) = 10 *F (100) 10°*G (110) 10°*G (100) 
0.32 
0.83 
3.04 
5.90 
9.88 
13.95 


0.31 
0.80 
3.17 
5.89 
9.77 
14.80 


0.03 
0.05 
0,22 
0.55 
1.09 
2.67 


0.03 
0.00 
0.16 
0.37 
0.99 
1.94 


0.005 
0.01 
0.04 
0.07 
0.10 
0.15 


be seen that the variation of F with concentration 
is approximately quadratic (/=10.1X10%x? erg/cc), 
whereas the variation of G is approximately linear 
(G= 9,25 10% erg/cc). The ratio of F to G therefore 
increases approximately linearly with «(Ff/G=1.1x) in 
this composition region. 

We first examine these results to determine whether 
they are compatible with the observation of BTW that 
Ky is independent of 6, in cobalt-zinc ferrite, and 
perhaps also in a cobalt-iron ferrite corresponding to 
an x value of 0.77. Equation (4) reduces to the form 
Wy =F cos*(a,8) when the ratio F/G equals one-half. 
The magnitude of Ky is therefore independent of 64, 
and @y coincides with 6,4 for all crystallographic planes. 
The variation of Ky with 04 remains invariant within 
the limits + 20°% when F/G lies between 0.41 and 0.61. 
If the linear trend of F/G observed in our experiments 
were to continue at larger x, these limits would corre 
spond to x values between 0.37 and 0.56. These 20% 
limits correspond to Ky fluctuations observed by BTW 
(see Fig. 19 of reference 2). It is difficult to compare 
with the cobalt-zine ferrite, since it is not known 
whether zinc has any additional effect on the annealing 
process, The composition of their crystal was given as 
Coo 92Zno. Fes wOs. If we assign a comparative value 
of x to this composition equal to three times the ratio 
of cobalt to total metal, we obtain «=0.35, which is 
just outside the limits mentioned above. The value of 
¢=0.77 for the cobalt-iron ferrite studied by BTW is 
well outside these limits. However, there are two factors 
which must be taken into account. First of all, extrapo 
lation of the F and G concentration dependence to very 
high cobalt concentrations is not feasible since the 
magnitude of the anneal-induced anisotropy reduces to 
zero at cobalt ferrite. Secondly, BTW did not definitely 
establish that Ky is independent of 6, in the cobalt-iron 
ferrite crystal. We conclude that our observations and 
those of BTW are not necessarily incompatible.t 


4. ANALYSIS OF RESULTS 


We shall now analyze our data in the light of existing 
theories and then proceed to a discussion of another 
possible interpretation. 

t Note added in proof.-Wijn, van der Heide, and Fast [ Proc 


Inst. Elec. Engrs. (London) 104, Part B Suppl. 7, 412 (1957) ] 
have deduced from measurements on polycrystalline samples 
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(a) Néel’s Orientation Ordering Model 


Angular variations of Ky and 6, similar to those 
illustrated in Fig. 2 have been observed in FeNi; single 
crystals by Chikazumi.’ He interpreted his experi- 
mental results in the light of the theory of orientation 
ordering as proposed by Néel* and independently by 
Taniguchi and Yamamoto.’ 

Stated very briefly, the essential idea of this theory 
is as follows: A pseudo-dipolar interaction is assumed 
to exist between nearest-neighbor atom pairs (iron, in 
the case of FeNi;) with the interaction energy varying 
as the cosine squared of the angle between the mag- 
netization and the line joining the neighbors. During 
the annealing process at an elevated temperature the 
atoms redistribute themselves among the lattice sites 
available to them in order to minimize this energy. At 
the elevated temperature the atom pair directions 
assume a Boltzmann distribution which is essentially 
“frozen in” at lower temperatures. 

The mathematical formulation of the orientation- 
ordering model leads to Eq. (4), with a particular 
relationship existing between F and G. Both constants 
are proportional to the product of the interaction energy 
per atom pair, the number of pairs per unit volume and 
the reciprocal of the annealing temperature. The values 
of the proportionality constants, which are different 
for the two terms, depend upon the symmetry of the 
lattice occupied by the magnetic ions. F equals zero 
for a body-centered cubic lattice (bec), and G equals 
zero for a simple cubic lattice. The ratio F/G equals 
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Fic. 3. Average experimental values of F and G versus x 


that the axis of the anneal-induced anisotropy is not necessarily 
in the direction of the applied magnetic field but is rather along a 
crystallographic direction nearest to it. 

7S. Chikazumi, J. Phys. Soc. Japan 11, 551 (1956) 

*L. Néel, J. phys. radium 15, 225 (1954). 

*S. Taniguchi and M. Yamamoto, Science Repts. Research 
Inst. Tohoku Univ. A6, 330 (1954) 
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one-fourth for a face-centered cubic lattice (fcc) and one- 
half for an isotropic distribution of nearest neighbors. 

Chikazumi’ obtained the constants of Eq. (4) from 
his FeNi; data by a harmonic analysis of curves of 
Ky? and 6y versus 64 for a (110) specimen. The ratio 
F/G was found to have a value intermediate between 
zero and one-fourth. This fact was interpreted as an 
indication that both fee and bee interactions were 
present. Since FeNi; has a fee structure and since a be« 
interaction can be synthesized by adding the inter- 
actions of three iron atoms occupying mutually adjacent 
sites on a (111) plane of the crystal, the orientation- 
ordering model was regarded as a satisfactory explana- 
tion of the effect in FeNis. 

We shall now predict the behavior which would result 
if the magnetic annealing effect in the cobalt-iron 
ferrites were due to the orientation ordering of cobalt- 
cobalt nearest-neighbor pairs. Since cobalt ferrite itself 
is an inverse spinel,':'! we assume that all the cobalt 
ions are on the octahedral cation sites. Figure 4 shows 
the environment of a cation on an octahedral site. The 
lines joining this cation to its six nearest-neighbor 
cations are all (110) directions. In fact, the octahedral 
sites make up a face-centered cubic lattice with half of 
the positions empty. Accordingly, the fcc form of 
Eq. (4) should apply. Following the reasoning of 
Chikazumi’ it might be expected that a relatively small 
amount of body-centered cubic interactions could result 
from cobalt “‘triplets” on these sites. The number of 
cobalt-cobalt pairs should be proportional to x? at small 
values of x; accordingly the amplitude of the fee inter 
action should have a quadratic concentration depend- 
ence. The number of cobalt triplets and therefore the 
amplitude of the bee interaction should be propor- 
tional to x’, 

We can check these predic tions of the orientation- 
ordering model against our experimental values of F 
and G., Since the first term of Eq. (4) is zero for a be« 
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TRIGONAL AXIS 
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(Fic. 4. Environment of a cation in an octahedral site of the 
ferrite spinel lattice. Solid circles represent octahedral site cations ; 
open circles, oxygen ions 


0 FE. J. W. Verwey and E. L. Heilman, J. Chem. Phys. 15, 174 
(1947). 
"FE. Prince, Phys. Rev. 102, 674 (1956). 
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interaction, F represents the amplitude of the fc 
interaction. ‘The amplitude of the bce interaction is 
given by G—4F. By making use of these simple con 
version factors it can be seen from Fig. 3 that most of 
our results disagree with the predictions of the orienta- 
tion-ordering model. As a matter of fact, the only 
observation which bears out prediction is that the fe« 
interaction has a quadratic concentration dependence. 
However, the bec term is overwhelmingly predominant 
for small x. Its concentration dependence is linear rather 
than cubic (or even quadratic, as might be expected if 
it were due to cobalt ion pairs on the tetrahedral sites). 


(b) Precipitate Model 


Williams, Heidenreich, and Nesbitt!*? have demon 
strated that fine precipitates of a second phase are 
formed in cobalt-zinc ferrites which respond to magnetic 
annealing. These authors have suggested that the 
annealing mechanism is the tendency of the precipitated 
particles to grow along the field direction. A precipitate 
model is capable of yielding the orientation dependence 
given in Eq. (4). One specific example which leads to 
the condition that F =0 is that of ellipsoidal precipitates 
(either oblate or prolate) of a second phase with a 
different magnetization than that of the matrix, and 
with the symmetry axes along (111) directions of the 
cubic matrix crystal. In this case the source of the 
uniaxial energy and the motivation for the selection of 
different axes is the shape demagnetization energy of 
the precipitates, 

Several experimental observations provide evidence 
that the precipitate model does not apply in the case 
of the cobalt-iron ferrites which we have investigated 
First of all, we have not observed torque reversals of 
the type reported by Williams e/ al.'* as evidence of the 
presence of a precipitate. Second, the changing ratio 
of F to G as a function of x would indicate that the 
symmetry axis of the precipitates is changing its 
crystallographic orientation. The precipitate most likely 
to occur in these materials is Fe,O,. Crystals grown or 
slowly cooled under oxidizing conditions develop visible 
plates of Fe,O, with a definite crystal orientation ; 
presumably with the normal parallel to (111) directions 


of the spinel [an epitaxic fit occurs between the basal 
(0001) plane of aFe,O, and the (111) plane of FeO, | 
We have no evidence that the orientation of the pre 
cipitates changes with composition ; indeed it is doubtful 
that such a change occurs, in view of the fact that the 


lattice constant changes only very gradually with 
cobalt content, Finally, according to the precipitate 
model the changes in symmetry of the uniaxial ani 
sotropy induced by annealing with the field along 
different crystal directions is brought about by a 
growth of some of the precipitates at the expense of 


” Williams, Heidenreich 
(1956) 
'§ Davies, Simnad, and Birchenall, J. Metals 3, 889 (1951) 


and Nesbitt, J. Appl. Phys. 27, 85 
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others which are less favorably oriented with respect 
to the magnetization direction. This process would 
involve a mass migration of metal ions through the 
crystals. The relaxation time associated with the anneal- 
ing process seems to be much too short to be associated 
with this process, We observed a considerable amount of 
variation in relaxation time from sample to sample with 
no apparent trend as a function of composition. How- 
ever, the relaxation time for the annealing process at 
375°K was less than ten minutes for all of our crystals. 
This time is shorter by approximately four orders of 
magnitude than what one obtains by extrapolation of 
the data of BTW to this temperature. 


(c) Directional Ordering Involving 
Cation Vacancies 


It has been suggested by lida and co-workers" that 
the uniaxial anisotropy is induced by directional order 
between divalent cobalt ions and cation vacancies. 
These authors have demonstrated that the magnitude 
of the annealed anisotropy is lowered when the ferrite 
is heated to 1000°C in vacuum, and is increased on 
subsequent reheating to 400°C in controlled oxygen 
pressure. It is well known that ferrite spinel lattice can 
be oxidized and that the oxidized lattice can be regarded 
as a complete oxygen lattice with some cation vacancies. 
It is not clear, however, to what degree the oxidation 
procedure of lida et al." has introduced cation vacancies. 
It is difficult to analyze our data in terms of a model of 
vacancy-cobalt ordering because this idea has not yet 
been worked into a specific quantitative model. How- 
ever, we can raise objections on the basis of symmetry 
to the concept that some such mechanism is the 
primary cause of annealed anisotropy. We have ob- 
served that the anneal-induced anisotropy is charac- 
teristic of body-diagonal symmetry at low values of « 
and that the symmetry changes with increasing cobalt 
concentration. If the cobalt ions are on octahedral sites 
the vacancy-cobalt axis is not a [111] direction, and 
there is no apparent way that the symmetry can change 
with increasing cobalt concentration. 

On the other hand, it is very likely that cation 
vacancies and other types of lattice defects do play an 
important role in the annealing process, For example, 
the puzzling rapidity with which the annealing takes 
place may be due to their presence. We are in the process 
of growing crystals with various controlled oxidation 
states for a systematic study of the cation-vacancy 
effect. 


(d) New Outlook on the Annealing Process 


It can be seen from Fig. 4 that each octahedral-site 
cation is surrounded by six nearest-neighbor octahedral 
cations and that the combination forms two tetrahedra. 
Consider that the cobalt ion occupies the center posi- 


“ Jida, Sekizawa, and Aiyama, J. Phys. Soc. Japan 10, 907 


(1955) 
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tion. Its immediate environment has a trigonal sym- 
metry axis along the body diagonal joining the two 
tetrahedra of which it is a member. The corresponding 
symmetry axes of the four cations in any one tetra- 
hedron constitute the four body diagonals of a cube. 
The essential features of the annealing process can 
be explained if one hypothesizes the existence of a 
fundamental uniaxial spin-lattice interaction energy 
(W=A cos’@), the axis of which coincides with the 
symmetry axis referred to above. The mechanism of the 
annealing process is then the migration of the cobalt ion 
to whichever of the adjacent cation sites has the 
symmetry axis which would minimize this energy. 
According to this model the anneal-induced anisotropy 
is due to cobalt ions acting individually rather than in 
pairs or larger agglomerates. 

To be sure, this model is similar in many respects to 
the orientation-ordering model. The only difference 
between the two models lies in the origin of the funda- 
mental interaction energy. In our model it is due to an 
interaction between a single cobalt ion and its sur- 
roundings, rather than between two adjacent cobalt 
ions. This one difference, however, eliminates the two 
major objections to the orientation-ordering model 
which we have cited. It leads to the condition F=0 in 
Eq. (4) and to a linear dependence of G on x at low 
cobalt concentrations, in accordance with our experi- 
mental observation. 

The observation that the F/G ratio increases with 
increasing cobalt concentration can be interpreted as 
an indication that the interaction symmetry axis 
deviates more and more from a body diagonal. The first 
term of Eq. (4) represents that portion of the total 
interaction which does not have body-diagonal sym- 
metry. Since F varies quadratically with x, it is very 
likely that the effective change in symmetry axis is 
brought about by the presence of two cobalt ions on the 
same tetrahedron of lattice sites (see Fig. 4). This 
situation could either result in a change in symmetry 
of the fundamental spin-lattice interaction or introduce 
separate cobalt-cobalt interactions of the Néel type. 

Since the annealing process according to this model 
as well as to the orientation-ordering model involves 
the movement of cobalt ions from one site to another, 
the activation energy characterizing the annealing 
mechanism should bear some relationship to the activa- 
tion energy for diffusion of cobalt through the lattice. 
We do not know the value of this activation energy. 
Lindner’® has reported that the activation energies for 
the self-diffusion of zinc and iron in zinc ferrite are 
3.7 and 3.6 electron volts per ion, respectively. We 
have not measured the activation energies for all our 
crystals. However, those we did measure and the value 
reported by BTW are approximately one-fourth as 
large as the values quoted above. It is possible that the 
activation energy for the short-range migration of 


' R. Lindner, J. Chem. Phys. 23, 410 (1955) 
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cobalt in iron-cobalt ferrites is significantly smaller 
than that for the diffusion of zinc and iron in zinc 
ferrite because in the former case iron is present in 
both divalent and trivalent states. In this situation 
electrons can move about quite readily to maintain 
local charge neutrality. Cation vacancies could also 
lower the activation energy. 

At first sight it is surprising that cobalt ions should 
have symmetry axes for the anneal-induced anisotropy 
along body diagonals whereas it establishes the cube 
edges as preferred directions of magnetization with 
respect to the cubic anisotropy. However, on closer 
inspection it can be seen that no basic inconsistency 
exists. Jonker, Wijn, and Braun'® have compared the 
behavior of cobalt in ferrites with its behavior in the 
hexagonal barium-iron oxide ferroxplana materials. 
These authors pointed out that the body-diagonal 
direction in the cubic ferrite is equivalent to the c axis 
of the hexagonal structures, and that these axes are 
“abhorred” directions of the magnetization when cobalt 
is present. According to the model for the annealing 
process which we have described, the results are the 
same whether the body diagonals are preferred or 
“abhorred”’ directions for the magnetizatien."’ It should 
be pointed out, however, that the cubic anisotropy 
does not result from the same order of interaction as 
the uniaxial anisotropy. If the expression for the spin- 
lattice interaction is written as a power series of the 
direction cosine of the magnetization with respect to 
the symmetry axis: 

W =A cos*6+ B cos‘é4+--+-, (5) 


the first term does not contribute to the cubic anisotropy 
if the four types of octahedral sites are equally popu- 
lated by cobalt ions. 

Finally, we shall mention very briefly one possible 
origin of the spin-lattice interaction energy represented 
by Eq. (5). Slonczewski'* is in process of considering 
this problem on the basis of the one-ion approximation 
with the exchange interaction represented by a molecu- 
lar field. When the effects of the crystalline field and 
spin-orbit coupling on the energy levels of the cobalt 
ion are taken into account, an energy expression having 
the form of Eq. (5) results. The details of this work, 
including a comparison between this theory and our 
experimental results will be published at a later date. 


6 Jonker, Wijn, and Braun, Philips Tech. Rev. 18, 145 (1956) 

17 This fact was pointed out to one of us (LRB) by J. Smit 
during a discussion of our preliminary results. 

18 J. C. Slonczewski, Bull. Am. Phys. Soc. Ser. II, 2, 238 (1957). 
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5. SUMMARY 


The angular dependence of the response of cobalt 
iron ferrite single crystals to a magnetic anneal was 
found to be adequately represented by Eq. (4). This 
equation can be fitted to a number of different physical 
models, all of which have three things in common: 
first, a source of uniaxial energy the magnitude of 
which depends on the cosine squared of the angle 
between the magnetization and a particular symmetry 
axis; second, the possibility that the symmetry axis can 
lie along different equivalent crystallographic directions 
in different regions of the crystal; and third, a mecha- 
nism whereby the different equivalent symmetry axes 
are selected by the magnetic field present during 
annealing according to a cos*@’ preference law, where 6’ 
is the angle between the magnetization during annealing 
and a specific symmetry axis. 

Our data show that the constants of Eq. (4) have a 
definite trend with increasing cobalt concentration; 
that is, F varies quadratically and G varies linearly 
with x. The observation of Bozorth, ‘Tilden, and 
Williams? that the magnitude of the anneal-induced 
anisotropy is independent of crystal orientation with 
respect to the annealing field in a cobalt-zine ferrite 
was found to be not inconsistent with our results. The 
two major models of the magnetic annealing process, 
orientation ordering and second-phase precipitate, were 
found to be inadequate to fully explain our results. The 
former model fails to give the correct symmetry and 
cobalt concentration dependence; whereas the latter 
fails to explain the change in symmetry with increasing 
cobalt concentration and also fails to account for the 
very short relaxation times. A new model, involving 
cobalt ions acting individually rather than in pairs or 
larger agglomerates, was introduced and shown to be 
consistent with the essential features of our results 
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Low-Temperature Thermal Expansion of Copper* 
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A rotating single-crystal back-reflection x-ray diffraction technique has been used to measure the thermal 
expansivity of copper. Values of the linear thermal expansion coefficient are derived at low temperature 
where disagreement exists in the literature. A possible decrease in the Griineisen parameter y for copper 
exists near 40°K. The decrease reported in the present work is much less marked than previously reported 
from capacitor dilatometer work, however. It is suggested that large apparent decreases in y at low tem 
perature reported from similar measurements on Al, Fe, Ag, and KBr may be in error. 


I. INTRODUCTION 


HERE is considerable disagreement between the 

two sets of published values! of the thermal 
expansion coefficient of copper at low temperature, One 
method of measurement,' using a Fizeau interferometer, 
was an absolute determination while the other method,’ 
employing a capacitor dilatometer, was a relative 
measurement diamond, Both 
methods used massive specimens and measured macro 
scopic length changes. The present x-ray method con 
stituted an absolute and quite different technique 
which measured lattice expansion with sufficient 
accuracy to discriminate clearly between the results of 


versus expansion of 


previous investigators. 

These data on copper, a metal which has been the 
subject of much theoretical and experimental study, 
are of interest in the theory of crystal lattice dynamics.’ 
Measurements of specific heat have been widely used 
to test the validity of various approximate treatments 
in cases where the influence of nonlattice contributions 
can be allowed for with some assurance. It is evident 
on thermodynamical grounds that other physical prop 
erties, such as thermal expansion or compressibility, 
may furnish further independent information. Accurate 
measurements of these properties can also serve to 
define the equation of state of the solid.‘ The availability 
of new thermal expansion data at lower temperatures 
where the detailed nature of the lattice frequency dis- 
tribution is more important (while at the same time 
anharmonicity effects are smaller) has prompted recent 
interest in further theoretical treatment of this property. 
Recent data have been reported on the cubic crystals 
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Cu,'? Al?’ Ag,’ Fe,? KBr,? and A,® and recent theo- 
retical discussions of thermal expansion have been 
made by a number of investigators.”~® 


II. METHOD AND APPARATUS 


Lattice expansion measurements were made by using 
a rotating single-crystal back-reflection x-ray diffraction 
method," The principles of the method, a description of 
the apparatus, and a detailed error analysis appear 
elsewhere." The technique obtains absolute measure- 
ments of lattice expansion, Aa, the error in Aa/a being 
less than 1X10~°, The single-crystal specimen is main- 
tained in vacuum and cooled by conduction, and tem- 
peratures are measured by an accurately calibrated 
copper-constantan thermocouple. The accuracy of the 
method is limited almost entirely by errors inherent in 
the measurements of lattice expansion and not by errors 
in temperature measurement. A virtue of the technique 
is that appreciable errors do not arise due to thermal 
gradients in the apparatus, since only the specimen is 
at the low temperature. 

The range of temperature accessible for very accurate 
study of integral expansions by the present method 
depends on the magnitude of the crystal expansion. 
For copper the useful range at low temperatures is 
about 8 to 100°K. The present investigation was con- 
fined to temperatures in this range, after preliminary 
measurements in a 20-degree interval near room tem 
perature had established the accuracy and reliability 
of the apparatus. The copper single-crystal sample was 
of about 99.996%, purity, as judged from electrical 


° Figgins, Jones, and Riley, Phil. Mag. 1, 747 (1956) 

® Dobbs, Figgins, Jones, Piercy, and Riley, Nature (London) 
178, 483 (1956) 

7 J. S. Dugdale and D. K. C. MacDonald, Phys. Rev. 89, 832 
(1953); Phys. Rev. 96, 57 (1954); D. K. C. MacDonald and 
S. K. Roy, Phys. Rev. 96, 57 (1954) 

*T. H. K. Barron, Phil. Mag. 46, 720 ; Conference 
Physique des Basses Températures (Centre National de la 
Recherche Scientifique, and UNESCO, Paris, 1955) (Annexe 
1955-3, Suppl. Bull. Inst. Intern. du Froid, Paris, 1955), p. 448; 
Annals of Physics 1, 77 (1957). 

*C. Domb and I. J. Zucker, Nature (London) 178, 484 (1956) 

’ The method depends on developments originated by M. de 
Broglie, Compt. rend. 157, 924 (1913), U. Dehlinger, Z. Krist 
65, 615 (1927), and H. Braekken, Kgl. Norske Videnskab. Selskabs 
Forh. 1, 192 (1929 

" R. O. Simmons and R. W. Balluffi (to be published 


(1955); 
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LOW-TEMPERATURE 


raBLe I. Comparison of linear thermal expansion coefficient, 
a, and linear expansivity, 6, for copper at low temperature. 
a=a~'(0a/0T) ». 6=(a—deo°k)/a20°k. Values in parentheses were 
estimated from the published data. 


Rubin, Altman, and 
Johnston» 
6108 


Bijl and Pullan* 
a X10¢ 6 x105 


This work 


K a X10¢ 6x10* a X10 


0 . 0 eee 0 
0,58 4-0.04 tee 
(0.99) (0.6) 
2.25 (+0.1) 
(5.34) 
10.05 
(16.33) 
(24.01) 


1.01 +0.1 ’ sre 0 

2.33 2040.2 1.6+0,2 ) 2.32 
3.97 4.8 3.0 2 (3.88) 
5.64 10.1 4.6 1 5.54 
7.15 16.7 6.7 (7.02) 
8.50 24.9 8.8 21.5 8.33 


* See reference 2 
» See reference 1 


resistivity measurements at liquid-helium temperature 
and a knowledge of probable impurities. 


Ill. MEASUREMENTS 


The results of three experimental runs are shown in 
Fig. 1. A smooth curve has been fitted to the experi- 
mental points, and gives the linear expansivity, 6 
(a— ret. K) / dros, K, relative to the mean of 14 measure- 
ments made at the lowest temperatures between 8 and 
9°K. Since no detectable expansion occurs below about 
25°K, 20°K is arbitrarily adopted as a reference tem- 
perature for comparison of linear expansivity with 
previous work. The mean absolute deviation of the 54 
measured points from this curve is 4X 10~-°. 

Values of linear thermal expansion 
a=a'(da/0T),, were obtained by both graphical and 
numerical methods which tended to average the ob- 
served individual points. The estimated error in deter- 
mining a is 110-7 per °K. Table I contains the values 
obtained for copper in the various investigations; the 
values in parentheses have been interpolated from the 


coefficient, 


reported data. The stated errors are as given by the 


respective authors. Agreement between the present 
work and that of Rubin ef al. is excellent. On the other 
hand, the values of Bijl and Pullan® are appreciably 
different. 

IV. DISCUSSION 


Because the values of Rubin ef al. agree closely at 
higher temperatures with accepted values” and at 
lower temperatures with the present work, it appears 
that values for a and 6 are now well established through 
out the 40--500°K 
Below 40°K experimental errors are at present rela- 


intermediate temperature range 


tively large (>5°%) so that the precise variation of a 
is undetermined; for practical matters these uncer 
tainties are quite small, however. At elevated tempera 
tures the results of bulk expansion and lattice spacing 
metals do not Further, 


measurements on agree 


2R. M. Bulfington and W. M. Latimer Am. Chem. Soc 
48, 2305 (1926); H. Adenstedt, Ann. Physik 26, 69 (1936); F. ¢ 
Nix and D. MacNair, Phys. Rev. 60, 597 (1941 


See for example, W. Hume-Rothery, Proc. Phys 
London) 57, 209 (1945). 


THERMAL 


EXPANSION OF 


50 








tsiinied 


(400) lattice expansion of single-crystal copper 
“anomalous” increases in thermal 
electrical resistivity of metals occur as the melting 
point is approached, The significance of these devia 
tions has not been fully established; possible con 
tributions include anharmonic lattice vibration effects" 
and the thermal generation of lattice imperfections.'® 

3aV/Cyx, has 
which gives a measure 


expansion and 


A convenient empirical parameter, 7 
been suggested by Griineisen,'® 
of the dependence of lattice frequencies upon the volume 
of the crystal. Here V is the volume, C, is the specific 
heat at constant volume, and « is the isothermal com 
pressibility. Figure 2 shows the temperature dependence 
of the experimental Griineisen y for copper at low 
temperature as calculated from the various measure 
ments of a. The variation of V/« with temperature has 
been taken into account, and the values of Giauque 
and Meads" have been used for C,. The indicated limits 
of error are primarily due to errors inherent in the 
determination of a. The value at room temperature is 
1.96, and it is seen that the present work, coupled with 
that of Rubin ef al., indicates that y may decrease at 
lower temperatures. 

When the lattice 
characterized simply, as in the Debye continuum 
d log®/d logV 
temperature, and y is constant inde 


frequency distribution can be 


model,'* one has y where © is the 


characteristi¢ 
pendent of temperature. Since the thermal behavior of 
metals can be represented only approximately by the 
Debye model, it is to be expected that 7, as determined 
in this work, may not indeed be constant, and refined 
treatments of the relevant properties of suitable lattice 


“MFA. Lindemann, Phil 

DT). K. C. MacDonald J 
Carpenter, J. Chem, Phys 
P. Jongenburger, Phys. Rev. 106, 66 (1957) 

‘6. Griineisen, Handbuch der Physik (Verlag Julius Springer 
Berlin, 1926), Vol. X, p. 1 

'7W. F. Giauque and P. | 
1897 (1941) 

‘*P. Debye 


Mag. 45, 1119 (1923 
Chem. Phys. 21, 177 (1953); L. G 
21, 2244 (1953); and most recently 


Meads, |. Am. Chem. Soc. 63 


Ann. Physik 39, 789 (1912 
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hic, 2, Griineisen y= 43aV/Cyx« versus temperature for copper 


) Present work; © Rubin et al’; 2 Bijl and Pullan? 


models are of interest. Calculations based 
close-packed cubic lattice taking only nearest-neighbor 
forces into account have led to a y which decreases at 
lower temperatures.* ‘These calculations, while they 
consider the discrete nature of the lattice, are at present 


primarily qualitative and suggestive in their application 


upon a 


to the present measurements on copper. 

The presently observed possible decrease in is small 
compared to that derived from the capacitor dilatometer 
measurements. Compared to the latter results, our 
integral linear expansion between 20 and 80°K, 
6(20-80), is larger by about 3X10~° and at 40°K our 
linear thermal expansion coefficient, a(40), is larger by 
710-7 per degree K. An analysis of the existing con 
tradictory results on Al shows remarkably similar 
numerical disagreement. Figgins e/ al.6 made Debye- 
Scherrer photographs of a polycrystalline wire and 
deduced lattice spacings at various temperatures down 
to 20°K. Compared to Bijl and Pullan’s results for Al, 
their 6(20-80) is larger by about 2.5X10~° and their 
a(40) is larger by 610-7 per degree K. Further, sub- 


SIMMONS AND R. W. 
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stances measured with the capacitor method show in 
common very striking apparent decreases in y at 
temperatures below about 120°K.? It is concluded, 
therefore, that systematic error is present in this tech- 
nique at low temperatures. Some error may be due to 
uncertainty in the knowledge of a of the reference 
substance, diamond, since it is known that various 
diamond specimens may have different thermal ex- 
pansion characteristics. Further, an account of pre- 
liminary work with the capacitor device” suggests 
that, while it has exceptional sensitivity, small but 
important instrumental errors may be difficult to 
eradicate. 


V. CONCLUSION 


The established values of thermal expansion of copper 
above liquid-nitrogen temperature have now been 
extended unambiguously to lower temperatures. The 
results have practical as well as scientific interest be- 
cause of the common use of copper as a cryogenic 
material. Because of the small magnitude of thermal 
expansion of copper at low temperature, present tech- 
niques are of insufficient accuracy to obtain the precise 
variation of the Griineisen parameter y, although it 
appears that for copper a slight decrease in y may exist 
in the vicinity of 40°K. The detection of a possible 
linear contribution of the conduction electrons to 
thermal expansion” of copper is precluded by experi- 
mental inaccuracy at present. 

It is concluded that the capacitor dilatometer method 
used in some previous work contains systematic error 
at low temperature. Serious doubt therefore arises as 
to the existence of the large decreases in the Griineisen 
y at low temperature which have been recently 
quoted*” for Al, Fe, Ag, and KBr. 


” J. Thewlis and A. R. Davey, Phil. Mag. 1, 409 (1956). 

*” 7). Bijl and H. Pullan, Phil. Mag. 45, 290 (1954). 

7. Mikura, Proc. Phys.-Math. Soc. Japan 23, 309 (1941); 
S. Visvanathan, Phys. Rev. 81, 626 (1951) 

21). Bijl, Progress in Low Temperature Physics (North-Holland 
Publishing Company, Amsterdam, 1957), Vol. II, Chap. XIII, 
p. 395 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 2 OCTOBER 15 
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Transit-time measurements of electron mobility in AgCl have been extended to very low temperatures 


Results are presented for an air-grown Bridgman crystal and for a Kyropoulos crystal of high purity 


A maxi 


mum mobility of about 250 cm?/volt-sec at 80°K was found for the former and a maximum of 480 cm?/volt 
sec at 55°K for the latter. It appears that imperfections strongly influence the mobility at low temperatures 
At intermediate temperatures the data are in best agreement with the theory of interaction with optical 


modes of vibration of the lattice from which it is found that po = 30(¢ 


» 
e/T 1) cm*/volt-sec. This « orresponds 


to a polaron effective mass of m*/m,=0.28 where m, is the free electron mass 


I. INTRODUCTION 


VEN at low temperature, electrons in the conduc- 

tion band of an insulating crystal are scattered by 
vibrations of the lattice. Since silver chloride is an 
ionic crystal, it is believed that electrons interact most 
strongly with the longitudinal optical modes of vibra- 
tion of the crystal.' These are modes in which the posi- 
tive and negative ions vibrate out of phase, and there- 
fore have an associated polarization which scatters the 
electron most strongly. They have a relatively narrow 
range of frequencies which may be approximated by 
a single frequency, w, calculated from the transverse 
optical mode in turn determined experimentally from 
the Reststrahl wavelength. Low and Pines* have carried 
out a theoretical calculation of mobility of the polaron 
in an ionic crystal, where a polaron is defined as an 


electron plus its associated lattice polarization, Their 
results apply to a temperature range 7<©, where 
© =hw/k, the Debye temperature characteristic of the 
material. In order to calculate w, one uses the relation 
w= (€/e€o)!2nc/d..2 In the case of AgCl, the static di- 
12.3, the high-frequency dielectric 
constant ¢9= 4.04,‘ and the wavelength of the transverse 


electric constant «€ 


optical mode \,=90u.° This gives w= 3.6610" and 
@=280°K. 

In the work of Low and Pines and in earlier work, the 
strength of interaction of the electron with the lattice 


is measured by a constant, 
esm, \' /e— & m 
; , (1) 
h 2he €€0 mM, 
Here m, is the free-electron mass and mi is the effective 


mass of the electron in the conduction band. It will be 


shown later that an approximate value for m/m,=0.21 

t Partially supported by U. S. Air Force and National Science 
Foundation 

*On leave from Physics Department 
Eugene, Oregon. 

!'H. Fréhlich and N. F. Mott 
496 (1939); A62, 446 (1949) 

2 F. Low and D. Pines, Phys. Rev. 98, 414 (1955) 

' Lyddane, Sachs, and Teller, Phys. Rev. 59, 673 (1941) 

4K. Hojendahl, Kgl. Danske Videnskab. Selskab, Mat.-fys 
Medd. 16, No. 2 (1938). 

5 R. B. Barnes, Z. Physik 75, 723 (1932) 


University of Oregon, 


Proc. Roy. Soc. (London) A171, 


so that a~1.82. This is a fairly strong interaction to 
which the polaron theory’ rather than perturbation! 
theory should apply. Experimental results with which 
to compare the polaron theory are just beginning to 
appear. For example, work has been done on MgO® and 
on PbS.’ In the latter case the interaction constant a 
is small and it is found that it is possible to fit the data 
at low temperatures with both the perturbation theory 
and the polaron theory. 

Because of long electron lifetimes before trapping, it 
has been possible to make direct drift-mobility measure 
ments on AgCl.* From these experiments mobility, y, 
plotted as a function of 7 was shown to have an approxi 
mate 7! dependence down to 86°K instead of an 
(e%/"—1) dependence as predicted by the polaron 
theory. Results presented below extend the mobility 
data on AgCl to less than 35°K and include purer 
material prepared under careful control. The 7! de 
pendence at intermediate temperature is shown to be 
a fortuitous combination of optical-mode scattering 
and the effect of imperfections predominate at lower 
temperatures.’ 


Il. EXPERIMENTAL METHOD 


Apparatus used for the measurement of drift mo 
bility is shown schematically in Fig. 1. The method is 
similar to that previously employed’ except that elec 
trons are injected into the conduction band at the 
cathode by short pulses of strongly absorbed light 
rather than by beta particles, Under a known applied 
field these charge carriers drift across the thickness, 
(0.23 cm, of the crystal. The drift time from which the 
drift mobility may be computed is given by the rise 
time (~10~' sec) of the integrated charge pulses re 
corded by a fast oscilloscope after suitable amplifica 
tion. The amplifier circuits were similar to those used 
in the earlier work and employed a low-noise cascode 
type preamplifier," Over-all risetime of the electronic 


® Marshall, Pomerantz, and Shatas, Phys. Rev. 106, 432 (1957) 
R. L. Petritz and W. W. Scanlon, Phys. Rev. 97, 1620 (1955 

*F, C. Brown, Phys. Rev. 97, 355 (1955); 92, 502 (1953) 

’C. Allemand and J. Rossel, Helv. Phys, Acta, 27, 212 (1954) 

The preamplifier employed a cascode connected 6BQ7 fo! 


lowed by a cathode follower circuit. Recently a low noise pre 
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Fic, 1. Outline of the apparatus. The crystal rests against a 
transparent negative electrode inside of a copper chamber filled 
with evel gas. Access to this chamber is through a lead gasket 
seal and the window is of 0,00025-inch Mylar. An outer vacuum 
wall surrounding the cryostat is not shown. The optical system 
provides light pulses of 25 my sec duration 


equipment was 18 mysec and allowed the measurement 
of less than 10~* coulombs induced across the crystal 
capacitance 

The helium cryostat outlined in Fig. 1 was designed 
to maintain a sample at any desired temperature from 
room temperature to 4°K. The crystal of silver chloride 
is mounted between a silver electrode and a transparent 
semiconducting quartz electrode inside of a copper 
sample chamber which is thermally isolated from‘the 
inner liquid-helium container. A means is provided. for 
slow circulation of liquid helium whose rate of transfer 
determines the cooling rate and the final temperature." 
A heater surrounds the sample chamber. ‘Thermal con 
tact is made to the AgCl crystal by helium gas since 
the sample chamber may be evacuated or filled with 
gas from the outside. ‘Temperatures were measured 
with a Copper-Constantan thermocouple and a carbon 
resistance thermometer calibrated against a 
standardized platinum resistance thermometer. 

The optical system outlined in Fig. 1 allowed the 
crystal to be illuminated with single pulses of light of 
25-myusec duration. Basically, it consisted of a G.E 
type AH-6 high-pressure mercury arc, a quartz colli 
mating lens, and a high-speed rotating mirror of 
Stellite driven by an air turbine.” The light was filtered 
either by a Corning 9863 or a Corning 5860 (3600 A, 
absorption constant in AgCl~250 cm™ at 77°K) filter. 
Of the order of 10° quanta per pulse were incident upon 
the crystal. A photomultiplier, not shown in Fig. 1, 
was used to provide a fast trigger pulse to initiate the 
sweep of the oscilloscope. The single oscilloscope traces 
were recorded on film and analyzed by projection. 

For these measurements, it has been necessary to 
prepare samples of AgCl in which a large proportion 
of the released carriers travel through the full thickness 
of the crystal at fields less than 5000 volts/cm. Data 
will be given for crystal XVIII; which was grown in 


each 


amplifier of similar design has been reported by Cottini, Gatti, 
Giannelli, and Rozzi, Nuovo ciment 3, 473 (1956) 

"CA. Swenson, Rev. Sci. Instr. 25, 608 (1954) 

J. W. Beams, Revs. Modern Phys, 10, 245 (1938); J. H 
Webb, J. Opt. Soc. Am 26, 347 (1936) 
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air by the Bridgman technique as described elsewhere.” 
It is believed to have a total heavy-metal impurity 
content of a few tenths of a part per million. The 
sample marked H-342-196b was grown by the Eastman 
Kodak Laboratories’ by the Kyropoulos technique in 
air. The results of a spectrochemical analysis!® indicate 
that its chief impurities are Fe 0.1 part per million, and 
Na about 2 parts per million. Both samples were se- 
lected for these low-temperature measurements on the 
basis of large electron lifetimes observed by a pulse 
technique at room temperature.” The crystals were 
carefully annealed at 400° on quartz powder in air and 
the surfaces polished before mounting between the 
electrodes in the cryostat. 


III. RESULTS 


In order to determine mobility as a function of tem- 
perature, the crystal was held at a fixed temperature 
and the charge-pulse risetimes measured at a series of 
applied voltages. The average risetime, 7, for 10 to 25 
pulses recorded at each voltage is then plotted as a 
function of 1/V as shown in Fig. 2. Mobility, yu, is 
determined from the constant slope of this plot 


dr a 


d(i/V) pw 


where d is the thickness of the crystal. The time-axis 
intercept is a measure of the combined amplifier rise- 
time and light-pulse duration and has a value consist- 
ently near 30 myusec. A real advantage of this method 
of treating the data is the clear separation of transit 
time from instrument time. It also makes it easy to 


Temp. = 59°K 


ft = 173 cm*/volt - sec 








10 5 20 
107 V (volts) 


Risetime, 7, in microseconds plotted as a function of 1/1 
for crystal XVIII; thickness d=0.210 cm 


Fic. 2 


F.C. Brown, J. Phys. Chem. Solids (to be published 
'’ The authors are indebted to Dr. F. Hamm for this crystal. 
'® Nail, Moser, and Urbach, Rev. Sci. Instr. 28, 275 (1957). 
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detect and to separate the effects of temporary trapping 
when this occurs. Note that the point at low voltage 
(V=610 volts) in Fig. 2 lies above the extrapolated 
linear portion of the curve, indicating that for the 
transit times involved the electrons begin to spend a 
fraction of their time in shallow states as well as in the 
conduction band. At temperature below 40°K in 
crystal XVIII; and below 25°K in crystal H 342-1966 
the observed pulses lengthened and finally decreased 
below a measurable response. This might be explained 
by a high density of shallow traps, higher in crystal 
XVIII; than in the other sample. The observed effects 
were reversible as one warmed or cooled through the 
temperatures given above. 

Figure 3 shows the mobility results for two quite 
different crystals. Notice that a maximum of about 250 
cm*/volt-sec occurs near 80°K in the Bridgman crystal 
XVIII;. The points shown by the solid dots summarize 
data taken during different runs some of which were 
separated by annealing treatment. There is some evi 
dence, although it is slight, that the data below 80°K 
are more consistent during a run than from run to run. 
The uncertainty of individual points is usually less 
than 10% and may be as low as 5%. Notice further 
that the data for the Kyropoulos crystal, H 342-1966, 
reaches a maximum as high as 480 cm’/volt-sec at 
lower temperatures. The data from 65 to 110°K for 
2.54X10°T-! de 


pendence shown to fit the older Reed* data down 


this crystal lie well above the yu 


to 90°K. Furthermore, it is not possible to obtain a 
good fit to the data for either crystal at intermediate 
temperatures by combining any reasonable low-tem 
perature scattering law with a 7~! dependence at higher 


temperatures. It is necessary to evoke an (¢/7—1) 


dependence as shown by the upper solid line in Fig. 3. 


p= 30(e 78°" _ 5, 


1 t 


3/2 
\ 2 *2.54 x10 T 
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Fic, 3. Electron mobility versus temperature 
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Fic. 4. Electron mobility versus reciprocal temperature. The 


solid curve shows the combined effect of imperfection scattering 
at low temperature and thermal scattering at high temperature 


This is in agreement with the polaron theory and inter 
action with the optical modes of vibration.'® 

The data below 55°K is not sufficiently extensive to 
yield the exact low-temperature dependence. However, 
the points at 35°K and at 45°K for H- 342-1966 should 
be influenced little by Rather, 
mobility in this range is determined by other mecha 


lattice scattering. 


nisms such as impurity'’ or dislocation scattering 
Figure 4 shows the fit obtained by combining jy 

30 (eT —1) with wa=10.5T according to 1/u=1/p»9 
+1/ua. Admittedly this method of combining reciprocal 
mobilities (or relaxation times) leads to error in the 
intermediate range but it is the best we can do until 
we know more about the energy dependence of the 
low-temperature scattering mechanism. Similarly the 
results for XVIII, can be fitted by a combination of 
po = 30(e* —1) and a reasonable 7! or 7? dependence 
at low temperature much better than by using poe 7° 5 


IV. CONCLUSIONS 


The data are in agreement with the polaron theory of 
mobility in which the electron is scattered by optical 
modes of vibrations of the lattice in the intrinsic re 
gion. A strong effect due to imperfections prevails at 
low temperature and influences mobility to tempera 
tures as high as 120°K in some crystals. If this scatter 


‘© These same remarks apply if one takes into account the 
effect of a possible high density of very shallow traps. Recent 
experiments indicate that the density of such traps may be high 
enough to explain the results for crystal XVIII, 
seem to be the case for H342-196b 

'7F. Blatt, J. Phys. Chem. Solids 1 


This does not 


No. 4, 262 (1957 





284 BROWN 


ing is due to ionized impurities, it would appear to 
require in the vicinity of 10'7 to 10'* such impurities 
per cm*, at least in the case of XVIII,;. This is much 
more than the expected total impurity content in these 


crystals, 

The theory of Low and Pines gives the following ex- 
pression in cgs units for mobility as a function of 
temperature in the range 7<© (@=280°K for AgCl) 


l esw\* 
7 f(a) (e9/7 —1) 
2aw m m* 


In this equation, a is given by Eq. (1) and m* is the 
m(1+-4a).* The 
function f(a) is a slowly varying function of a as shown 
in Fig. 1 of reference 2. 

In the theoretical expression (2), the 


effective mass of the polaron, m* 


ratlo m/m, 


1* Lee, Low, and Pines, Phys. Rev. 90, 297 (1953 
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serves as an adjustable parameter, where m, is the free 
electron mass and m the effective mass of electron in 
the conduction band. Comparing the observed result, 
po= 30(e/T—1) cm?/volt-sec, with Eq. (2), we have 
for AgCl: 


* 


m/m,=0.215, m*/m,=0.28, a=1.82. 
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Attention is called here to the fact that polyvalent impurities of the silver period of the periodic table 
give rise to a smaller residual resistivity in both copper and silver than do polyvalent impurities belonging 
to the copper period. An explanation of this experimental result is presented. The explanation is based on a 
modification of the Friedel sum rule suggested by Harrison by which one may take lattice distortion into 
account. The calculated results reflect in every detail the qualitative features of the experimental data and, 
moreover, lead to better quantitative agreement between theory and experiment than previous calculations 
based on the free-electron model. The occurrence of a similar period dependence of the thermoelectric power 
of these alloy systems is suggested and is currently being investigated 


I, INTRODUCTION 


HE residual resistivity resulting from the addi- 

tion of polyvalent metals to the monovalent 
metals has been studied extensively by Linde.’ The 
results of Linde showed that, for small concentrations, 
the residual resistance was proportional to the concen- 
tration of the polyvalent impurity. Moreover, Linde 
also found that the resistivity increase associated with 
an impurity concentration of one atomic percent could 
be represented by the expression 


Ap=a+bZ’. (1) 


Here a and b are constants whose values depend on the 
solvent metal and on the row of the periodic table from 
which the impurities are taken. Z is the difference in 
valence between the impurity atom and the atom of the 
solvent metal. In the case of an impurity of valence Z’ 
in solid solution in a monovalent metal, we have 
Z=Z'—1. 

In the present discussion we shall be concerned only 
with dilute alloys of copper and silver which contain, 
in solid solution, one of the elements of the copper or 
silver row of the periodic table. The pertinent experi- 
mental results of Linde are listed in Table I, and have 


PasBLe I. Residual resistivities of copper and silver alloys 
Values of Ap are in wohm-cm/atomic percent impurity (after 
Linde, reference 1). 


Valence 


difference Residual resistivity, Ap 


Silver 


0.077 
0.62 


Impurity 
Cu 0 
Zn 1 

Ga 2 

3 
4 


Copper 


0.335 
1.40 2.28 
3.75 5.52 
6.8 8.46 


Ge 


As 


Ag 0 0.14 eee 

Cd 1 0.21 0.382 

In 2 1.10 1.78 
3 4.32 
4 


7.26 


Sn 2.85 
Sb 5.45 


* Supported in part by the Air Force Office of Scientific Re 
search, Air Research and Development Command 
1 J. O. Linde, Ann, Physik 15, 219 (1932). 


been plotted in Fig. 1. From these data one can draw 
several conclusions. 

Linde’s rule, Eq. (1), is approximately valid. The 
parameter a is smaller than 6 in every instance. The 
slopes of the straight lines of Fig. 1, that is, the values 
of b depend on the solvent metal and also on the row of 
the periodic table to which the impurities belong. In 
particular, it is quite striking that impurities belonging 
to the silver row of the periodic table produce a smaller 
resistivity change in both silver and copper than do im 
purities belonging to the copper row of the periodi: 
table. A very crude argument based on the idea of a 
misfit between solvent and solute cannot account for 
this systematic behavior. Such an argument would lead 
one to the conclusion that the resistivity increase pro 
duced by cadmium in copper should be /arger than the 
resistivity due to zinc in copper, whereas the reverse is 
in fact the case. We shall show, however, that misfit 
is nevertheless the cause for this systematic behavior 
which we shall denote the period dependence. 

The results of Linde were interpreted first by Mott.’ 
If it is assumed that the scattering potential associated 
with an impurity of valence Z’ when in solid solution in 
a monovalent metal is the potential of a point charge 
Ze, the cross section for scattering of conduction elec- 


‘2 
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Sb, As 
Fic. 1, The measured residual resistivities of copper and silver 
containing one atomic percent impurity. The resistivities are 
given in wohm-cm (after Linde, reference 1), For nomenclature see 
reference 7 
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?N. F. Mott, Proc. Cambridge Phil. Soc. 32, 241 (1936) 
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trons may be calculated quite simply. As is well known, 
the cross section diverges unless the Coulomb potential 
of this point charge is assumed to be screened by the 
conduction electrons. In his calculation Mott used 
such a screened Coulomb potential, namely, 


Ze 


V(r) exp(—r/ro). (2) 


r 


‘The screening radius ro may be determined from the 
Fermi-Thomas statistical model.* Since in the Born 
approximation, which Mott employed, the differential 
scattering cross section is proportional to the square of 
the matrix element of V(r) between the initial and final 
states of the electron, the dependence of Ap on Z* was 
an immediate consequence of Mott’s analysis. However, 
Mott found that the Fermi-Thomas approximation 
gave values for ro which lead to resistivity changes 
several times as large as those observed by Linde. By 
suitable adjustment of ro he was able to fit his calcu- 
lated resistivities to those measured by Linde. 

The problem has been reconsidered in recent years 
by a number of workers. Friedel* showed that if the 
scattering cross sections are calculated by a partial 
wave treatment the phase shifts, 6;, must satisfy the 


condition 


> « 
Y (21+1)5)=N (3) 


T lewd 


for small impurity concentrations, where N is the excess 
charge associated with the impurity. At large distances 
this charge must be screened completely by a readjust- 
ment of the free electrons in the neighborhood of the 
impurity, and this requirement leads to Eq. (3). Friedel 
also used a potential of the form of Eq. (2) and adjusted 
r, 30 that the calculated phase shifts satisfied Eq. (3). 
His results are in much better agreement with experi- 
ment than are Mott’s. It is also interesting that Friedel’s 
values for ro are very close to those predicted by the 
Fermi-Thomas model. The difference in the numerical 
results obtained by Mott and Friedel is due, in large 
measure, to Mott’s use of the Born approximation 
which is not valid in these calculations. 

Friedel and others®* have always set N equal to Z, 
the excess valence of the impurity. It follows that such 
calculations cannot distinguish between impurities of 
equal valence which belong to different periods of the 
periodic table. Moreover, kr,=1.92 for all the mono 
valent metals, where & is the electron wave vector at 
the Fermi surface, and r, is the effective radius of the 
unit cell, that is, r,= (3Q/42)!. The phase shifts calcu- 
lated for an impurity of valence Z’ in copper should, 


3N.H. March, Advances in Physics (Taylor and Francis, Ltd., 
London, 1957), Vol. 6, p. 1 

‘J. Friedel, Advances in Physics (Taylor and Francis, Ltd., 
London, 1954), Vol. 3, p. 446 

*F, J. Blatt, Phys. Rev. 99, 1708 (1955) 

*P, de Faget de Casteljau and J. Friedel, J. phys. radium 17, 
27 (1956) 
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therefore, also apply to the same impurity in silver and 
gold. The resistivity change associated with a given 
impurity when in solid solution in silver should then 
be proportional to the resistivity change produced by 
the same impurity in copper, with the same propor- 
tionality constant for all values of Z’. In particular, 
one would expect that the relation 


Cu(Z’)/Ag(Z’) =0.89 


should be valid.’ 

In fact, however, the experimental results do not 
agree with these predictions of Mott and Friedel’s 
theories. There is a very pronounced period dependence 
in copper and silver as well as in gold. This period de- 
pendence may be expressed qualitatively by noting that 


Cu(Cu) Ag(Cu) Au(Cu) 


>1 
Au(Ag) 


Cu(Ag) Ag(Ag) 


Friedel’s calculation leads to the result 
Cu(Cu) Ag(Cu) Au(Cu) 
Cu(Ag) Ag(Ag) Au(Ag) 


Moreover, the ratios Cu(Cu)/Ag(Cu) and Cu(Ag)/ 
Ag(Ag) are consistently less than the value 0.89. 

Roth* has carried out very careful calculations on the 
effect of monovalent and divalent impurities on the 
resistivities of the monovalent metals. Hers is the only 
calculation which does not rest on the free-electron 
approximation and in which the choice of potential 
was such as to reflect differences between impurities 
of equal valence. Her results are in better agreement 
with experimental values than those of other workers 
and, moreover, exhibit qualitatively the same period 
dependence that is in fact observed. Unfortunately, 
she did not extend her work to the trivalent, tetra- 
valent, and pentavalent impurities. 

The calculation which is described in the next section 
is very crude indeed, especially when compared to the 
work of Roth. It has, however, the considerable virtue 
of simplicity and suggests a simple, though not unique, 
interpretation of the period dependence. 


Il. CALCULATION 
1. Lattice Strain and the Friedel Sum 


It has been suggested by Harrison® that the expan- 
sion or contraction of the lattice in the neighborhood of 


’ We adopt the following notation: The symbol M(N) repre 
sents the residual resistivity of metal M due to the presence of onc 
atomic percent of impurity N. We shall also use the symbol 
Ag(Cu) to represent the residual resistivity of silver when im 
purities belonging to the copper period of the periodic table 
(Cu, Zn, Ga, Ge, As) are alloyed with silver; the symbol Ag(Ag) 
denotes the residual resistivity of silver when impurities belonging 
to the silver period (Cd, In, Sn, Sb) are alloyed with silver. An 
analogous interpretation applies to the symbols Cu(Cu) and 
Cu(Ag) 

*L. M. Roth, thesis, Harvard University, 1956 (unpublished) 

*W. A. Harrison (private communication). I am grateful to 
Dr. Harrison for an illuminating discussion of these matters 





RESIDUAL RESISTIVITY OF Cu AND Ag ALLOYS 


Tas II. Lattice expansion of copper and silver of the introduction of the impurity may be classified 
due to alloying.* : : : ; 
into three contributions: 
1. A valence effect. 


Copper; o =0.35, y =1.444 Silver; ¢ =0,38, y =1.35 4 : : + , I< . j 
. Achange in size of the unit cell which is occupied 
ba/a 6V/Q N ba/a 6v/Q N : A hange in Siz f t anit I 


- by the impurity. 
0.083 —0.1847 0.1847 ee 
+0.055 +0.1142 0.8858 —0.035 —0.078 1.078 3. A change in the local average ionic charge density 
0.075 = 0.156 1.844 0.02 0.0445 2.0445 resulting from the change in size of the unit cell occupied 


0.092 0.191 2.809 +0.01 +0.0223 2.9777 |} the impurity 
013. 0.27 373 +0.037 +0.0823 3.9177 2 © purity: 


0.155 0.322 0.322 The first two effects are obvious. The last may be 
0.22 0.457 +0.543 +005 +0.1113 0.8887 treated by a deformation-potential approach.’ The 
0.26 0.54 1.46 0.078 0.1736 1.8264 change in the local charge density is then readily related 
0.277 0.575 2.425 0.108 0.2404 2.7596 “_s ves . 
031 0.644 3 356 0.15 0.334 3666 to the Friedel condition. An outward displacement of 
_ the nearest neighbors to the impurity in effect removes 
1 rhs values of ta/a are taken from G. V. Raynor, Progr. in Metal Phys a certain amount of ionic charge from the region occu- 
, pied by the impurity. In the approximation of an 
infinite isotropic elastic continuum the ionic charge 
density in the remainder of the lattice is unchanged, 
the strain being a pure shear and contributing no 
dilatation. Hence, the Fermi energy of the eleciron gas 
is unaffected. However, the effective charge which the 
scattering center presents to the conduction electrons 
is now no longer Z’—1 but is Z’—1—(6V/Q), where 
6V/Q is the fractional change in size of the cell occupied 
by the impurity. 
In performing a partial-wave calculation we should, 
therefore, modify the Friedel condition in the sense 
that N is not equated to Z’—1 but is given by 


an interstitial or a vacancy may be accounted for, at 
least in large measure, by a suitable modification of the 
Friedel sum condition. The details of his arguments will 
be expounded by Harrison, and we shall indicate here 
only the general line of thought as it applies to the 
problem at hand. 

Consider an impurity of valence Z’ in a monovalent 
metal. If the impurity occupies a regular lattice site 
and does not strain the lattice then the extra charge, 
N, which must be screened by the conduction electrons 
is indeed equal to the valence difference Z=Z’—1. 
Suppose, however, that the impurity gives rise to an 
expansion, that is, causes an outward displacement of N=Z'—1—(6V/Q). 
those solvent metal ions which are in the immediate 
vicinity of the impurity. If, to first approximation, we 
treat the metal as an isotropic elastic continuum of Eshelby" has shown that the relative change in 
infinite extent, the change that has occurred asa result lattice parameter due to the introduction of m centers 


(4) 


2. Determination of 6V/Q 


TABLE III. Phase shifts and the Friedel sum for impurities in copper and silver 


LD (2b4+1)4 
Solvent Impurity , 40 bi x int 
Copper Cu 
Zn 1.9897 2.4222 0.5319 0.2410 0.0277 0.0018 0.8951 (). 8858 
Ga 7 2.7638 0.8440 0.5676 0.0632 0.0038 1.8394 1.844 
Ge 35 3.03 1.0313 0.9333 0.1069 0.0060 2.8067 2.809 
As ; . 3.275 1.1472 1.2589 0.1746 0.0094 3.73 3.73 


Ag , . 1.92 0.2163 0.0755 0.0115 0.0010 0.3229 0.322 
Cd : 2.418 0.2955 0.1461 0.0223 0.0018 0.5461 0.543 
In ; 2.77 0.6217 0.4376 0.0670 0.0052 1.467 1.46 

Sn . 3.043 0.83515 0.77045 0.1239 0.0089 2.437 2.425 
Sb 3,28 0.9711 1.065 0.2006 0.0136 3.351 3.356 


Cu 1937 1.92 0.1487 0.0402 0.004 0.0002 0.1851 0.1847 
Zn : 7 2.42 0.6761 0.2865 0.0272 0.0015 1.071 1.07% 

Ga 2.7638 0.9854 0.64446 0.057 0.0029 2.0525 2.0445 
Ge t 3.02 1.129 1,008 0.0947 0.0047 2.966 2.9777 
As 1.9713 3,27 1.248 1.368 0.1539 0.0072 3.929 4.9177 


Ag 
Cd 1.9887 2.425 0.5320 0.2414 0.0279 0.0018 0.8965 ().8887 


In 2.0252 2.76 0.8301 0.558 0.063 0.0039 1.812 1.8264 
Sn 2.063 3.03 1.0025 0.9083 0.1095 0.0064 2.75 2.7596 
Sb 2.1137 3,27 1.1111 1.215 0.1784 0.010 3.64 3.606 


” J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950) 
"J. D. Eshelby, J. Appl. Phys. 25, 255 (1954). I am indebted to Dr. C. W. McCombie for calling this paper to my attention 
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Tape IV. The residual resistivities of dilute copper alloys. The numerical values are in wohm- 


I 
Impurity 


Zn 
Ga 
Ge 


As 


Ag 
Cad 
In 

Sn 
Sb 


* See reference 1 


resent 


cak 


0.66 
2.09 
4.25 
6.27 


0.11 
0.20 
1.16 
2.91 
4.81 


»*H. Fujiwara, J. Phys. Soc 


© See reference 5 


Exp.* 
result 


0.335 
1.40 
3.75 
6.8 


0.14 
0,21 
1,10 
2.85 
5.45 


Japan 11 


376 (1956 
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Other calculated results 


Fu,IIl* Fu,IV» 


0.67 


4 See reference 4 
* See reference 6. 
! See reference 8 


1.14 


Be 


cm/atomic percent impurity. 


0.001 
0.47 


ranie V. The residual resistivities of dilute silver alloys. The numerical values are in wohm-cm/atomic percent impurity. 


Present Exper Other calculated results 
Impurity cak result* Fu,I» Fu, It» Fu, ILI» Fu,IV> Be F R¢ 


Cu 0.061 0.077 0.001 
Zn 1.18 0.62 2.01 3.09 0.75 1.45 . 3! 0.92 
Ga 3.13 2.28 
Ge 5.50 5.52 
As 7.81 8.46 


Cd 0.74 0.382 
In 2.27 1.78 
Sn 4.54 4.32 
Sb 6.71 7.26 


* See reference 1 
»H. Fujiwara, J 
* See reference 5 


Phys 


Soc 


Japan 11 


376 (1956 


4 See reference 4. 
* See reference 6. 
' See reference 8 


of dilatation per unit volume, each of strength c, is 
given by 


Aa/a=4rncy, (5) 


where y= 3(1—a)/(1+<¢), o being Poisson’s ratio. The 
change in volume of a cell containing a center of dilata 
tion is 4c. Thus, we have 


6V 3 /ba 
( ), (6) 
Q ya 


where éa/a is the relative change in lattice parameter 
in percent per atomic percent impurity, The correction 
to the Friedel sum may be determined, therefore, from 
known experimental results. The pertinent information 
is summarized in Table II 


3. Choice of Potential 


Since our primary interest is to determine if the 
period dependence in copper and silver alloys may be 
related to the strain introduced by the impurities, we 
have made no attempt to select a “good” potential to 
represent the scattering center. In order to simplify 
the numerical work we have chosen a square well (and 
in one case, namely for silver as an impurity in copper, 
a square barrier) potential in every case. The range of 


the potential was chosen to be 
r’ =r, 1+ (6V/Q) }}, (7) 
and, consequently, 
kr’ = 1.92 1+ (6V/2) }t. (8) 


The strength of the potential was used as an adjust- 
able parameter and varied until the phase shifts satisfied 
the condition 


2 « 
> (21+-1)6,=7'—1 (9) 


Ww i?) 


Except for the shape of the potential, the calculation 
contains no adjustable parameters whatever. The 
different dilatations resulting from the introduction of 
different impurities of equal valence into the copper and 
silver lattices reflect themselves in different values of 
kr’ and N. 


III. RESULTS 
he residual resistance is given by 


Ap=0.417A/r, 0 w ohm-cm/atomic percent impurity. 
(10) 


For copper r,= 2.66 atomic units, for silver 7,= 2.99 





RESIDUAL RESISTIVITY 


atomic units. The quantity A is given by 


dr 
A= —-> (1+-1) sin?(6,—6,41). 


l=) 


(11) 


For copper 42/k’=24.14 atomic units, for silver 
4n/k’? = 30.51 atomic units. 

In Table III we have listed the calculated phase 
shifts and the corresponding parameters ar’, where 
a=[2(E—V>) }* atomic units, and —Vo is the depth 
of the potential well. In column nine of Table IIT we 
give the values of the Friedel sum, 


) A 
Y (21+1)6;, 


WT i=) 


and in the tenth column N=Z’—1—6V/Q. In every 
case the difference between the values of columns nine 
and ten is less than one part in one hundred. 

The calculated residual resistivities of copper alloys 
in pohm-cm/atomic percent impurity are shown in 
column two of Table IV. The next column lists the 
experimental results of Linde. The additional columns 
show the results of previous calculations by various 
workers. The corresponding information for the silver 
alloys is given in Table V. 


IV. DISCUSSION 


With the exception of the work of Roth, the agree- 
ment of the results obtained here with the data of 
Linde is better than that of earlier calculations. More 
significant than the numerical agreement is the fact 
that the period dependence observed experimentally is 
faithfully reflected by the present calculation. The 
period dependence of the calculated resistivities is 
most clearly shown in Fig. 2 which should be compared 
with Fig. 1. 

A better appreciation of the period dependence of the 
residual resistivities of these alloys is gained if one con- 
siders the ratios Cu(Cu)/Cu(Ag) and Ag(Cu)/Ag(Ag), 
which in previous calculations, except Roth’s, are 


lic. 3. The experimental and calculated ratios of 
the residual! resistivities of copper and silver con 
taining equal concentrations of impurities of valence 
Z+1 which belong to the copper and silver row of the 
periodic table, respectively. In the lower portion of 
this figure are shown the ratios, calculated and ex- 
perimental, of the residual resistivities of « opper and 
silver which contain the same impurity in equal 
atomic concentration 
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- oo = 
| | 


i~) 
oa 


t 4 9 zt i 
AgluCdZn Infoa SnGe $b,As 


ic. 2. The calculated 
silver containing one atomic 
are given in wohm-cm 


resistivities of and 


The resistivities 


residual 
percent impurity 


copper 


unity. The measured and calculated ratios are shown 
in the upper Fig. 3, the agree 
ment with the experimental values is in all but one 
case surprisingly good. If the effect of strain on the 
Friedel sum and on the range of the potential had been 
neglected, the calculated points would all fall on the 
dot-dash line at which the ordinate is unity. 

The lower portion of Fig. 3 shows the experimental 
and calculated values of the ratios Cu(Cu)/Ag(Cu) and 
Cu(Ag)/Ag(Ag), which in previous calculations, except 
again Roth’s, take on the value 0.89, shown by the 
dashed line in Fig. 3. Again, except for one point, agree 
ment of the present calculation with the observed 


portion of and 


results is quite good. 
Finally, we remark 
of the copper and silver alloy systems. Although 
Ag(Cu)>Cu(Ag) for all values of Z > 1, the residual re 
sistivity of silver with one atomic percent copper in solid 
solution is /ess than the residual resistivity of copper 
with one atomic percent silver in solid solution. This par 
ticular feature of the copper and silver alloys is shown 
on the enlarged plot of Fig. 4. The experimental results 
are shown in Fig. 4(a); Fig. 4(b) shows the calculated 


on one interesting feature 


residual resistivities, and again all of the qualitative 
features of the experimental results are properly dis 
played by the calculated points, quite apart from the 
rather satisfactory quantitative agreement. 

Our choice of the scattering potential is admittedly 
very inadequate, and one may wish to improve on it. 
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hic. 4. The residual resistivities of copper containing impurities 
taken from the silver group of the periodic table and the residual 
resistivities of silver containing impurities taken from the copper 
group of the periodic table. The values given are in wohm-cm/ 
atomic percent impurity. The experimental results are shown in 
Vig. 4(a); the calculated points are shown in Fig. 4(b 
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In other respects also this calculation leaves much to be 
desired. On the other hand, the errors which have 
probably been introduced as a result of these simplifica- 
tions are very likely nearly the same for all of the alloys 
considered here. It appears, then, that the systematic 
variation of the residual resistivity of the copper and 
silver alloys with the row of the periodic table con- 
taining the impurity is intimately related to the strain 
which the impurities introduce into the host lattices. 
By adjusting the Friedel sum condition in the manner 
suggested by Harrison and adjusting the range of the 
potential so as to reflect the distortion of the lattice, all 
of the qualitative features of the experimental results 
are faithfully reproduced by the calculations, and even 
the quantitative agreement between theory and experi- 
ment is substantially improved as compared with earlier 
calculations based on the free-electron model. 

It is very likely that this period dependence of the 
noble-metal alloys will also reflect itself in other trans- 
port phenomena. A systematic experimental study of 
the thermoelectric power of the copper and silver 
alloys is now being carried out, and the calculations are 
being extended to include these effects. A period de- 
pendence of the sort which we anticipate has in fact 
been observed already in another alloy system, the 
magnesium alloys. In these alloys the parameter Ax, 
introduced by Friedel,‘ which is intimately related to 
the change in the absolute thermoelectric power due to 
alloying, appears to depend not only on the valence 
difference Z but also on the row of the periodic table 
which the impurity occupies.” 


 Salkovitz, Schindler, and Kammer (to be published). I am 
grateful to these authors for several stimulating discussions of 
their work and for a prepublication copy of their manuscript. 
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J=3, K=2 Line in the Inversion Spectrum of N'‘H, 
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The coupling scheme used by Gunther-Mohr to study the hyperfine structure in the spectrum of N“H, 


breaks down when there is no first-order quadrupole splitting, i.e., for J/=3, K =2 


This occurs because to 


neglect matrix elements off-diagonal in F, it is necessary to have a quadrupole splitting considerably larger 
than the other interactions being considered. This special case is treated here by including the elements 
off-diagonal in F;. The energy splittings, frequencies, and relative intensities are found. The numerical con 
stants used in the evaluation are taken from the work of Gordon. It should be possible to observe the details 


of this line with the maser 


INTRODUCTION 


HE hyperfine structure in the microwave inver 

sion spectrum of the N“H,; molecule, occurring 
at a wavelength of about 1.25 cm, has been given a 
rather thorough theoretical and experimental treat- 
ment by Gunther-Mohr!? and Gordon.’ Gunther-Mohr 
first investigated the hyperfine structure with a resolu- 
tion of about 40 kc/sec. He found a splitting of the 
quadrupole lines for K = 1. This splitting was explained 
theoretically in terms of the interaction of the magnetic 
moments of the protons with the molecular magnetic 
field and the spin-spin interactions between the nitrogen 
nucleus and the protons. The theory predicted a number 
of magnetic satellites that were not resolved. However, 
a short time later, Gordon using an instrument giving a 
remarkable resolution of something like 5 kc/sec re 
solved the magnetic satellites predicted by Gunther- 
Mohr. When terms were included giving the spin-spin 
interactions between the protons, there was essentially 
complete agreement between the theory and the ex 
perimental results. 

There is one particular line in the ammonia spectrum 
which is not included in the above theoretical analyses. 
This is the J=3, K 
K the nitrogen quadrupole interaction vanishes in first 


2 line. For these values of J and 


order and the coupling scheme assumed by the above 
authors breaks down. The difficulty lies in the fact 
that matrix elements off-diagonal in /', were neglected 
in their treatment. This was a valid approximation so 
long as the nitrogen quadrupole splitting was con- 
siderably larger than any of the other interactions being 


Fic. 1. Coupling scheme in 
the molecular frame. 


' Gunther-Mohr, White, Schawlow, Good, and Coles, Phys. Rev 
94, 1184 (1954). 

* Gunther-Mohr, Townes, and Van Vleck, Phys. Rev. 94, 1191 
(1954). 

4 J. P. Gordon, Phys. Rev. 99, 1253 (1955 


considered. When the quadrupole splitting vanishes, 
this approximation is no longer valid and elements off 
diagonal in /'; must be included 


THEORY 


As was shown by Gunther-Mohr, matrix elements off 
diagonal in | K| can be neglected ; only those connecting 
K and —K need be considered. These elements exist 
only for the special case of K= 1, K = 2 is a special case 
of K=3q+1; for these K values the total proton spin 
l=}. For K 3g the spin / 3. Because of the restric 
tion that elements off-diagonal in |K! are negligible, 
there are no elements connecting J= 4 and J= 4. The 
coupling scheme in the molecular frame‘ is shown in 
Fig. 1, where J= angular momentum exclusive of spin, 
I=—l’=1,+L+1, 


the three protons, I, 


total spin angular momentum of 

spin of ith proton, Ty 1,’ 

nitrogen spin, F=total angular momentum, and 
F,=In+J=F+I'. It should be that in the 
molecular coupling scheme Iy’ commutes with I’, F,, 
and F. The nitrogen quadrupole term which involves 
only 3(/y,’)? 

Gunther-Mohr showed that the spin-spin interactions 
between the protons vanished by symmetry for J=} 
Hence they do not appear. The spin interactions be 


noted 


(Iy’)? is rigorously diagonal in F, 


tween the protons and the nitrogen nucleus give a 
pseudo-quadrupole type of interaction and hence this 
3, K=2 


term vanishes for J The interaction of the 





vb 


¢ 4c v0 40 


V kchec 


Fic, 2, J=3, K =2 line of N“H, (appré@ximately to scale 
except for main line intensity) 


‘J. H. Van Vieck, Revs. Modern Phys. 23, 213 (1953) 
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TABLE I, Hyperfine energy levels for J =3, K =2 line of N“H,; (symmetric top energy not included) 


E(7/2+-) = 
E(5/2—) = 


(9/2) = 
F(5/24 )= 


7.02 kc/sec: 
28.6 kc/sec; 


II. Frequencies and relative intensities for J =3, K =2 
line of N“H,. (Origin of frequencies is main line.) 


TABLE 


Relative 
intensity 


Frequency 
(ke /sec) 


“SIU UN Ww 
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= 


0.854 
1.695 


62.4 
+-26.0 
+-26.8 1.601 

61.6 0.750 
108.2 A 

19.8 1.385 

19.2 1,180 

62.2 0.681 
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nitrogen magnetic moment with the molecular mag- 
netic field involves only Jy and J and hence has no 
elements off-diagonal in F;. It does have diagonal ele- 
ments, however; these were evaluated by Gunther 
Mohr and can be carried over directly. An order of 
magnitude estimate shows that the second-order quad 
rupole effects should contribute less than 0.1 kc/sec to 
the energy and hence can be neglected. Thus the only 
term which yields elements off-diagonal in F, is the 
term representing the interaction energy between the 
proton spins and the molecular magnetic field. The 
details of evaluating the elements off-diagonal in Ff; are 

given in the Appendix 
lor J=3, Jy =1, the allowed values of F; are 4, 
With /=4, the possible values of F are 9/2, 7/2 
3/2. The following combinations can then occur: 
I Py I hk 


9/) j 
7/2 4 


) 4 


) 
) 


- 
5, 


»* ’ 


‘ 4 
hus for fF =9/2 or 3 
first order, i.e., no off-diagonal elements in /, appear 
Kor F 
i.e., an off-diagonal element in /; appears 


(IKP I y'T'F 1D \IKF +11 y'l'F- +) 


(JKF I y'T'F- 


~ 52.8 kc/sec; 


2, the secular equation will be of 


l or 8, the secular equations will be quadratic, 
2 2 | 





55.4 kc/sec; E(7/2—) = —33.0 kc/sec 
E(3/2) = 9.36 kc/sec 


RESULTS 
The energy levels are given in Table I. Where there 
are two energies for a given F value, they are denoted 
by plus and minus signs. The zeroth-order wave func- 
tions are 
Vv (9/2) 
V(7/2+) 
V(7/2—) 
W(5/2+) 
W(5/2—) 
W (3/2) 


¥(9/2,4)=W(F,F), 
(7.61) “[(7/2,3) + 7.530(7/2,4) ], 
(7.61)"(7.53~(7/2,3) —¥(7/2,4) ], 
6 5.92y(5/2,3)-+w(5/2,2)], 
6-'TW(5/2,3) —5.929(5/2,2)], 
¥(3/2,2). 


By using these wave functions, the relative intensities 
can easily be evaluated from the matrix elements in 
Condon and Shortley.® Table II gives a listing of the 
allowed frequencies and the relative intensities for the 
J =3, K=2 line of N“Hs. A plot of the line is given in 
Fig. 2. It will be noted that the splittings and intensities 
are such that not too much difficulty should be en- 
countered in investigating the line structure by means 
of the maser. 
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APPENDIX 
Computational Details 


The Hamiltonian and the matrix elements diagonal 
in F, have been given by Gunther-Mohr’ and will not 
be repeated here because of their length. The part of 
the effective Hamiltonian which has off-diagonal ele- 
ments in F, is 


Hat wide}: 


{20(J-1’) + (¥ 


By using the matrix elements in Condon and Short- 
ley, one obtains 


J \IKP Ty l'P +++) (SKF Uy Pe \1\IK P+ y'T'F:--) 


(Fy +1—I+F) (Fi +-14+1—F)(1+F+2+F)) I+F-F) CPU +00 - DS 


4(FP\+1)?(2F +1) (2F +3) 
Int+F 1) (J+2+In+F), 


P(J+1)2(J+1 


OJ —1)2@UntFi 


2) (J +1) 


J+1)\(J+In—F)). 


* £, U. Condon and G. Shortley, The Theory of Atomic Spectra (Cambridge University Press, New York, 1953) 





"2 LINE IN INVERSION SPEC 


Now consider (F;| J-I’/| F,+1). 


J-V=Iy'-V+F,-1. 


Since F, and I’ each satisfy the vector commutation relation with respect to F,, F,-V’ is diagonal in F). Therefore 


(Fy| 3-V | Fy +1) = (Fil Iw’ VF 4+:1) = 4 (J+ Fi +1—Iy) (J +I — Fi) (J+ y+ Fi+-2) In t+Fi4+1—-J) }! 


(Fit1—I+F)(Fit+1+/]—F)U+F+2+F))U+F-F))]} 
4(2)+1)?(2F\ +1) (2F\+3) 


from the matrix elements of P-Q given in Condon and Shortley. 
The values of the constants, in Gunther-Mohr’s notation, are those given by Gordon! : 


a=6.66+0.2 kc/sec, b—a=0+0.4 kc/sec, 


2o0= —17.340.5 kc/sec, 7 —20 2.0+1 kc/sec. 
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Scattering Cross Sections and Interaction Energies of Low-Velocity 
Het Ions in Helium* 


Epwarp A. MAson AND JosepH T. VANDERSLICE 
Institute of Molecular Physics, University of Maryland, College Park, Maryland 


(Received July 15, 1957) 


It is pointed out that the determination of ion-molecule forces from results of measurements of scattering 
of low-velocity ion beams in gases can be seriously in error unless some a priori knowledge of the nature of 
the forces is available. The scattering of He* in He is chosen as an illustration. The elastic and charge 
exchange cross sections calculated from Moiseiwitsch’s theoretical force laws are shown to be in good 
agreement with the experimental values of Cramer and Simons. The force law determined by the latter 
authors directly from their measurements is in error because of the assumption of an incorrect form and the 
failure to consider the two interaction states involved 


NUMBER of careful measurements of the elastic 

and _ inelastic 
velocity ions in gases have been reported by Simons 
and co-workers.' These results can lead to valuable 
information about ion-molecule forces, but do not in 
themselves give unambiguous information. In particu- 
lar, the measurements cannot distinguish between 
attractive and repulsive forces, nor can they show how 
many interaction states contribute appreciably to the 
cross sections. 

The purpose of this note is to show, by an example, 
that some a priori knowledge of the forces is necessary 
to avoid possible serious errors in the interpretation of 
the measurements. The example chosen is the work of 
Cramer and Simons! on the scattering of Het in He, 
for which independent quantum-mechanical calcula- 
tions of the interaction energies have been made by 


scattering cross sections of low- 


S. Air Force 
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through the Air Force Ofice of Scientific Research of the Air 
Research and Development Command, and in part by the 
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1W. H. Cramer and J. H. Simons, J. Chem 
(1957), and previous papers 


Phys. 26, 1272 


Moiseiwitsch.’ This case is a good illustration because 
two interaction states are involved. 

The interaction energies of the *2, and *Z, states of 
He,* calculated by Moiseiwitsch are shown in Fig. 1 as 
a function of internuclear separation. The dashed lines 
correspond to the interaction energy calculated by 
Cramer and 
measurements on the assumption of forces of pure 


Simons from their elastic cross-section 
attraction, The discrepancy is obvious. 

It is possible to show that the measured cross sections 
are actually in good agreement with Moiseiwitsch’s 
calculations. Moiseiwitsch? has already calculated the 
inelastic (charge-exchange) cross sections by an impact 
parameter method,’ * with the results shown in Fig. 2 
as solid lines, one for each of two somewhat different 
wave functions, The agreement with the experimental 
points is very good. Moiseiwitsch has justified hi: 
neglect of polarization in the calculation, 

*B. L 
(1956) 

*N. F. Mott, Proc. Cambridge Phil. Soc, 27 


‘ Bates, Massey, and Stewart, Proc. Roy. Soc 


437 (1953 


Moiseiwitsch, Proc. Phys. Soc. (London) A69, 653 


553 (1931 


(London) A216, 





MASON AND 


Fic. 1. Interaction energy of Het and He. The circles were 
calculated by Moiseiwitsch using an effective nuclear charge of 2 
on the ion and 27/16 on the atom; the crosses using effective 
charges of 2 on the ion and 2.19 and 1.18 on the atom. The solid 
lines are curve-fits used in the present work; the dashed lines 
were calculated by Cramer and Simons from scattering cross 


sections 


To calculate the elastic cross sections, the repulsive 
interaction energy for the 
exponentials, and the attractive interaction energy for 


*Y, state was curve-fitted by 


the *2, state by an exponential at small internuclear 
separations and by a Lennard-Jones (8-4) potential 
curve at large separations. The elastic cross sections are 


S) 
e 


Cross Section (units of ro 





2 
jog W (ev) 
Fic, 2. Inelastic (charge exchange) cross sections for the 
scattering of He* in He gas. Curve a corresponds to the circles in 


Fig. 1, and curve } to the crosses. The circles are the experimental 
values of Cramer and Simons 


J 
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much more sensitive to apparatus geometry than the 
charge-exchange cross sections, and were calculated for 
Cramer and Simons’ apparatus geometry by previously 
outlined methods.* The results for the two states are 
shown in Fig, 3 as the light dashed lines. Since the two 
states have the same multiplicity, there is an equal 
chance that a collision will follow either energy curve, 
and the total observed cross section will be given by 
S(obs) =48(22,,)+45(22,). This result is displayed as 
the heavy dashed line. An approximate correction of 
S(obs) for the finite width of the ion beam® yields the 
solid line. The agreement with the experimental points 
is seen to be good, especially at lower energies where 
both the experimental measurements and the calculated 
interaction energies are more reliable. Polarization is 
again neglected, inasmuch as it tends to increase the 
"Ze same extent 


magnitude of the interaction to the 


rr) is 
log Wiev) 


Fic. 3. Elastic cross sections for the scattering of He* in He gas. 
The two light dashed lines correspond to the two interactions 
shown as solid lines in Fig. 1. The heavy dashed line is the 
averaged cross section, and the solid line is corrected for finite ion 
beam width. The circles are the experimental values of Cramer 
and Simons 


that it decreases the magnitude of the *2, interaction, 
and the net effect on the total observed cross sections 
approximately cancels. 

Thus both the measured inelastic and elastic 
tering cross sections can be explained by the quantum- 
mechanically calculated interaction curves. Even though 
the Cramer and Simons interaction would reproduce 
the elastic cross sections, it does not lead to a physically 
correct interpretation of the interaction between He* 
and He. Not only has the effect of repulsion forces 
been ignored but no account has been taken of the fact 
that two states contribute to the scattering. Some 
knowledge of the nature of the forces involved is there- 
fore necessary to obtain meaningful interaction curves 
from the scattering measurements. 


scat- 


5 FE. A. Mason and J. T. Vanderslice, University of Maryland 
Institute of Molecular Physics Report No. IMP-OSR-4, April, 
1957, J. Chem. Phys. (to be published) 
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Hyperfine Structure and Quadrupole Moment of Lanthanum-139 


Yu Trno*t 
Division of Pure Physics, National Research Council, Ottawa, Canada 
(Received May 31, 1957) 


We have studied the hyperfine structure of La in the ground 
level 5d6s??D by the atomic-beam magnetic resonance method. 
The beam of lanthanum atoms was detected by a hot tungsten 
filament operated at 2680+-30°K. Of the eight hyperfine intervals 
resulting from the interaction of a nuclear spin of J, with the J 
values of the ground state, seven have been measured. They are, 
for J= f, 


vi=W(F =6) —W(F =5) =1120.9024+0.005 Mc/s 
ve W (PF =5)—-W (PF =4) = 912.793+0.005 Mc 

va=W(F =4)—-W(F =3)= 716.288+0.003 Mc/ 
ve=W(P =3)—W(F=2)= 529.090+0.010 Mc/ 


and for J = 4, 


vo=W (PF =5)—-W(F =4) = 
m=W(F =4)—W(F =3)= 
v= W (PF =3)—W(F =2)= 


737.967+0.015 Mc, 
551.987+0.005 M« 
391.603 4-0.010 M« 


I. INTRODUCTION 


HE nuclear spin and magnetic moment of 5;La'” 
were determined early in 1934 by optical studies’ 
of hyperfine structure in the excited states. Later 
Dickinson? and Sheriff and Williams* made accurate 
measurements of the magnetic moment by the nuclear 
resonance technique. More recently andYagain by 


optical methods, Murakawa and Kamei‘ and Liihrs® 
deduced approximate values for the quadrupole 
moment of the nucleus. Their optical data on hyperfine 
structure constants facilitated the search for resonances 
in the present atomic-beam experiment. 

In applying the atomic-beam technique to the study 
of the hyperfine structure of La”, there was at first 
considerable difficulty with the detection. After this 
difficulty was resolved, low-frequency transitions of 
AF =0 were observed, both in the ground state *D, and 
in the metastable state *D)y. With a nuclear spin of §, 
there should be eight hyperfine intervals in these two 
states. Inasmuch as three intervals at least are needed 
to determine the electronic interaction with a nuclear 
magnetic octupole,® if it be nonzero, it was thought 
advantageous to measure as many intervals as possible 
among the eight. In this experiment seven have been 
measured, the unobserved one being in the *Dy hyper- 
fine multiplet. For the interpretation of the observed 

* National Research Laboratories Postdoctorate Fellow 

t Present address: Department of Physics, Peking University, 
Peking, China. 

10. E. Anderson, Phys. Rev. 45, 685 (1934); 46, 473 (1934); 
M. F. Crawford, Phys. Rev. 47, 768 (1935). 

?W. C. Dickinson, Phys. Rev. 76, 1414 (1949) 

+R. E. Sheriff and D. Williams, Phys. Rev. 82, 651 (1951) 

‘K. Murakawa and T. Kamei, Phys. Rev. 92, 325 (1953); K. 
Murakawa, Phys. Rev. 98, 1285 (1955); J. Phys. Soc. Japan 10, 
927 (1955). 

® Gerold Lthrs, Z. Physik 141, 486 (1955) 

* Jaccarino, King, Satton, and Stroke, Phys. Rev. 94, 1798 

1954); H. B. G. Casimir and Karreman, Physica 9, 494 (1942). 


From these values the magnetic dipole interaction constants 
are found to be A‘(J=§) =182.1706+0.0006 and A’ (J =) 
= 141.1959+0,0016 Mc/sec, the quadrupole interaction constants 
to be B’=54.21340.014, and B’ =44.78140.014 Mc/sec, while 
the octupole interaction constants are zero within the accuracy 
of the present experiment. The unobserved line of the *D5/. hyper 

ve=W(F =2)—-W(Ph=1) 


A serious discrepancy noted 


fine multiplet is calculated to be 
= 348.8434+0.014 Mc/sec 


between the observed A values, both relatively and absolutely, 


was 
and those given by theory. The assumption of s-configuration 
mixing apparently resolved this difficulty. The values of the 
nuclear quadrupole moment calculated from B’ and B” are fairly 
consistent with each other. The average value, after application of 
the Sternheimer correction is QO = (0.268+0.010) K 10™ cm? 


intervals it was found sufficient to assume only a dipole 
and a quadrupole interaction. Any repulsion between 
hyperfine levels of the ground doublet,’ for instance, 
turned out to be less than the experimental error. 

The evaluation of the experimental results gave very 
accurate values for the magnetic dipole interaction 
constants A’ and A”, However, the A constants do not 
bear the proper ratio to each other required by the 
theory of hyperfine structure,* and are incompatible 
with the known nuclear magnetic moment.?? By 
assuming the mixing of a higher s configuration with 
the ground configuration 5d6s*, one may solve for 
corrected constants Ag’ and Ao’ from the observed A 
values. ‘The solution has been carried out. The resulting 
Ao’ and Ao’ bear the proper theoretical ratio to each 
other, and are compatible with the known nuclear 
magnetic moment. 

The experimental results gave less accurate values 
for the quadrupole interaction constants B’ and BY” 
The quadrupole moments deduced from them are 
however fairly consistent with each other and are in 
good agreement with earlier optical data,.® The results 
will be compared with theory. 

Since the octupole interaction is smali for D states, 
the corresponding interaction constants C are expected 
to be very small. The accuracy in the present work is 
not sufficient to place a close limit on the octupole 
moment 


Il. THEORY 


A. First-Order Energy Level Diagram 


The first-order energy of the perturbation Hamil 
tonian arising from noncentral interactions between 
7H. G. B. Casimir, On the Interaction between Atomic Nuclei and 


Electrons (Teyler’s Tweede Genootschap, Haarlem, 1936), p. 221 
*C, Schwartz, Phys. Rev. 97, 380 (1955) 
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electrons and the atomic nucleus is, up to and including the octupole term, 


IK(K+1)—4I(I+1)J(J+1) 
W p=4AK+B— 
1(21—1)J(2J —1) 


+-C 


The interaction constants A, B, and C as separated 
from the geometric coefficients K, etc., represent, 
respectively, the effect of the magnetic dipole, electric 
quadrupole, and magnetic octupolef{moments. The 
explicit forms’ of A, B, and C are, for one electron 
outside closed shells or subshells, 


BBn £ 2U(l+1) ] 
A=; : fed | Mc/sec, 
hX10®°\ J (J 4+-1) rél dy 
eu 
B ‘)| R(- I Mc/sec, 
mors! 2J 4 ) 


Z61 BBN 
& of | 
H 2.911h 10%ay° 


2)! 4J*—1 
21+143 (214-3)! (2J+4)(2J+2) 


(2a) 


(2b) 


lj 1) (2l 


| kc/sec, (2c) 


where the signs (+) are for J =/+4. In Eq. (2), 6 is the 
fine-structure doublet splitting in cm™, Z the effective 
nuclear charge, do the Bohr radius; 6, and fy are, 
respectively, the Bohr magneton and the nuclear 
magneton ; {2 is the octupole moment in units of nuclear 
magneton cm’; and F, R, T, and H are relativity cor- 
rection factors. The mean value (1/r,’) is usually 
determined from the fine-structure doublet formula: 


6=2.911HZ (214 J (2d) 


1) (ae?/r2) cm 


‘These formulas for A, B, and C take into account only 
the part of interaction potential external to the nuclear 
volume, and hence do not include nuclear structure 
effects.’ 

In the presence of an external magnetic field H, the 
interaction Hamiltonian has the additional terms 


gS H—giivl Hi (3) 


which removes the degeneracy of Wy with respect to 
Mr. The hyperfine intervals observed at weak fields 
can be easily corrected to zero field by standard for- 
mulas of perturbation theory. The numerical results of 
such corrections expressed in powers of the field- 
calibration frequency will be given in Sec, IITD. For 
the case of La™, J =], J =}, §, the qualitative variation 
of the energy levels as a function of the external field 
is shown in Fig. 1. In calculating the variation, only 


* A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 


20[K*+4K*+ 4K (34+J S41) +141) —31 (+1) ( J+A +I T+] 
21 (21 —1) (21 —2)(2J)(2J —1)(2J —2) 


the magnetic dipole interaction is taken into account 
and perturbation methods are used in the limiting 
regions of very weak fields and very strong fields. The 
high-frequency lines (AF = +1) chosen for the measure- 


My 
' 
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Fic. 1.(a) Energy levels for the case J = §, = 4. (b) Energy levels 
for the case J =}, ] =]. 
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ment of hyperfine intervals are labeled by », vo, «- + vs. 
The low-frequency lines (AF=0) are indicated by 
double vertical bars. 


B. Second-Order Perturbation Energy 


In a systematic review of this problem recently given 
by Schwartz,* the noncentral interaction Hamiltonian 
was expanded in the form of tensor products, 


h= FF T-T,. (4) 
k>0 

The rank k=1, 2, 3, --- corresponds to the order of 
multipole interaction, and subscripts e and n indicate, 
respectively, the space of electronic and nuclear coordi- 
nates in which the tensor 7) operates. The invariance 
of the scalar products in the combined space of J and I 
is borne out by the fact that the general matrix of H, 
in the J, J, F representation must be diagonal in F. 
Hence the second or higher order perturbation energy 
of H, arises from off-diagonal elements in J only. For a 
doublet level, the second-order perturbation energy of 
H, is, up to the octupole interaction, [Eq. (42) of 
Schwartz® | 


x 7-7, |1,J-1,F)|? 


k=1,2 


1 
W p® = +-|(I,J,F| 
6 


1 
= +———(I+J —F)(J-I+F)(I-J+F+1) 
30 0006 


I+1 
; tA 
2(2J —1)(2J +1) 
3(F(F+1)—1(1+1)—?+1] 
ip. tg talle F 
2J (2J —1)(2J —2)21(21—1) 


x (/ +I+P+1)) 


2 
B| Mc/sec. (5) 


Here the signs (+) are for the two levels J=1+ 4 and 
J=l—}, respectively, & and » are proportionality 
factors not far from unity, A and B are in Mc/sec, and 
6 is in cm“. If in the final interpretation we are inter- 
ested only in the quadrupole interaction constant, the 
off-diagonal elements of the quadrupole term in (5) 
may be dropped, 


W p® = + (14+ J—F)(J—I+F)(I-J+F +1) 
X I+J+F+1), 


(Sa) 
e’ being a constant proportional to A*/é. This is the 
same as the result given by Casimir.’ 

The first-order energy expectation values of H, are 
the same as in Eq. (1), but may be written in a more 
concise form: 


W pO = > M(I,J,F; R)Ax. (6) 


k>0 
The physical factors A, are given by 


A.= (T,™) my =1°(T™) my =J, 


ADRUPOLE 
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and are related to the more familiar constants A, B, C 
through 

and A3s=C (6b) 


A,=IJA, A,=B/4, 


The coefficients M(/,J,F;k) are expressible in terms 
of Racah coefficients. When the hyperfine intervals are 
measured, one may (i) solve simultaneous equations 
deduced from formula (1) to determine Ax, or (ii) ob 
tain A, directly from the relation given by Schwartz 
(his Eq. (8) }: 


A,y=ay > p(2F+1)M(1,J,F; RW pe, 
a, = (2k+1) 
[ (27) !(2J)! P 
x 
(27 —k)!(2J —k)!(27 4+-k+1)!(2J+k+1)! 


The effect of second-order perturbation may be in 
cluded in method (i) by assuming a repulsion parameter, 
or in method (ii) by computing the corrections to Ax: 


AAy=—ax Se(2F+1)M(1J,F; kW. 


(7a) 


C. Effects of Configuration Interaction 


Besides the second-order perturbation which affects 
the evaluation of all interaction constants, the mixing 
of a higher configuration such as 5d6s7s with the ground 
configuration 5d6s* will have a direct effect on the 
dipole interaction constant. The effect may be con 
siderable even though the percentage of mixing is small 
because s electrons contribute to the hyperfine energy 
more efficiently than the d electron (the two s electrons 
in the ground configuration being in a closed subshell). 
If in the relation 


Ay=(T,™) my = (TS) my = 


(2J)! 
Mr (UT MUS), (8) 
[ (27 1)!(2J+2)!}! 


one writes the total dipole operator 7," as a sum of an 
operator 754" acting on the 5d electron and another 
T, acting on the s electrons, one gets an expression 
of the form: 


A=A,/IJ 


My (2J)! 
{ (J) T5a"||J) 


TJ ( (27 —1)!(2F +2) 1]! 


EST OZ)) 
Agt+byy, 


where Ao and 6,, are defined by the relation. Thus A» 
is the first-order dipole interaction energy due to the 
5d electron in the absence of configuration interaction 
and 6,7, is the correction due to the s electrons. This 
dy, is equal to Schwartz’s Sy, multiplied by the co 
efficient of the term in curly brackets in (9). If the 
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dipole interaction constants A’ and A” of both states 
of the doublet J =§, 3, respectively, are measured, one 
may write simultaneous expressions of the form (9) for 
the two states and, using theoretical relations given by 
Schwartz between Ao’ and A,” and between 4, and 
44, solve for Ay’ and Ag”. In fact, the theoretical rela- 
tions which will be used are 


Ay’ /Ag’=30/7 and by 544, 


where 6 is a relativistic factor of the order of unity. 

Similarly, the change in the off-diagonal elements of 
the dipole interaction may be inserted into the dipole 
term £A of Eq. (5), 


Ags 


t 
(WS) T 54" 


L/) 


aie 
1+ 
i A'+A” 


1)/(J +1) JA” —0A' s4J*—1 
=, 


In Eq. (9a), J=l4+-4, 0=(F"/F)|\eC”|?/\e'|?, eC’ and 
e” are normalization constants. Thus, configuration 
mixing affects the quadrupole interaction constant, 
and, more seriously, the octupole interaction constant, 
perturbation of the dipole 


through second-order 


interaction 


Il]. EXPERIMENT 


The atomic-beam apparatus of this laboratory has 
been described in a paper" by Lew. Reference may be 
made to this paper for details concerning the various 
components discussed below. 


A. Preliminary Studies 


(1) Oven material.—The oven is essentially a tubular 
resistance with a narrow slit in the middle. The axis of 
the tube and the slit are vertical. When lanthanum is 
heated in such an oven in vacuum to above the melting 
point (826°C) it usually permeates the oven walls. 
After several trials it was found that tantalum was a 
suitable oven material, permitting stable operation for 
nearly 20 hours at an operating temperature of 1500°C. 
In each refilling, the oven cap had to be replaced because 
it was invariably sealed to the oven proper by molten 
lanthanum, Often the oven as a whole became bent or 
contracted after long heating, and had to be replaced. 

(ii) Detector.-The electron bombardment ionizer"! 
was first tried as the detector, There was a very large 
background from the detector in the range of heavy 
masses. Under optimum conditions we found a “zero- 
field flop” but did not observe any low-frequency 
(AF =0) transitions. 

We then tried a tungsten ribbon as a surface-ioniza- 
tion detector. The ribbon was 14 inches long, 0.002 


“” H. Lew, Phys. Rev. 91, 619 (1953) 
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inch thick, and 0.010 inch wide and usually carried a 
current of 0.8 to 1.7 amperes. The background was very 
low. However, there was a few seconds delay in the 
appearance of ions after the lanthanum beam was 
turned on and a very long persistence after it was 
turned off. Apparently lanthanum atoms accumulated 
on the hot wire during the exposure to the beam. At a 
filament current of 2.7 amperes, the delay of ion 
evaporation at the onset of incidence became un- 
noticeable but the persistence after the beam was 
turned off was still several minutes. At a still higher 
current of 3.0 amperes, the detector response followed 
incidence almost instantaneously, and a 10-cycle beam 
chopper worked satisfactorily. There remained frequent 
bursts of ion current far above the normal response, 
presumably arising from lanthanum atoms on_ the 
cooler parts of the hot wire. By covering up the wire 
length near its two ends, and leaving only a j-inch 
opening at the center to receive the incident beam, the 
bursts became much less frequent. Further increase of 
the filament current again caused erratic counts. 

In the final measurements, for greater strength, the 
filament was changed to one of 0.015-inch width and 
().002-inch thickness, carrying a correspondingly higher 
current of 4.1 amperes. It sustained normal use for two 
to three weeks, during which time the filament current 
was gradually lowered from 4.1 to 3.8 amperes to main- 
tain the same operating temperature. The apparent 
temperature observed with a 0.65-micron optical 
pyrometer was approximately 2080°C. This corresponds 
to 2600°K after emissivity correction.’ In view of the 
difficulty of comparing filament brightness with a dot 
in the pyrometer a subsequent determination” of the 
temperature was made by comparing the brightness of 
the ribbon with the brightness of a tungsten wire of 
round cross section mounted closely parallel to it. The 
temperature of the wire was then computed with the 
aid of the tables of Jones and Langmuir.'* The operating 
temperature of the ribbon in the present experiment was 
thereby found to be 2680+ 30°K. 


B. The rf System 


According to the optical data,® the frequencies of 
hyperfine transitions (AF=0,+1) within the ground 
level *D should be less than 1500 Mc/sec. ‘To cover this 
range, four oscillators were employed. In Fig. 2, 
oscillator A was the General Radio 1209A butterfly 
oscillator incorporated with a 50 to 1 worm-gear drive 
for slow-frequency sweep and powered by a highly 
stabilized external power supply. Oscillator B consisted 
of a Sylvania 5837 klystron and a tunable external 
cavity immersed in oil. Small adjustments of the 


" Handbook of Chemistry and Physics (Chemical Rubber 
Publishing Company, Cleveland, 1955), thirty-seventh edition, 
p. 2489. 

This determination was made by Dr. H. Lew after the author 
had left the laboratory. 

4H. A. Jones and I. Langmuir, Gen. Elec. Rev. 30, 312 (1927). 





HFS AND 
reflector voltage of the klystron permitted a very fine 
frequency sweep. Oscillator C was a type 124A oscil- 
lator of the Airborne Instruments Laboratory which 
utilized a 2C39A light-house tube and a tunable external 
cavity. Its wide frequency range and fine tuning facili- 
tated the searching of high-frequency (AF+1) lines. 
The filaments of all three oscillators were battery 
operated. Their frequencies were measured by com- 
parison with the harmonics of a 1-Mc/sec secondary 
standard in the usual manner (Fig. 2). The 1-Mc/sec 
standard was known to be 2 parts in 10’ beneath its 
nominal value and was checked at its 25th harmonic on 
the Hewlett-Packard 524B electronic counter, which, in 
turn, was driven by a 100-kc/sec primary standard. 
The electronic counter also read the frequency of 
oscillator D. The latter was a General Radio 1001 signal 
generator employed for measuring low-frequency tran- 
sitions (AF=0, AMpr=+1) in both lanthanum and 
caesium atoms. It served also as a monitor on the 
stability of the lanthanum beam and the constancy of 
the C field. 


C. Operating Conditions 


The lanthanum metal, being readily oxidized, was 
preserved in oil before use. Each charge weighed about 
0.3 gram and usually outlasted the oven tube. The 
charged oven was gently heated for about 10 hours in 
vacuum, mainly to outgas the tantalum tube and cap, 
and then raised to 1300°C to generate the beam. The 
ionized atoms coming off the detector (Sec. ITIA) were 
focused onto an electron multiplier by an accelerator 
voltage of 550 volts and a mass-spectrometer field of 3.1 
kilogauss. The amplification and recording system fol- 
lowing the electron multiplier was approximately the 
same as described in a previous paper'® on copper 
Because of the smallness of the atomic g factors of 
lanthanum in comparison with copper, the deflection 
fields A and B were raised to 7 kilogauss, while the slit 
widths were reduced to 0.006 inch at the oven, 0.007 
inch at the collimator, and 0.015 inch at the detector. 
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Fic. 2. The rf system 


Yu Ting and Hin Lew, Phys. Rev. 105, 581 (1957 
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TABLE I. Corrections to the observed frequencies to yield held -free 
intervals. v3, and vo, are the field calibration frequencies 


42)y ro? 
(Mc/sec)™' 


5,-; 1.03 X10" 
4, 0.246 

3,0 9&5 

+31 5.24 

2,0 15.24 

+10) 


4, 
3,0 
2,0 


few hours of heating a new charge, 
the portion which remained 


During the first 
the “straight beam,’’ i.e., 
undeflected, was not noticeably weaker than the total 
beam. Barium impurity was suspected, which has zero 
atomic magnetic moment and has its most abundant 
isotope 138 right next to La’ in the mass spectrum. 
Heating the oven at 1100°C (the boiling point of barium 
being 1140°C) for 12 to 16 hours reduced the straight 
beam to about 5° of the total 

After the above operations the oven temperature was 
raised to 1500°C. The background arising from the 
“straight beam” in the presence of the deflection fields 
gave a count of about 2600 per second, while the ob 


sc“ 


served resonance signals gave about 6000 counts per 
second. A biasing device in the amplification system 
permitted only the fluctuations above the average 
background to be amplified and recorded. Typical 
ratios of the signal to the partially suppressed back 
ground was 16 to 1 for a ‘“‘zero-field flop” and 3 or 4 to 
1 for a low-frequency (AF =0) resonance. When these 
values were realized, high-frequency lines (AV = +1) 
could be satisfactorily measured, 

The vacuum of the beam apparatus was maintained 
at (2-7)X10-7 mm Hg during measurement 


D. Measurement of the Hyperfine Intervals 


All the high-frequency lines (AP =+1) that have 
been measured are of the AMy=0 type. They were 
observed by means of the one-inch long o loop shown 
in Fig. 2. The lines designated by the various v’s in the 
discussion below are identified in Fig. 1 and in Table I, 
The settings of the C field were very low so that per 
turbations due to the magnetic field [ Eq. (3) | need be 
calculated at most to the second order. The magnitude 
of the C field was measured either by means of the line 
vaq Of La or by means of the line (F=4, Mp 3—+»—4) 

vc, Of Cs, The corrections to be deducted from the 
observed frequencies to obtain field-free intervals are 
also listed in Table I. The first-order corrections were 
derived by comparison with the v4, line, also measured 
by means of the a loop. Since v,, converges to vy at zero 


field, its first-order field correction is 
be 


8") v5q = (Vaq— 8 Via) — (va 8% (10) 
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kic. 3. Typical tracings of »;, v2, and », each with an accom 
panying field-calibration line vy,. The arrows (fJ) beside the line 
identifications indicate the direction of the frequency sweep 
(increasing or decreasing) 


The ratio 6 ./6v,, was computed with the help of 
Landé gy factors for LS coupling which proved later 
to be very close to the observed values. The second 
order field corrections were expressed in terms of vc,’. 
Where v;, was measured for field calibration, vce, in 
Table I was replaced by 6 vga X (gce/£4a)- 

According to Table I, the lines may be collected into 
two groups. 

(i) Lines which are field dependent to the first order: 
v1, ¥2, and ve. The transitions were all excited by oscil 
lator C while the field-calibration line v3, was excited 
by oscillator B. Typical traces of v;, v2, and ve with the 
accompanying v4 line are shown in Fig. 3. The up and 
down arrows indicate the direction of frequency sweep 
in tracing a line from right to left. The rate of sweep 
was about 1 to 3 ke/sec per second. On account of the 
finite time constant of the amplification and recording 
system, corrections amounting to a few kc/sec were 
applied to the observed line frequency. The accuracy 
of line v was not good and, unfortunately, further 
measurements were not made. 

(ii) Lines which are field dependent only in the 
second order: vs, v4, v7, and vy. Typical traces of the 
four lines, each taken at several settings of the C-field, 
are shown in Fig. 4. Lines vs, and »;, were excited by 
oscillator B and C, respectively. The two lines and the 
three in group (i) were all measured by the “flop-in”’ 
method. In this method, only atoms that underwent a 
transition from the My=+4 state to the My=+}4 
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state were refocused on the detector. The two possi- 
bilities corresponded to stimulated emission and 
absorption. By moving a 0.007-inch diameter wire to 
one side of the 0.020-inch diameter stop-wire which 
intercepted the “straight beam,” the emission or 
absorption component can be blocked. To observe line 
vs, oscillator B was set at the peak of line v; (F, My, 
=40-+3,0), and the “emission” beam was blocked. 
The intensity observed then depended on the popu- 
lation in the lower level (Ff, M»=3,0). A second oscil- 
lator (oscillator C), which was connected in parallel 
with the first with adequate rf attenuation in between, 
was swept through the expected region of v4. When 
simultaneous resonance of v3; and v4 occurred, the lower 
level (F, My=3,0) was depopulated because atoms 
having M,;=—4% (Fig. 1) in the A- or B-field region 
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Fic. 4. Typical tracings of vs, v4, v7, and vy. The lines vy and vs 
appear as single dips on top of vs and »; respectively (see text) 
The field monitoring frequency vc, which was induced by a x loop 
has been corrected for field inhomogeneities to the position of the 
@ loop 
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were not refocused. Thus a dip corresponding to the line 
v4 was observed on top of the vs line.'® Similarly line vs 
was measured by observing the absorption component 
of » with oscillator A and sweeping oscillator C through 
the expected region of vg. 

The results for the two groups of lines (i) and (ii) are 
listed in Table II. In part (i) of Table Il both second- 
order and first-order field corrections were evaluated 
from va, while in part (ii) second-order corrections were 
evaluated from v¢y. 

Attempts to measure v5 (J =$, F, Mr=2, 0-1, 0) by 
observing a triple resonance of vs, v4, and v5 failed. An 
attempt to observe vs by the “flop-out”’ method with 
the B-field gradient reversed was also unsuccessful. 
The attempt was abbreviated by the failure of one of 
the diffusion pumps of the beam apparatus, When the 
trouble was finally corrected time precluded a resump- 
tion of the search for this line. 

Among the lines measured, vy (J=$, F, Mer 

4, 0-3, 0) was the first to be studied. Figure 5 shows 
two typical tracings of vs; with two satellites in a pre 
liminary series of measurements. Each line showed some 
structure, although the position of the central peak 
agreed with that of later measurements. After careful 
adjustments of the beam intensity and reduction of rf 
power, the line structure was simplified. Final measure- 
ments were taken on these purified lines (Figs. 3, 4). In 
general they appeared as a single peak on top of a broad 
hump. Considering the rf distribution around the one- 
inch long @ probe (Fig. 2), one would expect the rf fields 
to be nearly constant along the probe length and pass 
over to negative values just beyond the two ends. This 
would give rise to the line shape observed. At an oven 
temperature of 1500°C, the average velocity of the atoms 
was v= (2kT/M)!=4.7X10' cm/sec. According to the 
uncertainty principle, the line width should have been 
of the order of Av=v/probe length = (4.7/2.54) x 104 
=20 kc/sec. Actually the thick stop-wire (0.020-inch 
diameter) slightly cut into the transition beam, and 
hence allowed only the low-velocity atoms to pass. 
This should have resulted in a further narrowing of the 
line. The observed width ranged from 15 to 35 kc/sec, 
as shown in Figs. 3 and 4. The apparent half-width was 
slightly less than the real value because the biasing 
device in the amplification and recording system cut off 
the background as well as part of the signal. 

There was one series of measurements on vg in which 
a doublet presistently appeared. The reason was not 
understood. The beam intensity used was higher than 
in another series of measurements in which only a 
single “dip” of vg was observed. The doublet splitting 
was very small and the midpoint was closely equal to 
the central frequency of a single dip. Figure 6 shows a 
typical tracing of the doublet. 


‘© A similar technique was applied by J. G. King and V. Jac 
carino, Phys. Rev. 94, 1610 (1954), where two rf sources were fed 
to two separate probes 
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TABLE IT. Observed high-frequency transitions and the 
hyperfine intervals at zero field 


(i) Lines v1, v2, », and vse. The listed values are »:-1120, ve-912, ve-737 
vta~716 and vcs, all in Mc/sec, The column ‘Average observed frequency 
except vcs, include second-order field correction and the time-constant 
correction for up and down frequency sweep. Both first- and second-order 
field corrections are computed from vie 


\verage His 
observed inter 
frequency val 


Average Hfs 
observed inter 
frequency val 


Average Hfs 
observed inter 
frequency val 
0.71 Cs 0.775 
0.521 Sa 0.008 
0.549 0.790 6 0,432 
3a: 0.610 2 0.537 das. 595 
Cs 0.725 3a—s«.534 6 0.471 
2 0.548 0.790 3a 0.571 
s 1.30 3a 0.526 6 0.480 
3a 0.901 Cs 0.60 4a 0.560 
1 0.387 0.907 
3a =: 0.889 Cs 
Cs 1.20 3a 
1 0.399 0.904 2 
3a Ss“ 0.866 Cs 


Cs 0.735 Cs 
3a 0.618 2 
1 0.620 0.896 sa 


0.971 
0.978 
0,956 


1.070 
0.807 


1.045 Cs 
0.781 sa 
0.312 O801 6 0.136 
1.035 3a s« 0.760 

6 0.156 
ve=912 793 t 0.005 sa 0 741 


0.984 


0.946 
v, = 1120.902+4-0.005 


vo = 737,967 40.015 


(ii) Lines vs, vs, v7, and vs. The frequency vce was observed at the # probe 
and corrected to the @ probe, The error in this correction was added to the 


statistical error in taking the average. The arrows (ty) indicate direction 
of frequency sweep (increasing and decreasing frequency) in tracing a line, 


Frequency Cor 
observed rected Hf» 
in Me/sec vOs interval 


551.9904 
551.9844 
551.981} 
551.983) 


Frequency Cor 
observed rected His 
in Me/sec VCs interval 


716.2854 
716.286F 
716.2824 
716.211F 


0.00 716.288 0.38 551.984 


2.80 716.287 0.42 551.987 
551.9907 
551.996F 
551.9949 
551.9954 
§29.090 Av = 551.987 40.003 


716.209) 
Av =716.288+4-0.003 
0.97 551.991 
529.091f 
0.36 
529.085] 
529.0904 391.6044 
391.601] 
391.601F 
391.6084 


0.43 529.089 0.20 391.001 
529.085] 
529.081] 
529.0834 
529.0867 


529.0754 


0.52 529.090 0.23 391.606 
$91,608) 
391.623) 
0.79 529.091 0.90 391.603 
491 6384 


529.0774 
Av = 391,603 4.0.010 


529.000F 1.22 529.085 
Av = 529.0904-0.010 


E. Determination of Approximate g,-Values 


The five low-frequency lines (AP =0, AMy= +1) 
marked by double bars in Fig. 1 were measured against 
a caesium line (F=4, Mp=—3——4) at the same 
w loop. They are, for J=§$, v4 (F=6, My 3->—4), 
vp (F=5, Mp=—2——3), vc (F=4, Mp i——2), 
and for J i, vp (F=5, Mp 3—>—4), ve (F=4, 
M »= —2-+—3). The lines were swept manually and 
the frequencies at peak intensity as monitored by ear 
phones were directly measured on the electronic counter 
Hewlett-Packard 524B in Fig. 2. The field corrections 
up to the third order were computed for the five 
lanthanum lines and the caesium line. The measure 
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ments gave 


1.201+0.002, 
0.7988 +-0.0005. 


g(?Dy) 
g(?D)) 


(11) 


The accuracy was not very high because a double peak 
structure appeared in some of these low-frequency lines 
Their closeness to the Landé g factors, 1.2 and 0.8, 
respectively, substantiates the LS coupling scheme. 
Earlier spectroscopic data'’ gy= 1.203 and 
gy = 0.790. 


gave 


IV. EVALUATION. DISCUSSION OF RESULTS 
A. Interaction Constants 


The constants A’, B’, C’, of the *Dy state and A”, 
B,C’, of the *Dy state may be derived from the ob- 
served frequencies by means of formula (6) or more 
directly by means of formula (7). The coefficients 
M(1,J,F; k) in both formulas are listed in Table ITT. 

Method (i).—Assuming that the main contributions 
to the second-order perturbation of the hyperfine levels 
are from the off-diagonal elements of the magnetic 
dipole interaction within the ground level *D and taking 
the positive repulsion parameter ¢ in Eq. (Sa) to be 
¢/12, one may determine the seven constants A’, B’, 
C’, A”, B,C”, and e from the seven measured intervals. 
The solution of the simultaneous equations as derived 
from formula (6) gives «= —0.0010+0.0015 Mc/sec. 
Since the ¢ value is smaller than the experimental error 
and takes a negative mean value in contradiction to 
the assumption of a positive repulsion, we put it equal 
to zero, The remaining six constants are then found 
to be closely equal to the results obtained by method 
(ii), the difference being well within the assigned errors. 

Method (ii).—Substitution of vg, v7, and vg of Table 


391.610 Me/Sec Fic. 6. Typical trac 
. ' 1(*D, ) ings of », in one series 

Me of measurements. The 
doublet dips are within 
15 kc/sec of the central 
peak 
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Meggers, J. Research Natl. Bur. 
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a Fic. 5. Typical tracings of v; 
and two satellites in a prelimi 
nary series of measurements. 
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II into formula (7) gives 


A” =141.1959+0.0016 Mc/sec, 
*D,:5 BY’ =44.7814+0.014 Mc/sec, (12) 


LC” =0,15+0.44 ke/sec. 


Similarly, the data on v;, v2, vs, and v4 in Table II leads 
to 

{< = 176.8311 +0.0005 + (3/196) vs, 
-4 B! = 209.947 ,+-0.012— (25/56) vs, 


(13) 
lc’= —~18.1695+0.0007+ (5/96) vs. 


Dy 


The remaining unknown ys is determined by substi- 
tuting Eq. (13) into formula (6). There are five solu 
tions for vs, corresponding to the five intervals in *Dy. 
Taking the statistical weight of each solution in inverse 
proportion to its error, we obtain an average value, 


vp = 348.843+0.014 Mc/sec, (14) 


TABLE III. Coefficients M(/,J,F; k) for 1=§ 


7M(2)* 


7M (1) 
J =3/2 5/2 3/2 


7M(3)* 
J =$/2 2 3 


7 A 
1/3 4 
5.0 2.0 
9.0 7.0 

15.0 


* Number in parenthesis after V is value of k 
in which the assumed error is twice the root-mean- 
square value. Substitution of (14) inte (13) gives 


A’ =182.1706+0.0006 Mc/sec, 
Dy) BY =54.21340.014 Me 
l¢ “= —(),6+1.0 ke 


sec, (15) 


sec. 
The present values may be compared with Liihrs’ 
optical values, A” =139.5+2.4, B’=43.54+15.0, and 
A’=180+9 Mc/sec. 


B. A Values and the Nuclear Magnetic Moment 


In Sec. IIA, Eq. (2a) indicates that aside from a 
factor @ which is close to unity, the A values of a doublet 
should be inversely proportional to J(J+1). Hence 


Ao /Ao’ =3X5/5X7=3/7. 
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The ratio of observed A values is 
A'/A" 9/7, 


that is, three times too large. Moreover, if one evaluates 
the nuclear magnetic moment from either A’ or A” 
with the help of formulas (2a) and (2d), in which 
6=1053.20 cm™, the result deviates far from the 
nuclear resonance value,?* u;=2.778 nuclear mag- 
netons. 

Second-order perturbation within the ground mani- 
fold of J= 4, § contributes very little to the constants 
A’ and A”. The atomic g factors, as mentioned before, 
are closely equal to the LS-coupling values. The 
perturbation between the ground level *D, and the 
higher level ‘Fy is probably very small, according to 
Ufford’s calculation.'* Moreover, the observed B 
values are fairly consistent with what is expected 
according to Eq. (2b). 

These considerations suggest that configuration 
mixing of the sort discussed in Sec. IIB may be present. 
This mixing is known to affect the dipole constants 
directly and change the quadrupole constants only 
slightly via second-order perturbation. According to 
Eq. (9) we may write 


182.17 Mc/sec, 
141.20 Mc/sec, 


Ao +64 
Ao +5y 


(16) 


Substituting 349’ =70A0', 54,;= —644, 0= 1.00, we find 
Ao’ =93.0 Mc/sec and Ao’ = 230 Mc/sec. If the effective 
nuclear charge is taken to be 57—11=46, the evaluated 
magnetic moment will be within 15% of the nuclear 
resonance value, This is not considered to be a serious 
disagreement. Recently Murakawa‘ studied the Z. 
values of a series of elements and concluded from hfs 
in excited states that the most probable value for 
lanthanum was 39.7. If this new value is adopted, the 
magnetic moment evaluated from Ao’ and Ao’ agrees 
completely with the nuclear resonance value 


B. B Values and the Quadrupole Moment 


In Sec. ITA, Eqs. (2a), (2b), and (2d) may be 
combined to yield the quadrupole moment either from 
B/6 or from B/Ao. 

(i) From (2b) and (2d), 


B hx 10° 2J+2\H 
a) / 2.91 1a? | +1)( ) 
ri) e? 2J-1/R 


With Z=39.7, H=1.01, R’=1.028, R” =1.095 (refer 


ence 7), we have 
"Dy 0.217 
of )-( )x10 om 
2D, 0.241 


16°C, W. Ufford, Phys. Rev. 44, 732 (1933 
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(ii) From (2a) and (2b), 


(”) (Zee ge aes 
; Dy ee 4 ré 2J- ) aan) 


2.4F' B’ R' Ao’ ) 


=0.161 10 “( 
8.0F" RB” RA! 


0.221 
( )x10 “4 om?. 
0.237 


The close agreement between (i) and (ii) is of course 
to be expected from the theory and the aforementioned 
consistency between AoZ and yu;. A rounded-off 
value 0 = (0.230+0.010) K10~" cm? will be taken as 
observed. Since the quadrupole moment of a nucleus 
may induce a charge distribution in the atom that 
results in a compensating quadrupole potential," the 
observed interaction energy is less than if there were 
no such effect. The correction factor for lanthanum is, 
according to Sternheimer, 1.614, which leads to 


O= (0.268+0.010) K 10°" cm’. 


The second-order perturbation, even when configu 
ration mixing is considered, is too small to affect the 
Q value. 

The quadrupole moment may be calculated from 
simple shell theory. Since in the 5,La' nucleus the 
outermost shell is just one proton short of being a 
completed 5g7 2 shell, 

O= + (rn?) (21 —1)/ (21 +2) 

0.8 1399X (1.35 10°")? «6/9 

0.27X10-* cm’. 


In the above calculation, the mean square radius of 
the nucleus is taken to be midway between the value 
of a surface charge distribution and that of a uniform 
volume distribution. The Q value is in excellent agree 
ment with the present experimental result. Calculation 
for a spheroidal nucleus” gives O=+1.3%10°" cm? 
which is five times too large. 


D. C Values and the Octupole Moment 


The second-order perturbation energy of the non 
central interaction between atomic electrons and the 
nucleus has been found to contribute very little to the 
octupole constants of lanthanum, From formula (5), 
the corrections to the C values are 


nB'T B’ 
ac’ 


IJA+4 
208.4 28 


Is 0.034£n kc/sec, 
(17) 


nB’ t 9 AC’ 
I1JA+—nB' = — 
2006L 4 28 10 


“R. Sternheimer, Phys. Rev. 86, 316 (1952); 84, 244 (1951 
80, 102 (1950) 
*™R. Van Wageningen and J. de Boer, Physica 18 


Ac” 


$69 (1952) 
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where the factors §, n=1.01. If the aforementioned 
configuration mixing is assumed, formula (7a) gives a 
very large correction factor {= —5.52 to the dipole 
term of Eq. (17). This is e pected in view of the serious 
deviation of A’’/A’ from the theoretical value. The C 
values become 


C'=- 0.64-0.7+-0.034¢ = —0.8+1.0 kc/sec, 
C" = +0,15+0.44—0,003¢ = +0.1740.44 kc/sec. 


‘Thus, even with the above correction, the C values are 
smaller than the experimental error. From theory we 
expect the octupole interaction to be small in D states. 


Formula (2c) gives 
e T/H 4/441 
( ) -s| Z5 x10|( ) 
16/735 
0.2 
=) 10 ) kc/sec, 
0.5 


c" 1708 
in which 2 10 is of the order of 0.1 nuclear magneton 
cm*, Assuming the shell assignment of (5¢7/2)~' for the 
»La™ nucleus, one may estimate the octupole moment 
by a formula of Schwartz’s.* It is of the order (0.04 to 
0).28)X10- nuclear magneton cm’, depending on the 
choice of the g, factor for the proton hole. Hence the 
C values, after second-order correction, are most likely 


TING 


within the range 0.01 to 0.1 kc/sec. The accuracy in the 
present experimental work, and in the theoretical 
calculation, would have to be considerably improved in 
order to observe the octupole moment of lanthanum. 


Vv. CONCLUSION 


It has been shown that the observed hyperfine 
structure of La™ can be understood in terms of current 
theories of hyperfine structure provided it is assumed 
that the ds? ground configuration contains an admixture 
of a dss’ configuration. It would be desirable, however, 
to obtain the wave functions of the ground state to 
check on this assumption and to determine the degree 
of admixture, if any. With a knowledge of the wave 
functions, one can, of course, compute a better value 
for the nuclear quadrupole moment and obtain a closer 
limit on the octupole moment. It is of interest to note 
that the simple single-particle model of the nucleus 
gives a theoretical value for the quadrupole moment 
which is in close agreement with the experimental. The 
agreement with respect to the magnetic dipole moment 
is not as good. 

The author wishes to thank Dr. Hin Lew for his 
continued assistance and valuable discussions. He also 
appreciates the congenial atmosphere provided by and 
the generous help received of other members of the 
National Research Laboratories. 
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Spin, Parity, and j-j Expansion Coefficients for States of Low 
Excitation in O'*t 


O. M. Brtantuk AND P. V. C. Houcu 
Harrison M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 
(Received June 27, 1957) 


A study of the angular distributions and of relative intensities of proton groups from the reaction 
O!7(d,p)O"* has established even parity and total angular momenta of 0, 2, and 4 for the lowest three known 
states in O'*. These results, as well as the d-wave stripping intensities, are in remarkable agreement with 
theoretical predictions of Redlich and of Elliott and Flowers. A mixed s-d angular distribution for the first 
excited state is shown to determine sensitively the coefficients of the dysy and (d4)* terms in a #7 expansion 


of the wave function for this state. 


I. INTRODUCTION 


HE scarcity in nature of the nuclides O"' and O" 
has delayed the experimental study of the 
structure of O'* for a time wholly at odds with the sig- 
nificance of this nucleus as a test for the shell model. 
The theoretical work of Redlich' and of Elliott and 
Flowers’ was carried out at about the time of the dis- 
covery in O"* of the first excited state.’ Since then work 
by Bach and Hough‘ and by Jarmie® has established 
the experimental energy level diagram shown in Fig. 1. 
Flanking the experimental diagram are the theoretical 
level schemes.'? 

Only even states are to be compared with theory, but 
since odd states occur already at low excitation in O"," 
it is important in O'* first to select the states of even 
parity. The reaction O'"(d,p)O"* is well adapted to do 
this. Moreover, the presence or absence of s-wave 
admixture in the d-wave neutron absorption, and the 
relative intensities of the proton groups, constitute 
sufficient additional information to make possible an 
identification of each of the three known states of lowest 
excitation with a particular state of the theory, 
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EXPERIMENT 
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Fic. 1, O'* energy level schemes. Flanking the experimental 
diagram are the theoretical level schemes. The diagram on the 
left was extracted from Fig. 3 of reference 2, for V.=50 Mev 
Dr. Elliott has also informed us that another J* = 2* level has been 
calculated to lie around 4 Mev in their level scheme. Dr. 
Redlich’s diagram has been constructed from energy eigenvalues 
associated with his wave function, references 1 and 12 


t This work was supported by the U. S. Atomic Energy Com 
mission and by the Michigan Memorial Phoenix Project 

'M. G. Redlich, Phys. Rev. 95, 448 (1954) 

*J. P. Elliott and B. H. Flowers, Proc. Roy. Soc 
A229, 536 (1955) 

3K. Ahnlund, Arkiv Fysik 8, 489 (1954) and Phys. Rev. 96, 
999 (1954). 

4D. R. Bach and P, V. C. Hough, Phys. Rev. 102, 1341 (1956) 

5N. Jarmie, Phys. Rev. 104, 1683 (1956) 


(London) 


Il. EXPERIMENTAL PROCEDURE 


The instrumentation for magnetic analysis of the 
external deuteron beam of the Michigan 42-in. cyclo 
tron, and magnetic analysis of reaction products, is 
described in another paper.® In the present work a 
deuteron energy of 7.772+0.012 Mev was used. Inten 
sity was a primary consideration, dictating a target 
thickness of ~1 mg/cm?’ and slits at the target ad 
mitting a wide range of incident-deuteron momenta 
An over-all resolution of ~60 kev was obtained 

The target was prepared by evaporation of Li metal, 
followed by a reaction with water vapor enriched’ to 
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Fic, 2, Evaporation and reaction apparatus. Lithium is evapo 
rated from a steel crucible onto a backing leaf of aluminum or 
Mylar and subsequently hydroxidized by the enriched 
vapor. 


water 


* Bach, Childs, Hockney, 
Instr. 27, 516 (1956) 

’ The enriched water was obtained from the Chemical Division 
of the Borden Company, Philadelphia, Pennsylvania (Dr. K. ( 
Tsou) 
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0.75% in O' to form a uniform layer of LiOH-H,0. 
The apparatus used is shown in Fig. 2. All spectra were 
recorded in Kodak NTB emulsion 100 w thick. Proton 
peaks from O''(d,p)O"* are identified positively by the 
measurement of the proton momentum as a function 


of reaction angle. 


Ill. EXPERIMENTAL RESULTS 
Ground State Angular Distribution 


The extreme weakness of this proton group may be 
appreciated by noting in Fig. 3(a) that the C¥(d,p)Co" 
group arising from the 1% C” abundance in the slight 
carbon contamination of the target is comparable to 
the O'(d,p)Oo'* group. Most data for this state were 
taken with a target backing of Al leaf. The measured 
angular distribution is shown in Fig. 4. 
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Fia. 3, O''(d,p)O"™ spectra at a reaction angle of 20° as recorded 
on 9 in. <1 in. nuclear track plates (Kodak NTB, 1004). All groups 
are labeled by the residual nucleus of the corresponding (d,p 
reaction. The proton energy is given for the Oo'*, O"* 99 wey, and 
the Os 65 Mev groups Measured and calculated (in parentheses) 
separations of principal groups are indicated. 
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Fic, 4. Angular distribution of protons from O'7(d,p)Oo'*. The 
experimental data are best fitted with a theoretical Butler curve 
with ro9=5.9X 10" cm and 1, =2 


1.986-Mev State Angular Distribution 


Since no proton group from carbon or O'* obscures 
the energy region studied, Mylar was chosen for the 
target backing. In the 20° spectrum shown in Fig. 3(b) 
there appear, besides the O'* group, peaks arising from 
H?(d,p)Ho® and Li®(d,p)Li,’. (Deuterium was present 
in the target because the process used for the enrichment 
of water in H,O" also provided enrichment in H*,0.) 
The deuterium group overlaps the O'* group at angles 
less than 15°. Since the cross section near zero degrees 
is essential for the arguments establishing the nature of 
this state, an effort was made to reduce the deuterium 
concentration in the target. Through the courtesy of 
Professor R. W. Parry and Mr. C. W. Heitsch of the 
Department of Chemistry, University of Michigan, the 
relative concentration of deuterium and O"7 was reduced 
a factor of seven by repeated ion exchange with NH,Br. 
Figure 5 shows the composite peak then obtained at a 
reaction angle at 2.5°. The O" intensity was determined 
by doubling the number of tracks in the left half of the 
peak. This procedure is justified by the symmetry of 
the peaks encountered in this investigation. 

The resulting angular distribution is shown in Fig. 6. 
The points marked ( x) at 0° and 2.5° were obtained 
by a less reliable technique, using data from a target 
of the original deuterium contamination. They serve 
only as confirmation of the substantial forward rise in 
the cross section. 
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3.555-Mev State Angular Distribution 


Using Mylar as target backing, the cross section was 


55°. A sample spectrum is shown 


measured from 0° to 55 
in Fig. 3(c). The angular distribution is shown in Fig. 7. 


Relative Intensities 


Despite the competition between the groups O'’ (d,p)- 
Opo!® and C#(d,p)Co!* mentioned above, careful prepa- 
ration of a Mylar-backed target and precise beam 
alignment provided adequate separation of these peaks 
at angles 20°, 25°, and 30°. Therefore a single target 
could be used for intensity comparison of all three O'* 
groups in exposures closely associated in time. Using the 
experimental angular distributions, the directly meas- 
ured intensity ratios are expressed as ratios of peak 
cross sections. In the case of the first excited state the 
“peak” refers to the secondary maximum at ~30°. 
Calling the peak differential cross sections oi™*, the 


measurements give 


oa™** (ground): oq™** (1.986 Mev) :a4**(3.555 Mev) 
1: (3.7+0.5): (13.542.0). 
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Fic. 5. O'7(d,p)O"*; 99 wey spectrum at 2.5° with the relative 
deuterium concentration in the target reduced by a factor of 
seven. 
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Fic. 6. Angular distribution of protons from O''(d,p)O") oo Mev 
The experimental data are best fitted with two Butler curves for 
/,=0 and /,=2, both with ro=5.1K10°" cm. Experimental 
points marked (%) were obtained from a target of high deu 
terium contamination, and for the forward angles are less reliable 
than the point marked (A), taken after the relative deuterium 
content was reduced by a factor of seven 


IV. RELATION BETWEEN STRIPPING INTENSITIES 
AND j-j EXPANSION COEFFICIENTS 

Following the early work of Holt and Marsham,’ 
others’ have used relative stripping cross sections to 
draw conclusions concerning nuclear wave functions 
As J. B. French and co-workers” have emphasized, the 
insecure basis for the Butler theory, and its disagree 
ment with experiment as regards absolute cross section, 
encourages the development of methods for analysis 
of (d,p) reactions independent of the details of the 
theory ; 

The first such method consists simply in the restric 
tion of the interpretation of relative intensities to 
* See the review article by R. Huby, Progress in Nuclear Physic 
(Butterworths-Springer, London, 1953), Vol. 3 p. 177, especiall 

Table I 

* J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956) and 
references therein 

“ T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955 
and reference 9 
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hic. 7, Angular distribution of protons from O''(d,p)O"*s 55 mey 
The experimental data are best fitted with a theoretical Butler 
curve with ro= 5.5 10°" cm and 1, = 2 


states in the same or neighboring nuclei reached by 
neutron capture with the same angular momentum /,. 
In the case of O* this means that the ground state and 
the 3.555-Mev state intensities may be compared 
directly. For the 1.986-Mev state, however, only the 
large-angle or d-part of the composite s-d distribution 
is to be considered. In making the comparison, the 
detailed prediction of the Butler theory regarding the 
variation of the single-particle cross section with reac- 
tion 2 may be taken into account or not, and it need 
only be assumed that the variation is slow. In the O"* 
case, the /,=2 single-particle Butler cross sections" are 
in the ratio 1:1,2:1.4, for the ground, first, and second 
excited state transition, The much stronger variation 
observed experimentally arises then from variation in 
the statistical weight 2/+1 and j-7 composition of the 
nuclear wave function for the final state. 

The most general wave function for two nucleons in 
the 2s, 1d shell is of the form 


¥ 14 (d5)?4 Ay 4(dysy) + Ay 4 (54)? 
+ Ag y(dydy) + Ay y(dysy)4+-Ag g(dy)®. (1) 


With neglect of the internucleon force, each term is 


"The calculation is greatly simplified by the use of the 
“Numerical Table of Butler-Born Approximation Stripping 
Cross Sections” by C. R. Lubitz, H. M. Randall Laboratory of 
Physics, University of Michigan, 1957 (unpublished). Copies are 
available on request 
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separately an O"* eigenfunction, and the terms in (1) 
are in order of increasing excitation energy for that 
approximation. Table I lists, for reference, the coef- 
ficients calculated by Redlich” corresponding to the 
lowest J =0, 2, 4 states shown on the right side of Fig. 1. 

In the Butler-Born approximation as presented by 
Huby," stripping in O'* can occur only to those parts 
of the wave function (1) for which at least one of the 
nucleons is in a state corresponding to the ground state 
of O'7, namely dy. Use of Eq. (1) and of Huby’s Eqs. 
(46) and (47) gives, with the aid of the orthogonality 
relations for the Wigner coefficients, a factor Si, by 
which the single-particle Butler cross section for capture 
of a neutron with the angular momentum /, is multi- 
plied : 


(2-a) 
(2-b) 


S.= (2I+1)[(Ag g)?+4(Ag )*), 
So= (2I+1)5(Ay 4)’. 


The quantity S is analogous to the S of French and 
Raz,'* except for the inclusion of the factor 2/+1. The 
factor of two reduction in intensity which occurs for 
nonequivalent nucleons in (2-a) and (2-b) may be 
understood by noting that in this case stripping can 
occur only to half of the properly antisymmetrized O" 
wave function. 

Redlich’s wave functions for the states J = 2 and J=4 
show only a4% and 12% contribution tod-wave stripping 
via the dsd, component. If these wave functions are even 
qualitatively right, d-wave stripping intensities in O'* 
are determined primarily by the (A, 4)”. 

As it stands, Eq. (2-b) is of no help for interpretation 
of s-wave stripping intensities in O'*, since the Butler 
theory is not relied on to give correctly the relative 
cross section for s-wave and d-wave stripping. However, 
the s-d intensity ratios in O'(d,p)O'* may be related 
to the corresponding measured ratios in the O'"(d,p)O"” 
reactions which lead to the dy ground state and the s, 
first excited state. The integral equation treatment of 
Gerjuoy'® may be extended slightly to establish the 
connection. This theory gives for the amplitude of the 
outgoing proton of wave number k,, at infinity, 


1 /2M 
A(k,) a ( 3 \ ff ftrateetr ikp- tp 
4n \ ft? 


KV (rte) VnptVptV pe)Wol tn Pp te). (3) 


In (3) Po=Wn(tn,tp)my”9(r,), with uy”° the wave 
function for the extra neutron in O'’, yp may be 
Coulomb distorted and elastically scattered, so (3) is 
not a Born-approximation amplitude. ¥,™ is the O" 
wave function, properly antisymmetrized. The function 

"2M. G. Redlich (private communication) 

8’ Reference 8, especially Eqs. (19), (40), (45), (46), and (47) 

“ Reference 9. Our Eq. (2-a) is in conflict with their Eq. (2). 
Professor French has informed us that their sum on j should be 
taken after squaring. Such a change brings the two formulas into 
agreement. 

' E. Gerjuoy, Phys. Rev. 91, 645 (1953). 
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Wo is not antisymmetrized, so exchange effects of the 
type considered by French'® are neglected. Spin vari- 
ables are not explicitly written in (3), although they 
have been included in the calculation. V,, is the 
neutron-proton interaction in the deuteron, and gives 
the usual Butler formula for stripping. V, is the inter- 
action of the stripped proton with the magic O" 
nucleus, including the Coulomb interaction. Vp 
contains the interaction of the stripped proton with the 
one extra magic nucleon in O'’. With the assumption 
that V,+V,¢ may be collapsed into a single smooth 
potential representing the interaction of the stripped 
proton with O'’, the amplitude (3) breaks into an inte- 
gral over ¢, which expresses the overlap of the O'* wave 
function with that of the O'’ ground state and an in- 
tegral which summed over magnetic quantum numbers 
gives an expression for the O'*(d,p)O"" cross section in 
much higher approximation than the Butler formula. 
The result, expressed in terms specifically applicable 
to the s-d peak ratio for the first excited state in O", is 


(o,™** oa™™*) 0, is 


}(Aq 5)*Lo1/(2K$ +1) ko} 
[(Ay y)?+4(Ag 9) MLoo/(2X$+1) Roo) 


(4-a) 


oo and o; are the ground and first excited state peak 
cross sections in O'*(d,p)O'’, and have a measured 
ratio o;:09=100:12.'" The factors 27+1 and outgoing 
proton wave number &, in the O'* intensities are 
extracted, according to Eq. (4-a), before use in deduc- 
tion of the O'* ratio. The primes express the fact that 
these parentheses are to be evaluated for a bind- 
ing energy of the captured neutron equal to that 
which occurs in O'* (1,986-Mev state), while experi- 
mentally the cross sections are observed for bindings 
peculiar to the O' nucleus and different for oo and aj. 
Only the Butler cross section is available to correct the 
measured values; however, it is reassuring to find that 
the corrections are only — 15% and —5% for numerator 
and denominator, respectively, so that not much uncer 
tainty is introduced. 
Substitution of numerical values into (4-a) gives 


(—) 
oa™™ 0," 


The number 29, which follows from the O'*(d,p)O"” 
experiment, is to be compared with a number 20, 


(Aq 4)” ” 
x 29, 
(Ay y)?+4(Ay 4)? 


(4-b) 


predicted by the straightforward application of the 
Butler formula." 
164. P. French, Phys. Rev. 107, 1655 (1957 


17W. J. Childs, Ph.D. dissertation, University 
1956 (unpublished 


of Michigan, 
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TABLE I. Expansion coefficients A,, as calculated by Redlich for 
the lowest J =0, 2, 4 states in O'* (references 1 and 12) 


INI ij 4 1} hi bf ij 
0 0.86 0.40 0.31 
2 0.71 0.14 
4 0.90 ; 


0,20 0.20 


0.44 


0.63 


V. SPIN AND PARITY ASSIGNMENTS 
Even Parity for the Ground State 


The ground-state angular distribution (Fig. 4) can 
be fitted" reasonably only with a theoretical stripping 
curve corresponding to neutron absorption with orbital 
angular momentum /, = 2. Thus, the parity of the O" 
ground state is identical with that of O', i.e., even, The 
spin of O'* is known to be zero,"* 


J* =2* for the 1.986-Mev State 


The sharp forward rise in the angular distribution 
of Fig. 6 indicates clearly the (d,p) reaction to this 
state proceeds at least in part by s-wave neutron 
absorption. Therefore, its parity is even, and its spin 
2 or 3. 

The lowest 3* state in O'* is predicted to occur at 
considerably higher excitation energy. Furthermore, 
the 3* wave function is sure to be mostly dysy, with a 
lesser component of dysy. Under this circumstance the 
ratio of forward maximum to secondary peak would 
be greater than 15:1 instead of the observed 4:1. Such 
an observed ratio is quite consistent with reasonable 
J*=2+* wave functions, as discussed below. We may 
say then that /*=2* for the 1.986-Mev state 


J" =4* for the 3.555-Mev State 


As in the case of the ground state, the angular dis 
tribution of Fig. 7 can be fitted only with /, = 2. There 
fore, the parity of the state is even, and its spin 0, 1, 
2, 3, 4, or 5. No J=5* antisymmetric state can be 
constructed from s,d configurations, and in fact the 
lowest -configurations which could furnish such a state 
are frefo2 and fr2Ps/2. However, the strength of the 
observed stripping transition excludes all such unlikely 
configurations, and J=5 may be dismissed as spin for 
for this state. The absence of a forward maximum in 
the angular distribution implies that no s neutrons are 
captured to form the 3.555-Mev state of O'*; therefore 
its spin is not 2 or 3. More precisely, the data indicate 
that the wave function for this state contains a dys, 
component whose amplitude squared is less than 0.05 
All low 2+ and 3* states are expected to have dys, square 
amplitudes ~4).5, and no mechanism is known which 
would reduce them to the experimental! limit 

The remaining possibilities, J=0, 1 and 4 would 
lead to cross sections about }, 3, and 12 times the 


’ 


'* Miller, Javan, and Townes, Phys. Rev. 82, 454 (1951 
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ground state cross section, respectively. The observed 
ratio of 13.54+2.0 thus prefers J=4. In confirmation 
of the rejection of J=1, such a state cannot arise from 
the lowest configurations (d,)*, dys,, and (s,)? and 
therefore is expected at an excitation energy of 10 Mev 
or more, 

VI. WAVE FUNCTIONS 


The work of Sec. IV has shown that the d-wave 
intensities reported in Sec. III determine mainly the 
Ay, coefficient in the wave functions for the three 
states under investigation, If the theoretical coefficient 
Ay,y=0.90 for J=4 is adopted as standard, then 
Eq. (2-a), the Butler kinematic corrections 
(1:1.2:1.4 of Sec. IV), and the experimental intensities 
give for J=0, 


(2XO+1)K 1 (Ay 7)? I 
(2X4+1)1.4X (0.90)? 13.542’ 


Ay’ =0,88+0.08, (5) 
e 


a result in agreement with Redlich’s coefficient 0.86. 
For J=2, 


(2K2+1)K1.2XK (Aggy?) = 3.740.5 


(2X%4+1)X1.4X (0.90)? 13.542.0 


Ay 7? =0.68+0.10, (6-a) 
in agreement with Redlich’s coefficient 0.71. Assuming 
4(Ag 4)? (Aq 4)* in Eq. (4-b), the measured s-d peak 
ratio of 4.34-1.0 for the first excited state gives 


(Ay y)*/( Ag)? = (4.341.0)/ (4X 29) =0.30+0.07 


If one takes like signs for the coefficients, as given by 
theory, then 


Ayy Ay = 0.55+0.06. (6-b) 


It may perhaps be justified to assume, as in Table I, 
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that the aggregate percentage of the three higher con- 
figurations in the J/=2 state is 10%, with an uncer- 
tainty of +5%. In this case the normalization of the 
wave function requires 


(Ag 4)?+ (Ay 4)? =0.9040.05. (6-c) 


In Fig. 8 are plotted, in the Ays—Ay, plane, the 
regions delineated by Eqs. (6-a), (6-b), and (6-c). The 
graphical information may be summarized, with some 
loss of accuracy, by saying 


Ay 4=0.8140.05, Ay ,=0.48+0.05. (7) 


These results are to be compared with Redlich’s pre- 
dicted values of 0.71 and 0.63. It should be noted that 
the errors quoted in (6) and (7) are of very limited 
significance, and are to be considered in the light of 
the considerable uncertainties which have been pointed 
out at each stage of the analysis. At the same time 
the degree of correspondence between theory and ex- 
periment is remarkable and encourages the most 
detailed study of the reliability of stripping intensities 
for wave-function determination. In this connection it 
would be of great value to deduce from the integral 
equation (or otherwise), reliable estimates for the 
relative variation in stripping intensity with neutron 
binding energy. 
VII. DISCUSSION 


Figure 9 shows the proposed correlation of theo- 
retical and experimental states. ‘The second O* level of 
the theory has not yet been identified. It would have 
escaped detection in the present work if the corre- 
sponding (d,p) cross section were <} of the ground 
state cross section. But the predicted intensity ratio is 
0.22, and therefore its absence is not in conflict with 
theory. 

The availability of fairly direct information con- 
cerning nuclear wave functions suggests a modification 
in the usual theoretical approach so as to make use of 
such data at an early stage of the calculation. 
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For an A-particle system, a trial wave function is constructed 
of the form 


X44) = f o(xs,+++,ma; @) f(a)da 
« 


V (x:, 


The preliminary nucleonic wave function, ¢, solves the problem 
in a “construction potential.’ This potential depends upon a 
“deformation parameter” or “generator coordinate,” a. The col 
lective wave function, f(a), or “generator function,” is folded into 
¢ to produce a system wave function that depends only upon the 
coordinates, x;, of the particles. In the integration, the deforma 
tion parameters dissolve away. They do not appear in the final 
state function; they only generate it 
ever come into use nor do such coordinates ever have to be defined. 
In typical cases when the generator function contains one or 
more nodes, it generates nodes in the system wave function ¥ of 
the kind that describe collective kinetic energy. The energy of the 
system is extremized with respect to choice of the generator 


No collective coordinates 


I. INTRODUCTION; THE METHOD OF GENERATOR 
COORDINATES IN OUTLINE; SUMMARY 


Variational Description of Collective Motion 


OHR and Mottelson' and others have had success 

in describing collective nuclear rotations and de- 
formations in analogy to molecular rotations and de 
formations (Table 1). For many parts of their analysis, 
it is unnecessary to go go back to the many-body 
problem. However, when one wants to determine such 
a quantity as the frequency of a collective vibration 
starting from an assumed force between nucleons or to 
have an explicit expression for the wave function of the 
system in terms of coordinates alone, it is, of course, 
necessary to return to first principles. Much attention 
has recently been given to this problem, which presents 
considerable mathematical complexities. The present 
and therefore 
put forward 


paper seeks to assess a variational 
approximate—method has been 
previously’ to describe collective motions. 


which 


* Based in part upon the thesis submitted by James J. Griffin 
to Princeton University in June, 1955, in partial fulfillment of the 
requirements for the degree of Ph.D 

t Present address: Los Alamos Scientific Laboratory, 
Alamos, New Mexico. Grateful acknowledgment is made of a 
Fulbright Fellowship held in Copenhagen, 1955-1956. 

1A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys 
26, No. 14 (1952); A. Bohr and B. Mottelson, Kgl 
Videnskab. Selskab, Mat-fys. Medd. 27, No. 16 (1953) 

* The earliest proposal [D. L. Hill and J. A. Wheeler, Phys 
Rev. 89, 1106 (1953) ] assumed a trial function that contained the 
velocity potential, u(x 


Le s 


Medd 
Danske 


| ¢(x,a) exp{ —i(M/h)Zju(x;)) fla)da 

The present simpler and physically more reasonable form was 
proposed by J. A. Wheeler, Proceedings of the 1954 Glasgow Con 
ference on Nuclear and Meson Physics, edited by E. H. Bellamy 


function, /(a@). No Hamiltonian ever appears except the A -particle 
Hamiltonian. All nucleons are treated on the same basis whether 
in or above closed shells. The appropriate variational calculation 
leads to an integral equation or “generator wave equation” for 
f(a). This equation is solved in two limiting cases: the quadratic 
approximation, and the 6-function approximation. An analysis is 
made of the Peierls-Yoccoz procedure to calculate the effective 
mass parameter in cases where the forces acting in the system are 
invariant with respect to translation or rotation. There is no 
external machinery The 
effective inertia constant does not appear likely to agree in general 
with that the different 
particles in such a machine-driven potential, though the latter 


to drive the construction potential 


calculated for essentially problem of 


value is presumably more nearly correct for physical applications 
The trial wave function in the method of generator coordinates is 
designed for simplicity, not for precision. It is applied in the 


following paper to the dilatational and shape oscillations of O' 


We consider a system of A-particles with coordinates 


X;, Xo, °*:X4 with a Hamiltonian function, 


H = (p;?/2M)+(p?/2M) 


t+ (pa? 2M)+>- V(rie) (1) 


ick 
We construct the trial wave function of the variational 
method in the following way: we replace the actual 
potential felt by a particle by a fictitious potential, 
characterized by a shape parameter, a. We solve the 
wave equation for individual particles moving in this 
potential. Out of these individual particle wave func 
tions, we construct by formation of a determinant or 
otherwise a many-particle wave function 


the nucleonitc wave function, (x ‘KA; aq) (2) 


This wave function is completely and uniquely deter 
mined once one knows the construction potential as a 
function of a, The trial wave function for the many body 
is now taken to be 


system given by the following 


expression : 


V(x), X») fen(s0) f(a) 


Here the quantity, a, may be given the name of gen 


(3) 


2 


erator coordinate, because it serves to generate the wave 
function of the system. It should be emphasized, how 


and R. G. Moorhouse (Pergamon Press, London and New York 
1955), pp. 42 and 43; J. A. Wheeler, Suppl. Nuovo cimento 2, 908 
(1955) and J. J. Griffin, Phys. Rev. 99, 648(A) (1955); and has 
since been developed and explored in further detail by R. Peier|: 
and J. Yoccoz, Proc. Phys. Soc. (London) A70, 381 (1957) ane 
J. Yoccoz, Proc. Phys. Soc, (London) A70, 388 (1957) 
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Tasie I. corny | between the collective nucleus and a molecule, illustrating features that can be expected to come into evidence 


in any treatment o 
function that is treated in this paper. 


Property 


Individual particle state occupied by Electron 


Slowly varying parameters that affect en 
ergy of individual particle states 


8 10~"* sec in He 


~ 10 18 ge¢ 


Oscillation period in an example 


Fundamental period of motion of most 
energetic particle in same example 


Vibrational potential energy described as V (ria ia, * 


function of these one or more parameters 
by a curve or surface 
account 


Vibrational or rotational kinetic energy 


Exchange of energy between individual par 
ticle excitation and genera) vibration of 
the system can take place at point of 
contact between one potential surface 
and an adjacent one, via a radiationless 
transition 


contact 


ever, that this generator coordinate is not expressed or 
expressible as a function of the coordinates, x,- >> Xz. 
The only quantities free in determining the trial func 

tion, W, are (1) the nucleonic quantum number, n, 
that characterizes the nucleonic state of the many 
particle system in the construction potential, and (2) 
the generator wave function, f(a), a so far undetermined 
function of a. We next determine this collective wave 
function by the requirement that the expectation value 
of the energy of the A-particle system shall be an ex 

tremum with respect to choice of the generator wave 
func tion, f(a) 


6bE=0; or b6E/bf(a)=0. (4) 
Renunciation of Any Explicit Use of a 
Collective Coordinate 


It would be easy to imagine a more general formula 
tion of the method of generator coordinates, in which 
one took a variational function of the form 


W(xi,°°*,Xa) f ec, "5X4 ,a) 


«KS(x),° °° Ka; a) ladda. (5) 


Here the function S(x; a) is considered to be fixed once 
and for all and to describe an extra correlation among 
the particles not included in the nucleonic wave func- 
tion, g(x; a). Our collective wave function is a special 
case where the function S is set equal to 1. Another 


Molecule 


Internuclear separations; ri2, riz, «+ «etc. 


-)=sum of energies of indi 
vidual electron states plus electrostatic 
interactions not otherwise taken into 


Mainly localized in nuclei 


Mechanism for excitation to be degraded 
into vibrational energy; important in 
polyatomic molecules, where the varia 
tion of two or more parameters ordi- 
narily allows one to arrive at a point in 
configuration space where two successive 
potential surfaces make a cusp-like 


collective motions, whether via the product type of wave function or via the generator coordinate type of wave 


Nucleus 


Nucleon 


Parameter a and other parameters that de 
scribe in more detail the configuration of 
the nuclear well 


~5X 10~#! sec in U 
~0.3 X10" sec 


Sum of energies of individual nucleon states 
calculated for a deformed well plus other 
interactions not otherwise taken into 
account 


Increment of kinetic energy of nucleons be 
cause well is moving and nodes of indi 
vidual particle wave functions are under 
going displacement 


Mechanism for nucleonic motion to be de 
graded into collective motion, and con 
versely for energy of collective vibration 
to be imparted to an individual nucleon 
as for example in a nucleonic evaporation 
process. To be distinguished from direct 
energy exchanges between a pair of nu 
cleons—an independent mechanism for 
capture and evaporation. Both contribute 
to the absorption component of the com 
plex nuclear potential 


special case of this more general form of wave function is 
obtained by substituting for the correlation function, 
S, the expression 


S(x; a) =6(a— E(x) **xa4)). (6) 


Here 6 is the Dirac delta function. The quantity 
£(x,--*x,) is a trial expression for the collective co- 
ordinate of the state in question. For example, in the 
case of translational collective motion, one would insert 
for £, the expression 


&=(1/A)(Xi+Xot+- ++ +a). (7) 


Owing to the presence of the delta function, it is obvious 
that the integration over the generator coordinate, a, 
can be carried out at once with the result that the 
combined wave function has the form 


W(x1,°° +, Xa) = (x; E(x) ) f(E(x)). (8) 


This is the type of wave function used by Bohr and 
Mottelson, Tolhoek, Tomonaga, and others’ in de- 
scribing the collective vibrations and other collective 
motions. The advantages and difficulties of this type of 
wave function are well known. It is simple in principle 
but—in the case of oscillations and rotations—diflicult 
to write out in detail. In particular, it is difficult to 
find a simple explicit expression for the deformation co- 

*H. A. Tolhoek, Physica 21, 1 (1954); S. Tomonaga, Progr 
Theoret. Phys. Japan 13, 467 (1955); Marumori, Yukawa, and 
Tanaka, Progr. Theoret. Phys. Japan 13, 442 (1955); Lipkin, 
de Shalit, and Talmi, Nuovo cimento 2, 773 (1955); Marumori, 
Progr. Theoret. Phys. Japan 14, 608(L) (1955). 
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TABLE II. Comparison and contrast of the product type and generator type of wave functions for the description of collective motion. 


Quantity 
Wave function 


Collective variables ae, ay, 


Number of coordinates 


Complete Hamiltonian 


Energy operator in reduced form for treat 
ment of collective motion 


Deformation potential 


Product type of 
wave function 


W(x), Xa) = 9(x),°* Ka; a(x))f(a(x)) 
Functions of the particle variables 
Xi, KA 


1+-5 (extra coordinates) 
s (constraints) =A 

2 2 
1 Pa oe 

a + +2 Vi rie) 

2m 2m ick 

A function of collective variables, ay, (ts, 
obtained explicitly or implicitly by ap 
propriate averaging procedures 


A function, V (ag,a3,---) of the collective 


Generator type of 
wave function 


X4)™= | (Xi, 


W(x, x4; a) f(a)da 


Parameters which describe the ay of the 
construction potential but which are in 
tegrated out and never appear in the final 
trial wave function 

Always A 

pe —— 

‘+a | is) 

2m 

Integral wave equation for collective mo 


tion [(K(ap E1(a,8) |f(p) =0 


In general a kernel, K (a2,89; «3,83; +++) o7 


variables in complete analogy to the 
molecular vibration potential 


ordinate, §(x,,---,xX4) in terms of the individual par- 
ticle coordinates. The method of generator coordinates 
described in the present article is probably less accurate 
than the method of the product wave function. Its 
primary advantage is, therefore, only the one of con- 
venience: one never deals with any expression for a 
collective coordinate, &. One never sees anything in the 
nature of an explicit collective coordinate. One sees 
only the “generator coordinate,” a, which is not a co 
ordinate at all but a parameter which describes the 
shape of the “construction potential.” This difference 
in approach between the method of the “product wave 
function” and the present method of “generator co- 
ordinates” (Table II) is the central topic of the 
present paper. 


Integral Wave Equation for Generator 
Wave Function 


The present investigation consists of four parts. In 
Sec. II, we spell out the method of construction of the 
over-all wave function in more detail and the conse- 
quences of the variational principle for the choice of 
function f(a). We show that the variational principle 
leads to a simple integral equation for the determination 
for the function f(a), an integral equation of the follow- 
ing form, 


(9) 


fu (a,8) — E,1 (a8) | f(B)d(B) =0, 


where K is the so-called energy kernel and the / is the 
overlap kernel. 


Exact Solution in the Quadratic Approximation 


This generator wave equation can, in general, only be 
solved by numerical methods. However, there are two 
simple classes of kernel (‘Table III) that simplify the 
equation. In the one case (Sec. ITI), it is a good approxi 


integral operator; in certain cases reduc 
ible via the “4-function approximation” 
to the form V (ag,a5,: ++) 


mation to replace the kernels by mathematical ex 
pressions of the form 


| 1 B+a\? 
E, t [2s 45?(B—a)? | pn ) | 
| 2 2 


(10) 


K (af) 


x I (a,B), 


s(a—)? | (11) 


I (a8) =exp| 


We call this case the quadratic approximation, Vor such 
quadratic kernels, the eigenvalue problem can be solved 
exactly by a natural generalization of the familiar 
harmonic oscillator wave functions. The energy eigen 
values are found to be given by the simple formula 


E, = E,+ (vt+-4)hQ— (MP/16s) (v=, 1, 2, ). (12) 


The generator wave function for the ground state, v=0, 


has the form 
h 


Vo expl — 4 (a’/a’*) | (13) 


lola) ‘ 
ma 4s 


The uniform spacing of the energy levels and the quad 
ratic form of the ratio of kernels, K//, leads us to iden 
tify the system in question with a harmonic oscillator 
The constant SW may be regarded as the effective mass 
associated with the collective motion, and the quantity 
{2 is to be identified with the effective frequency of the 
harmonic oscillator. 
Differential Equation in 6-Function Approximation 
In Sec. IV, we analyze the case where the integra! 
equation reduces to the Schrédinger differential equa 
tion. We call this case the 4-function approximation: 


I (a,B) — b(a—B), (14) 


h* atp 
6’ (a—B)+ v( Jota B). (15) 
2 2 


K(a,B) - 
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TabLe IIL. One-dimensional generator equation: relation of the solvable cases to the general case. The generator function, f(a), 
of the generator coordinate, a, generates the collective wave function as indicated in Eq. (3). 


K energy kernel 
1 overlap kernel 


1 (a,B) «overlap kernel 


6-function limit 
(s very large) 
(Sec. IV) 


— Gauss function 


exp| —s(a—B)* } 


General value of s 


(13)) 


General function of 8 and a (even in Bf —a 


Issue of the Effective Inertial Parameter 


In trying to describe collective motions, one has 
several goals: (1) to construct in a simple way a wave 
function, Vn»(%,,°°*,X4) that (a) depends upon particle 
coordinates alone but (b) brings into evidence collective 
motion; (2) to separate off in a separate equation the 
dynamics of the collective motion. One seeks a form for 
this equation that will show up (a) the effective inertia 
associated with the collective motion and (b) the re- 
storing force, if any. By renouncing any explicit use of 
a collective variable, &(x;,--°,x4), the method of 
generator coordinates achieves these goals by a method 
that is direct and easy, but not at all simple to check 
for accuracy. This issue of accuracy, at the present 
stage of nuclear physics, focuses primarily on the 
inertial parameter (Sec. V). 

The method of generator coordinates is applied in 
the following paper to treat the dilatational and de- 
formational oscillations of O'*. 


Il. METHOD OF GENERATOR COORDINATES 
AS A VARIATIONAL METHOD 


Variational Method as a Means to Bring into 
Evidence an Elusive Degree of Freedom; 
Example of Resonating Group Structure 


To bring into evidence the degree of freedom associ 
ated with collective motion without actually bringing 
onto the scene any new coordinates and to do this by 
a variational type of trial wave function is a problem 
of a very general character, not limited to collective 
vibrations of the nucleus. A similar problem has been 
faced in quite another connection in the past: how to 
describe the degree of freedom associated with the 
approach and recession of two alpha particles.’ It is 


* John A. Wheeler, Phys. Rev. 52, 1107 (1937) ; for other applica 
tions of the method of resonating group structure, see F. Brown, 
Phys. Rev. 56, 1107 (1939); R. Buckingham and H. Massey, 


Ae 
+ rom 25 —457*(B —a)?)} 


Solutions given by standard Solve qd wW df, [EB 
harmonic oscillator functions ’ 


Solved in III via generalized 
harmonic-oscillator functions 
Solutions make sense only 
when s> m&/4h. (See Eq 


Ey, +4 ( p x ) ; 


General function of 6 and a (even in 8 —a) 


Integral equation goes over into Schrédinger differential equation. 


V ( (a) =0 
da 2M (a) da ’ @) y @) 


Solution demands genera] methods of 
theory of integral equations or lattice 
approximation leading to n algebraic 
equations for n unknowns. Peierls’ 
approximation uses trial solution of 
type f(a) =e’ and expands expecta 
tion value of energy in form 
Lp _ (XK) _ Ko—4Kak*+--- 

“ T) Tg — 412k? + + - 
Discussion in Sec. V 


not enough to introduce as coordinate the separation 
of the centers of mass of two alpha particle groups, 


X= (— xy — Xo— X3— Kg Xp +Xe+X74+Xs)/4, (16) 


because the groupings of neutrons and protons into 
alpha particles ordinarily changes as a consequence of 
the collision. To meet this difficulty, it was found useful 
to introduce the concept of “resonating group struc 
ture.”” The wave function for the system was written 
as a superposition of terms corresponding to all the 
possible groupings of neutrons and protons into alpha 
particles : 


W(1,2,- - -8) 


( 1-2 a 
4 


x b(1,2,3,4)b(5,6,7,8) 
r( 1—2—3-—8+5+6+ **) 
LRP 
4 


« b(1,2,3,8)b(5,6,7,4) 
fees, (17) 


Here the functions ® represent the wave functions of 
alpha particles at rest-—-assumed known—and the func- 
tion /(X) represents a so far undetermined function of 
the variable X. Thus the total wave function, V, has 
the character of a (rial wave function. It is the key con- 
cept to determine the ‘“‘best”’ trial wave function of this 
type—best in the sense of the variational principle 

by extremizing the expectation value of the energy of 
the system with respect to the choice of F(X). Of course, 


Proc. Roy. Soc. (London) A179, 123 (1941); H. Hocker, Physik 
Z. 43, 236 (1942); H. Massey and R. Buckingham, Phys. Rev. 71, 
558 (1947); also the summary in A. Rosenfeld, Nuclear Forces 
(Interscience Publishers, Inc., New York, 1949) 
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one cannot calculate this expectation value, 


(FE) Vv + t—+ 5° V(rix) Wdr 
2m 2m i<k 


[ vevar, (18) 


explicitly without knowledge of F(X). However, one 
can perform all integrations other than those which 
affect the separation coordinates themselves. In this 
way, one expresses the energy in a form that depends 
only on the functional form of F(X). Then the demand 
that the energy be an extremum, 


b6E=0, (19) 


leads directly to an equation for the unknown function 
F(X). This equation may be termed the “wave equation 
for the alpha-particle scattering” in the relevant ap- 
proximation, The existence of such an equation in one 
coordinate, X, clearly by no means implies or assumes 
that the same groupings emerge from the collision 
which entered it. On the contrary, the asymptotic be- 
havior of the function F(X) at large distances gives one 
a means to define the scattering cross section regardless 
of the amount of exchange that takes place at the time 
of collision. The consistent following out of this line of 
reasoning led directly to the first introduction of the 
scattering matrix.‘ 

Briefly stated, the variational method allows one to 
sort out one or two variables from a larger number of 
variables. The most convenient technique for this 
purpose depends upon the nature of the problem. In the 
alpha-particle case, the function to be varied depended 
upon a separation because that separation was easily 
defined. In the present case, it would be conceivable to 
introduce an undetermined function of a suitably de 
fined collective coordinate, but unhandy to do so 
because of the complications met in defining such co- 
ordinates. This is the reason for adopting in the present 
problem a parameter a, related, not directly to the 
configuration of the particles themselves, but to the 
shape of the effective potential in which they move. 
From this concept follow naturally the features of the 
method described here: (1) construction potential, 
(2) deformation parameter or generator coordinate, 
(3) nucleonic wave function, ¢(x;,---,X4;a), (4) gen- 
erator wave function, f(a), and (5) the trial wave func 
tion formed by folding together 3 and 4. 


Construction Potential and the Preliminary 
Nucleonic Wave Function 


The kind of construction potential to be used de- 
pends upon how much of the normal nucleonic inter- 
actions we suspend in the construction of the pre- 
liminary nucleonic wave function, g(X,,--*X4;q). It 
is simplest to think at the start of the case where all 
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POTENTIAL WELL 


Fic. 1. Schematic representation of construction potential, 
V (x,y,2;a). The parameter a may describe a change in shape of 
the potential well, such as a spheroidal deformation; or a change 
in orientation, as in the case of a collective rotation; or a change in 
extension as in a dilatational vibration; or there may be several 
such parameters to describe simultaneously several types of 
collective motion 


interactions are suspended and where they are replaced 
by a potential well, V (x,y,z; a) (Pig. 1). The shape of 
this well or its extension shape or both are described 
by one or more parameters, a. Let u%(x; a) denote the 
single particle states in this potential well. Then we fill 
up the lowest A states and construct the antisym 
metrized nucleonic wave function 


461 (X1,c0) « 1 (X4,ce) | 
(A !)73 ; : I, 
‘Ua (X4,a)| 


¢(X1,°°* Ka; q@) (20) 


U(X 1a) ° 


Much attention has been given to the calculation of 
such individual particle wave functions in a deformed 
potential well.® 

It is interesting to compare this scheme for con 
structing the preliminary nucleonic wave function with 
the familiar procedure for building the electronic wave 
function for a molecule out of molecular orbitals, The 
intermolecular separations, fap, fre, °°, fulfill in that 
problem the function of the deformation coordinates, a, 
in this problem in one sense: they can be regarded as 
defining the principal features of the average field of 
force. In the molecular case as in the nucleonic case, 
one deals at this level of analysis only with an average 
field of force. No account is taken of the circumstance 
that different particles move in slightly different fields 
of force. But it is to be recalled that final energy values 
are not being calculated at this stage ; one is only setting 
up a trial wave function which is subsequently to be 
used, without any thought as to where it came from, to 
extremize the energy of the system 

* Perturbation methods: James Rainwater, Phys. Rev. 79, 432 
(1950); D. L. Hill and J. A. Wheller, Phys. Rev. 89, 1102 (1953) 
Figs. 14 through 23; S. Moszkowski, Phys, Rev. 99, 803 (1955) 
S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
29, No. 16 (1955); electronic machine calculations Nilsson ; 
K. Gottfried, thesis, Massachusetts Institute of Technology, 1955 
(unpublished); Marvin Rich, Bull. Am. Phys. Soc. Ser. I, 1, 253 


(1956); electronic calculations and statistical methods, D. L 
Hill and J. A. Wheeler (to be published) 
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Were the molecule endowed with an atmosphere of 
positive electrons as well as negative electrons, one 
would obviously use opposite effective fields of force 
for the two kinds of particles in the preliminary ‘“‘con- 
struction potential” phase of the calculations. Similarly, 
in the nucleonic problem, it is reasonable to think of 
using different construction potentials for neutrons and 
protons (1) in dealing with nuclei of high charge 
number® or (2) in analyzing collective states of dis- 
turbance in which the neutrons and protons vibrate as 
groups relative to each other.’ Obviously, one will 
count on using at least two generator coordinates in 
describing the collective motions of such a system. 

Despite the similarities between molecular vibrations 
and the collective motions of the nucleus, there is one 
evident difference in the mathematical machinery as 
just outlined for the two cases. In the nuclear problem, 
the method of generator coordinates assigns construc 
tion potentials which every particle can follow. In the 
molecular case, one can define the equivalent of a 
construction potential for the electrons, but for the 
nuclei that make up the molecule, it is not convenient 
to define such construction potentials. There is no 
statistical character to the distribution of these heavy 
centers of mass, They are treated on quite a different 
footing in the analysis. In the simplest approximation, 
all of the kinetic energy is assigned to them.* In con- 
trast, the kinetic energy of collective nuclear oscilla- 
tions arises from all the particles.’ These particles 
experience an increase in kinetic energy due to the 
changes in time of the effective potential well. This in- 
crease over and above the normal kinetic energy for a 
stationary configuration may be identified with the 
kinetic energy of the collective motion.” 

To suspend all of the nucleonic interactions and to 
replace them in total by a construction potential for 
the definition of the preliminary nucleonic wave func 
tion, ¢(%),°**,X4;@), is, of course, a drastic procedure 
to which there are more accurate but more complicated 
alternatives: (1) Follow the devices of the shell model. 
Include the effect of the bulk of the nucleonic forces in 
the effective average potential, now to be our a 
dependent construction potential. Recognize, however, 
that there remain residual interactions that couple the 
individual nucleon states."' Allow for the resultant con 


*M. H. Johnson and E. Teller, Phys. Rev. 93, 357(L) (1954); 
W. J. Swiatecki, Phys. Rev. 98, 203 and 204 (1955). 

7M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948); 
J. H. D. Jensen and H. Steinwedel, Z. Naturforsch. 5a, 413 
(1950); J. S. Levinger, Rev. mex. fis. 5, 177 (1956) and references 
therein cited 

*M. Born and J. R. Oppenheimer, Ann. Physik 84, 457 (1927) 

*D. R. Inglis, Phys. Rev. 96, 1059 (1955) and 97, 701 (1955); 
A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1956); S. Moszkowski, Phys. Rev 
103, 1328 (1956); Lipkin, de Shalit, and Talmi, Phys. Rev. 103, 
1773 (1956). 

7). L. Hill and J 
Figs. 7 and 8 

“'M. G. Mayer and H 
Vuclear Shell Structure (John Wiley and Sons, Inc., 


A. Wheeler, Phys. Rev. 89, 1102 (1953), 


H. D. Jensen, Elementary Theory of 
New York, 
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figuration interaction in whatever detail seems reason- 
able in constructing the nucleonic wave function, 
y(X;,°°*X4;a). Or (2), follow the formalism of Brueck- 
ner" in allowing for these residual! nucleonic interactions 
and in building up an appropriate mathematical ex- 
pression for the nucleonic state function—again in an 
a-dependent construction potential that represents the 
saturation part of the nucleonic interactions. We have 
not attempted either of these ambitious programs. In- 
stead the following paper uses a simple Slater deter- 
minant of individual-particle wave functions to repre- 
sent the nucleonic state function for the deformed 
potential well. 


Generation of New Nodes in the System 
Wave Function by the Method of 
Generator Coordinates 


When we fold the nucleonic wave function, ¢(x,, 
‘+*,X4;q@) into the generator wave function f(a) to 
give the variational wave function, W(x;,---,x,4), we 
put into the final wave function as many new nodes 
associated with collective motion as there are nodes in 





Fic. 2. Nodes in the original “nucleonic” wave function (a) and 
generation of a new node by folding into a generator wave function, 
f(a), which itself has one node (c). The indicated function, f(a), 
gives positive weight to the nucleonic wave function when the 
construction potential is dilated to the extension, Ly2=1o(1+<a), 
as in diagram (b). A negative weight is attached to the contracted 
nucleonic wave function in (a). The superposition with opposite 
signs of nucleonic wave functions such as those in (a) and (b) 
gives a total system wave function, ¥(x:,x»), that has an extra 
node, as indicated in (d). The present illustration is limited to the 
case of two particles free to move in only one dimension, The 
“nucleonic wave function” in (a) and (b) is o(x1,x2; a) =(2/L 
x (sin (3x,/L) sin(4ox2/L) —sin(4rx,/L) sin(3rx2/L) ). 


1955); E. Feenberg, Shell Theory of the Nucleus (Princeton Uni 
versity Press, Princeton, 1955); A. M. Lane, Handbuch der Physik 
{ Springer-Verlag, Berlin (to be published) ]. 

" K. A. Brueckner, Phys. Rev. 100, 36 (1955) and earlier papers 
therein cited; see also the analysis of Brueckner’s method by 
H. A. Bethe, Phys. Rev. 103, 1353 (1956). 
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{(a). Figure 2 illustrates in a very much over-simplified 
way the mechanism by which nodes are introduced 
into the wave function in the 3n-dimensiona! configura- 
tion space. These nodes are ordinarily associated, not 
with individual-particle excitations, but with excita- 
tions of the system as a whole. 

Where the new nodes appear in the newly generated 
wave function depends, of course, upon the choice of 
construction potential and deformation parameters that 
one has made in the first place. Natural choices present 
themselves for these quantities in the nuclear problem, 
where it is fairly clear what to do to describe dilatations, 
shape vibrations, and collective rotations. However, 
one could imagine other conceivable applications of a 
purported method for the analysis of collective motions 
where it would not be at all obvious what to use for 
the deformation parameters. In such problems, the 
method of generator coordinates provides no magic 
machinery that can be operated without the exercise 
of judgment. 


Use of the Variational Principle to Determine 
the Generator Wave Function, f(a) 


We shall now find the trial function that extremizes 
the energy, 


E Peony (ans xa | 


fur x)W(x)d§x,-+-d'x4, (21) 


where the Hamiltonian contains particle coordinates 
only: 
Pi Pa 


H ree (22) 


+>. V (rin). 


2m i<k 
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We substitute the expression for the trial wave function 
in terms of the nucleonic wave function—presumed to 
be known—and the still adjustable generator wave 


function, fla) ; 


W*(x) | y*(x;a)f*(a)da, 


V(x) f ots r0ayae 


Then in expression (21) for the energy all quantities 
dependent upon x are known, and the integrations over 
these variables can be performed. Only integrations with 
respect to a and 8 remain to be done 


'D J PK (ap) ()daas / 


Ji etle.8)/(2)daas. (24) 


Here the ‘overlap integral,” /, and the ‘‘energy kernel,” 
K, are abbreviations for the expressions 


jf (8) l | 
| fren . x4 50)| 
| K (a8) | 


x (KX, X45 B)d*x, d’x4, (25) 


which are Hermitian in the sense 


I*(a,B)=1(Bya), K*(a,p)=K (Ba) (26) 


‘The generator wave function has now to be chosen to 
extremize the integral (24) 


fasta) f astx (a,8)— EI (a8) |f(B)dB+comp. con} 


J 1(e)1 (08) /(9)deds 


The coefficients of 6/*(a@) and 6f(a) must vanish indi- 
vidually, because these are two linearly independent 
variations. Thus one arrives at the generator wave 


equation 


feKcas) EI (a,B) |{(B)dB=0, (28) 


and its complex conjugate which need not be recorded, 

The “wave equation” (28) is an integral equation, 
whereas the Schrédinger equation is conventionally 
written as a differential equation. The difference is 
jargely formal. The usual Schrédinger equation can also 


be written as an integral equation by the substitutions 


I (a,B) »b(B—a), 


h? Dra 
K (a,B) — 6''(B—a)+4(B wv ) (29) 
2m 2 


as pointed out long ago by Dirac.” He emphasized that 
the 6-function form of the potential energy part of the 
kernel is appropriate only in the case where the forces 
under consideration are velocity independent. In the 
more general case where the forces depend upon ve 

“PAM Proc 26, 376 (1930). 


Dirac, Cambridge Phil. Soc 
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locity, he showed that one is naturally led to a more 
general kernel to represent the potential of the forces."* 
Conversely, one can interpret (28) purely formally to 
mean that our description of collective motions con- 
tains a velocity-dependent effective potential. 


Properties of the Generator Wave Function, f(a) 


Solutions of Eq. (28) which belong to two distinct 
eigenvalues, E, and E,,, satisfy a generalized condition 
of orthogonality. ‘To derive this relation, one (1) writes 
down Eq, (28) for f,-(8), (2) multiplies it on the left by 
f,*(a), (3) integrates over a, (4) writes down the corre 
sponding expression with the roles of v and v’ inter- 
changed, takes its complex conjugate, and subtracts, 
using the fact that J and K are Hermitian. One finds 


the result 


(i. By) { J." a) 1) f(B)dads 0, 


(30) 


from which the appropriate definition of orthogonality 
is at once obvious 

We shall assume that the family of all proper func 
tions, /,(8), is complete in the sense that any continuous 
function /(f) with finite generalized norm, 


J fortes) @rdaas M<«, 


can be expressed as a linear combination of these 


(31) 


proper functions: 


k(B) > Crfr(B) (32) 


re) 


Then the coefficients in the expansion are evidently 


oF [11 es)F @)daap (33) 


With this expansion, the formal machinery of the 
method of generator coordinates is completed in its 
most primitive form, Special ways of solving the wave 
equation (28) are summarized in Table IIT and dis 
cussed in the following sections. 

The ground-state eigenfunction, fo(a), in the ex- 
amples that we have considered has qualitatively the 
character of the lowest eigenfunction of the harmonic 
oscillator problem. The spread, Ax, in that familiar 
problem of Schrédinger wave mechanics is determined 
by the balance between kinetic and potential energy: 


h? 
k~ + 491P (Aa)? = minimum. (34) 


29(Aa)? 


4 See also J. A. Wheeler, Phys. Rev. 50, 643 (1936); K. Way and 
J. A. Wheeler, Phys. Rev. 50, 675L (1936) and 51, 552 (1937); 
L. Eisenbud and E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 27, 
281 (1941); and Blanchard, Avery, and Sachs, Phys. Rev. 78, 
292L (1950) and 79, 220(A) (1950) for further considerations on 
velocity-dependent forces, 
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In the present problem of collective motions, it might 
seem that the kinetic energy is all included already in 
the basic nucleonic wave function, ¢(x,,:--x,;a). If 
that view were correct, there should be no term in the 
energy that increases as the spread, Aa, is decreased 
like the first term in (34). Then the minimum energy 
would be achieved by making Aa=0. In other words, 
the generator function, f(a), would become a 6 function 
centered on some still undetermined value of a. Selecting 
that value of a to minimize the energy would be nothing 
but the old fashioned optimization of a trial wave 
function, now the function ¢(x),°:-x,4; a), with respect 
to one or more conventional variational parameters, a. 
No trace would remain of any collective motion. 

Actually not all of the kinetic energy is included in 
the preliminary nucleonic wave function. Folding that 
wave function into the generator wave function pro- 
duces a final wave function, V(x;,--:,x4) with altered 
kinetic energy. This alteration appears most clearly in 
Fig. 2, where one sees the extra “collective node’ 
introduced into the final wave function by the folding 
process. Even for a generator wave function, f(a), that 
has no nodes, and that resembles a Gaussian function, 
the kinetic energy increases as the spread, Aa, of the 
Gaussian is decreased. However, this increase in kinetic 
energy does not continue without limit as it does in the 
familiar oscillator problem (Fig. 3). The wave function, 
¢(%i,°"*X4;q@), has after all a perfectly finite kinetic 
energy. 

The switch from a trial wave function 9(X,- + «x4; aq) 
with fixed @ to a trial function built by folding ¢ and / 
together can at most lower the collective kinetic energy 
by the amount indicated in Fig. 3. Not even all that 
improvement is realizable. The collective potential 
energy increases approximately as (Aq)? in the examples 
that we have examined. Consequently, there is ordi- 
narily an optimum value of the spread, Aa, for minimiz- 
ing the total energy. 








——— 46 ....» 


Fic. 3. Kinetic energy associated with collective motion as a 
function of the spread, Aa, of the ground state generator wave 
function, f(a), (qualitative). The dashed curve gives the corre 
sponding kinetic energy for a real oscillator of the same inertial 
constant, SW. The expectation value of the collective kinetic 
energy falls off quadratically for small (Aa)*, whereas the ex 
pectation value of the collective potential energy rises quad 
ratically, One cannot indefinitely lower the total energy by in- 
creasing Sa, however, because the kinetic energy stops falling off 
as fast as quadratically 
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It can happen that the initial falloff of the kinetic 
energy, also proportional to (Aa)*, is characterized by a 
smaller proportionality constant than the corresponding 
constant for the rise of the potential energy. In this 
event, one has to set Aa=0 to minimize the energy of 
the system. One example of this kind showed itself in 
the calculations reported in the following paper on 
spheroidal deformations of O"*, in the special case where 
large strength constants were assumed for the two- 
body forces in the original Hamiltonian. No such diffi- 
culty appeared for weaker strength constants or for 
either choice of strength constants in the case of 
dilatational oscillations. In those cases, the use of a 
ground state generator wave function, f(a), of optimum 
spread lowered the total energy of the system by 
amounts of the order of } Mev. 

At this point, there appears more clearly than ever 
the distinction between the parameter, a, that measures 
the deformation of the generator potential and a real 
collective coordinate, &(x;,-::x4), that measures, for 
example, the fractional dilatation of the particles in 
the nucleus. A zero value for Aa by no means implies 
a zero value for the spread, Aé, in values of the collective 
coordinate. That spread has a certain natural minimum 
value, (Ag)min, for the preliminary nucleonic wave 
function, ¢(x;,-:-,x4;a@). To fold this function into a 
generator wave function of spread, Aa, is, qualitatively 
speaking, to increase the spread of & in the final-system 
wave function to something roughly of the form 


AE=[ (AE) min?+const (Aa)? }}. (35) 
If the optimum spread in Aé is greater than (A&)min, 
the increase is easily arranged by the method of genera- 
tor coordinates. If the optimum spread is less than 
(A£é)min, On€ may go back to the construction of the 
original nucleonic wave function and look for a means 
to construct a wave function of smaller spread, (Agmin). 
Or it is conceivable that the method of generator co- 
ordinates is not adapted to analyzing collective motions 
of the presumed symmetry. Or it may be more natural 
to conclude that the system does not exhibit this par- 
ticular type of collective.motion. 

This analysis of relative spreads in £ and in a@ fur- 
nishes some background for an alternative formalism 
that we have not found worth pursuing. One can look 
for a way to put the normalization integral in a more 
conventional form. One can transform from the genera- 
tor wave function, /(a), to a new function, g, of a new 
variable, n, in such a way that 


J [rrr fo()dads- forodeecndn (36) 


For this purpose, one defines a “broadening kernel,” 
B(n,8), and its reciprocal, a “‘narrowing kernel,’”’ V(8,), 
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as follows: 


i) N*(a,n)dal (a,8)d8.N (8,n') =5(n—n'), 


J 20.8043") 5(n—7’), 


[Xeondnind) b6(a—2). 


Then the old and new generator wave functions are 
connected by the relations 


(0B) = f Neel), 
fers scoas 


The energy kernel, K(a,8) is transformed to the new 
energy kernel, 


£v(n) 


L(n,n’) = f (anda (a8)0. (B,n’). (39) 


The transformed generator wave equation takes the 
form 


J Lean recta : Eyg(n) (40) 


In the particularly simple case (Sec. III) when the over 
lap kernel has the form 


I (a,B) = exp[ —s(8—a)?* ], 


we evaluate the broadening and narrowing kernels 
with the results 


V(8,n) = (const) f dy exp (q°/8s)+ig(8—n) | 


(the integration over q is to be carried out after the 
integration over ) and 


B(n,B) = (const) expl — 25(n—)* ] (41) 


Of course, a function g(n) that is already narrow cannot 
be further narrowed. In mathematical terms, the in 
tegral (40) for {(8) will not converge unless the Fourier 
transform of g(n) falls off fast enough at high wave 
numbers. These features of narrowing and broadening 
suggest that the new variable 9 just defined may be 
closely related to the true collective variable &. 


Inclusion of Nucleonic Excitations in Analysis 


So far, we have considered collective states of motion 
built upon the lowest nucleonic state of the system 
When both nucleonic and collective motions are ex 
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cited, it is natural to consider a trial wave function of 
the form 


V(x) Ef ealsa)/ (ada (42) 


Then straightforward application of the variational 
principle leads to the conclusion that the coefficient of 
every 6f*(a) must vanish in the expression for 6E. 
In this way, one arrives at a series of coupled wave 
equations (m=(,1,2,---) for the generator wave 
functions, {‘"(B): 


(43) 


¥ [ Karla) EImn(a,B) |f (B)dp = 


Here the overlap and energy kernels have the values 


| aie f & 
) Pm *(x ;a@) 
Km»n(a,B) n\ 


X n(x; B)d*x,---d’x4. (44) 
Obviously the system of equations (43) is difficult to 
analyze. It is one simplification that the off-diagonal 
overlap kernels vanish when a=f. This circumstance 
suggests the crude approximation of neglecting both 
overlap and Hamiltonian off-diagonal kernels altogether. 
In this approximation, states of collective excitation 
are built upon states of nucleonic excitation without any 
allowance whatever for interchange of energy between 
the two kinds of excitation. The system of equations 
(43) then breaks apart into separate equations of the 
type that we have already considered. The typical 
solution may be designated by the symbol /," (8). On 
being folded into the nucleonic state y,(x; a) it gives a 
system wave function V,,.(x) with the expectation 
value £,, for the energy. 

In an improved approximation, allow in 
appropriate cases for the coupling between collective 
and intrinsic excitations, particularly in situations 
where radiationless transitions between neighboring 
energy surfaces become important.'® 

Nothing said so far establishes any well-defined way 
to go on improving indefinitely the degree of approxi- 
mation to an accurate solution. The expansion (42) is 
far from unique. Let a be fixed. Then the infinite series 
of functions ¢,(x; a) is already a complete set in terms 
of which the accurate solution can be expanded. The 
same is true if a@ is fixed at another value. There is, 
therefore, a great arbitrariness in the choice of the 
functions {‘"’(a) in the expansion (42), The same con- 
clusion can be stated in other terms, The set of func- 
tions Vy, »(X1,°**Xa4) is formally over-complele. To get a 
complete set of functions, it would seem sufficient to 
fix v once and for all and to assign all values to the set 
of nucleonic quantum numbers, n. To let » take on the 


one can 


‘6 Reference 10, Figs. 24, 25, 33, and 34. 
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values 0, 1, is to overpopulate the basis state 
functions many times over. 

The expansion of the accurate state function V(x) in 
terms of nucleonic wave functions ¢,(x;a) for a fixed 
value, a=ao, though possible in principle, is inappro- 
priate in practice. Such an expansion demands that 
one go to very high states of excitation of the individual 
nucleons. However, all semblance of collective motion 
may be expected to disappear at extremely high excita- 
tions. The deformation parameter, a, loses its useful- 
ness. Folded wave functions of the type Wne(X1,° °° Xa) 
of reasonable excitation will not be able to describe the 
state of the system to any acceptable approximation. 
The number of acceptable state functions available for 
expansion purposes, far from being overcomplete, may 
well not even be numerous enough for completeness. 

This incompleteness of the quantum-mechanical de- 
scription of collective motion is accepted here, not as 
an unhappy consequence of a deficient mathematical 
framework, but as a natural and expected consequence 
of the very nature of collective motion. There is a 
fundamental contrast between collective vibrations and 
rotations on the one hand, and collective translation 
on the other. In the case of translation, the law of 
conservation of linear momentum guarantees the 
existence of a useful center-of-mass coordinate. In the 
case of rotation, there exists a law of conservation of 
angular momentum, of course, but it provides no 
integrable relation among the nucleonic coordinates. 
Any coordinate for collective rotation derives its use- 
fulness, not from the law of conservation of angular 
momentum, but from the definability of the nuclear 
surface. The same is true of typical deformation co- 
ordinates, But this definability is approximate only. It 
is washed out more and more at higher and higher 
excitations. The collective coordinates are not in prin- 
ciple separable, Consequently, one ought not to expect 
a well-defined partition of the Hamiltonian into a 
collective and an intrinsic part. One should be content 
if the approximate character of the variational method 
corresponds to the limit definability of the collective 
motion. If these considerations make one modest in his 
demands for a description of collective motions, then 
the method of generator coordinates may satisfy part 
of these demands. 


III. QUADRATIC APPROXIMATION 


Origin of the Quadratic or Gaussian 
Approximation 


We consider here the case where the overlap kernel 
can be well approximated by a Gaussian function of 
the form 

I(a,8) = exp[ —s(8—a)*], (45) 
and where the ratio of kernels, K//, is a simple quad- 
ratic function of 8 and a as indicated in Eq. (10). 

It is reasonable to expect a Gaussian behavior for 

I(a,8) when (1) the number of particles is very large 
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and (2) the nucleonic wave function:is well represented 
by a Slater determinant of the form: 


14; (X1,a@) + +1(X4,a) 


¢(X1,° °° XA; a) =| (46) 


Ua(X 1a) ++ +4(Xa4,a@) 


Then the overlap integral has the form 


I(a,8)= foc, “+45 @)9(K1,°°°X45 B)dxy + dx 


(a,B)i1 °* + (a@,B)14 | 
tae : , (47) 


(a,B)ai*** (a,8) aa| 


where the typical one-particle matrix element has 
received the abbreviation 


(a,B) is = fui) B)ds. (48) 


This matrix element has the value 
(49) 


(a,c) in = Si, 


when the deformation parameters are the same for 
both nucleonic states. When the two deformation 
parameters differ by the small amount 
6=B—a, (50) 

then diagonal elements have the form 
(a,8) cn = 1— 4,64 Ree, (51) 


Here a,(y) is a slowly varying real positive function of 
the mean deformation coordinate 


y= (a+ 8)/2. 
Off-diagonal elements have the form 
(a8) c= aiund+:*-, 


where the numbers a,y(y) form an anti-Hermitian 
matrix. Thus the overlap integral in lowest approxima- 
tion takes the form!® 


| (1 — 4,5") 
on Maa™ 
I (a,8) = | = , 


(52) 


(53) 


ay nO 
dond | 


126 
(1—as6%)- + 


dantd - ++ (1—ag8*)| 
1—(¥ ay— Dd | ae |*)F+---- 
i i<k 


~ ain*b 


(54) 


'6 Reference 10 gives this analysis for the case of particles 
bound in a one-dimensional square potential well. There the 
diagonal coefficients have the value a;=}+- (j?1?/6), and the off 
diagonal coefficients are aj, = (—1)/**2jk/(j?— k*). The coefficient, 
(2aj;—Zj<x|ajx|2}, of —&# in (54) has for large values of n 
the approximate value (n/4)+ (41/288) + (12)~'(6n*+ 6n-+- 1) 
X1n(3.562n), as seen in the following listing 


n 2 3 4 5 


Coefficient of! accurate summation 6.6969 15.3038 27.9304 44,8293 

8 from ' asymptotic formula 6.6964 15.3034 27,9299 44,8287 
See also M. G. Redlich and E. P. Wigner, Phys. Rev. 95, 122 
(1954) for the analogous problem forsa three-dimensional square 
well 
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The coefficient of & is easily seen to be positive definite ; 
the projection of one state on a different state always 
has a modulus less than unity. One is accustomed to 
expressing the product of many factors that are nearly 
equal to one 


(1— €,)(1— es) (1 én), 
in the form 


CXP( — €1-— €9: °° — En), 


which is known to give a very good approximation to 
the same result. No way is evident to generalize the 
argument from a product to a determinant. We have 
not found an argument to prove that / should be well 
represented by the formula 


IT (a,B) -expL fs: a; + ay, 2) |, (57) 


i<k 


so long as every individual correction factor, a and 
a;6, is small compared to one, no matter how large the 
number of particles is made, However, numerical calcu- 
lations for the case of 16 particles bound in a deformable 
harmonic-oscillator potential (next article) show that 
the Gaussian error function approximation fits the com- 
puted values of J to 10 percent over a range of J values 
extending from 1.00 down to 0.03, and much better 
over most of the range. Consequently, we conclude that 
it is reasonable to approximate the overlap kernel by 
a Gaussian error function of the difference, 5=8—a. 
As for the dependence of /(a,8) upon the mean de 
formation, y=}(a+ 8), we know that /=1 for 6=0, 
whatever be the value of y. Consequently, we adopt the 
simplest assumption and take J to be independent of 


for all values of the difference, 5=8—a: 
I =exp[ —s(B—a)? | (58) 


The Hamiltonian kernel, 


2 


pr Ppa 
K(a,B) fron ie | 
2m 2m 


+>” Virin) |o(ei,: «Ka; Bday: + dx, 


ick 


(59) 


is most easily analyzed in the case where the difference 
5=f8—a is zero. Then it represents the expectation value 
of the energy for a wave function endowed with one or 
more variational parameters, a. This energy must 
exhibit a minimum if (1) the system is endowed with 
stability with respect to deformations of the type in 
question and (2) the nucleonic trial wave function is 
well adapted to recognizing this stability. Let these 
conditions be satisfied. Let the point of equilibrium be 
placed at a=$=0 by suitable definition of these de- 
formation coordinates. Let the expectation value of 
the energy be developed in a power series abov* this 
equilibrium point through terms of the second order in 
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7¥=4(a+8)=a=6; thus, 


K (a,B) = K (7 — 46, y+46) 5.0 


=K(y,vy) = Kot 4tey’*+---. (60) 


Now fix y=4(a+) and change 6=6—a. For large 
values of 6, the two deformations a= — 46 and B= +46 
differ substantially. The value of the Hamiltonian 
kernel will be dominated by the decreasing overlap of 
the two nucleonic wave functions. To recognize this 
effect, we consider the quotient K//. The Hamiltonian 
is Hermitian. Consequently, K, / and their quotient are 
all even functions of 6. Therefore, we can express the 
ratio in a power series in 6 good through terms of the 
third order in the form 


K/I 


constant+constant 6+ 491’ 


h’ B+a\* 
[2s—4s*(8—a)? 1+ yan ) . (61) 
2m 2 


E,4+ 


The qualitative dependence of the ratio of kernels, 
K/I, upon the deformation parameters is shown in 
perspective in Fig. 4 

In the following paper, the Hamiltonian kernel is 
computed explicitly for a simple treatment of collective 
motions in O'*, It is found there that the quadratic 
form (61) provides a good representation of the ratio 
of kernels over the range of deformations of interest. 
Consequently, we believe that the quadratic approxi 
mation is useful for an appreciable range of problems 


Solution of the Generator Wave Equation 
for Quadratic Kernels 


In this quadratic approximation, the generator wave 
equation, 


fi K (a8) — £1 (a8) |f.(B)dB=90, (62) 


on division by 4#2, takes the harmonic-oscillator form 


fo M2) [ 2s — 49°(8—a*) ]+ (L/h) 4 (B+-a) P 


2(h, — E,)/hQ) expl —s(B—a)* ]f,(B)dp=0. (63) 


We can try a solution of the form 


fo(B) = No exp(—f*/ 2a"), (64) 
where a is a constant so far undetermined. Then the 
integrals in (63) are easily computed explicitly, with 


the result that the equation takes the form 


(w/s)*{ 14 (2sa*) | 
 [ g1(IN/hs,sa*) — 2( Eo— Ey) /WQ+- go(ML/hs,sa*) sa? | 


<exp[ —sa*/(14+-2sa*)|=0, (65) 
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2 
£1( u,v) = (-): i 
u 
and 


4\_ 1 
g2(u,v) ( Jo+wy) ~ 
u 1+ (2)™ 


where 
1— yeu? 7 
1+ (2)~J 


1+40) 





1- hu) 


1—}u 
“| (67) 


1 
x| 7 i 
1+(2v)"- 1+4 


The curly brackets in Eq. (63) contain one constant 
term and one term proportional to a’, both of which 
must vanish. These two conditions determine the un- 
known energy and spread of the ground-state wave 


K (a) 
I(a,B) 


3./7 
a-B 








Fic. 4. Qualitative dependence of the ratio of kernels, K (a,8) / 
/(a,8), upon the deformation parameters. The expectation value 
of the energy is governed by the balance of two effects: the rise 
in K in the 6 direction, physically to be understood as an increase 
in potential energy; and the fall of A in the 4 direction, to be 
interpreted as decrease of kinetic energy. When the generator 
wave function has a Gaussian form, f(a) =exp(—a*/2a*), the 
typical value of K is weighted by the factor f(a)f(@); that is, by a 
circularly symmetric weighting factor. The larger the radius of 
this probability distribution, the higher would be the expectation 
value of the energy if the positive curvature of K// in the y direc 
tion exceeded the negative curvature of A// in the 4 direction. In 
this anomalous case, the energy of the system is obviously opti 
mized by a probability distribution of zero spread. In the normal 
case, the fall off in the 6 direction dominates, and the energy is 
lowered by attributing a finite radius to the probability distribu 
tion. If one radius for the distribution lowers the energy, will not 
a radius twice as great produce four times the lowering in the 
energy? Yes, for small radii. No, for large radii. The quantity 
being weighted is not K//, but K itself, which contains the extra 
factor / =exp(—sé*). This circumstance means that one cannot 
go on lowering the kinetic energy indefinitely by an amount 
proportional to the square of the spread in f. This feature of the 
expectation value of the kinetic energy shows up in Fig. 3. It 
implies that there exists a well-defined optimum spread in f(a) 
for maximum reduction in the energy of the system 





COLLECTIVE MOTIONS VIA 
function 


Eo= E,+4aQ— (N2?/ 16s), 


(68) 
a’ = (h/IMQ) — (1/45). 


The zero-point energy above the constant energy E, 
has the familiar value 4#2 in the limiting case, s—> ©, 
of an overlap kernel of very narrow spread. When the 
spread has the maximum allowable value, and s 
=M02/4h, then the zero-point energy above E, is only 
half as great: 44. 

In a similar way, one verifies that 


Ey, = E,+3hQ— (910?/16s), 
fi(8)=N 8 exp(—-#* 


2a’), 


also satisfy the generator wave equation. 
Wave functions for higher excited states can be ex- 
pressed in the form 


fo(8) =N.P.(B/a) exp(—6*/2a’), (70) 


where the vth order polynomial P,(x), is not ordinarily 
a Hermite polynomial. Instead, it is given by the re- 
cursion formula 


P, (x) = (x+Ad/dx)P,_\(x), (71) 
where 


A = —4—(M2/8hs). (72) 


The corresponding energy values are 
E, = E,+ (v+4)hQ— (0*/16s). (73) 


Thus the harmonic oscillator is almost as easy to treat 
within the scheme of the integral equation (9) as in the 
familiar Schrédinger formalism. 


IV. CORRESPONDENCE BETWEEN INTEGRAL EQUA- 
TION AND SCHRODINGER DIFFERENTIAL EQUA- 
TIONS; 6-FUNCTION APPROXIMATION 


Quadratic Kernels in the Limit of Small Spread 


When (1) the spread of the overlap kernel becomes 
very small and (2) this kernel is adequately represented 
by a 6 function, the integral equation (28) transforms 
into the Schrédinger equation. Beginning with the case 
of the harmonic oscillator, set equal to infinity the 
quantity s that measures the reciprocal of the square 
of the spread of the Gaussian error type of kernel, /. 
Then the spread constant, a’, for the ground-state wave 
function itself (68) goes to the familiar Schrédinger 
value 


a — h/MQ. (74) 


Similarly, the recursion formula (71) for constructing 
excited-state wave functions goes to the Hermite form 


H, (x) = (x—4d/dx)H,_\(x). (75) 
For a closer view of the transition to a differential 


equation, write the integral equation in the form 


[CKm as) kh I norm(a@,B) lf, (B)dB 0, (76) 
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where 
I norm = ($/m) I = (s/)' exp[ —s(B—a)*], 
and 


K norm = (5 mw)'K, 


In the limit s—> ~, 


norm > d(B—a) 
and 
K norm ~ Keonst t K pot norm + Kin norms 


with 


K const norm ~ 


B+a\? 
K pot norm je ( ) T norm(a@,B) 
) 


El norm (a8) > E,6(8 —a); 


and 

(h?/29M) (s/w)! 
<[25s—4s?(8 
> — (h?/291)5" (B—a) 


K xin norm (@,8) 
s(B—a)* | 


(83) 


a)* | exp| 


Evidently the integral equation goes over in this limit 
to the familiar Schrédinger form 


— (h?/2M) f" (a) +E, f(a) 
+ 49a? f(a) — KH, f(a)=0, (84) 


as expected. 


é-Function Limit for Kernels That 
Are Not Quadratic 


We have identified the 6-dependent part of the energy 
kernel, K(a,8), with a kinetic-energy operator and the 
y-dependent part with potential energy. This possi 
bility of this decomposition will not be expected to 
disappear when the dependence of the potential energy 
upon the mean deformation parameter, y= 4(a+), is 
no longer quadratic. One will still expect to approximate 
the 6 dependence of the kernel by a Dirac 6” function 
in the case where K is appreciable for only a small range 
of 6. This limiting situation will be expected when the 
number of nucleons is exceedingly large. The coefficient 
of the 6” factor ‘will, in general, be y-dependent. In 
other words, the effective inertial constant of the col 
lective motion will depend upon the deformation,'’ The 
generator wave equation in this limit will still go over 
to @ differential equation, but a differential equation 
of the form 


(d/da){ h®/ 231 (a) \(df/da)+|E,—V (a) |f(a)=0. (85) 


This approximation is appropriate when we neglect the 
velocity dependence of the potential energy and of the 
inertial parameters of the collective motion 


17S. Moszkowski, Phys. Rev. 103, 132% (1956 





GRIFFIN 
V. DIFFICULTY OF THE EFFECTIVE MASS 


Idealized Problem of Two Particles in One 
Dimension as an Example; Harmonic 
Oscillator Construction Potential 


In the analysis of collective motions both in the 
quadratic approximation (Sec. III) and in the 6-func- 
tion approximation (Sec. IV), there came into evidence 
in a very natural way an inertial parameter, SN. To 
make a simple test of the calculated value of 9M con- 
sider a system composed of two particles free to move 
only along the x-axis, interacting with a short range 
attractive potential v(%,—2,). We shall demand that 
the wave function be antisymmetric in the coordinates 
of the two particles. 

In the usual method of analysis, one introduces the 
usual center-of-mass coordinate X =4(x;+-22) and the 
relative coordinate x=2,—4%, separates variables, and 
finds a solution of the form 


WV (x1,%2) = u(x) exp(ikX), (86) 


belonging to the energy 
E=et+h'k?/4M, 
where u(x) satisfies the equation 


— (h?/M)Pu/dx?+-o(x)u= en. (88) 


This separation of variables is not possible for most 
collective motions of a nucleus. Consequently, let us 
start over again and proceed by the method of generator 
coordinates, 

We first introduce the harmonic oscillator construc 


tion potential, 


V (x,a) = 4M? (x—aa)?*, (89) 


with a strength 4Mw* to be adjusted later. The quantity 
a is the generator coordinate. We determine the fa- 
miliar single particle eigenfunctions in this potential 
and from them we construct the antisymmetrized 
nucleonic wave function 


| 41 (21; @) U (Xe; a) 
2-4) } 


(%X1,X%9; a) | 
Uo(x,; a) Uo(X2; a) 


m4 (Mw/h)(x%;— x») 


x exp{ (Mw/2h)[ (x -a)?+ (x%e—a)?* }}. (90) 
Next we introduce an as yet undetermined function 


f(a) and construct the trial system wave function, 
WV (2%1,%2) = felrrasi f(a)da (91) 


The overlap kernel / and the energy kernel K are 


AND 
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given by the formulas 
T(a,8) 
j= ff etasesia) 
K(a,8) 


1 
x 
— (h?/2M)(V2+927)+0(x41— x2) 


(%1,%2; B)dx,dxe. (92) 


The integrations over x; and x, are most simply per- 
formed by use of the center-of-mass and relative co- 
ordinates, X and x, and the transformation V°+V.? 
=4V,’+29,?. The nucleonic wave function takes the 
form 


mw *(Mw/h)x 


Xexp[ — (Mw/h) (X —a)*— (Mw/4h)x*). (93) 


The integrations give for the overlap and energy 
kernels the expressions 


| I (a,8) | 1 
K (a,8) e*+4ho[ 1— (Mw/h)(B—a)*} 


Xexp[— (Mw/2h)(B—a)*}. (94) 
Here ¢* is the expectation value of the energy of rela- 
tive motion, calculated for a harmonic-oscillator type 
of wave function, with node where the particles come 
together because of the assumed Fermi statistics: 


Mw\! Mwx? 
e*=2n ( ) fre - -) 
2h 4h 
hk? @ Mwx* 
x| -( -)— +013) f exp( - _ Ja. (95) 
M/ dx 4h 


The energy ¢«* must be a minimum. This type of prob- 
lem is familiar. No further details need be added. 

The solution of the generator Eq. (28) for the col- 
lective wave function, f(a), is greatly simplified in the 
present problem by the circumstance that the kernels 
I(a,8) and K(a,8) depend on the difference, B—a, but 
not upon a and @ individually. This invariance, by well- 
known group theoretic arguments, leads one to expect 
solutions corresponding to irreducible representations 
of the translation group, of the form 

f(B) =exp(tkp), (96) 


as one also easily checks from (28). The energy has the 
value 


E= f K (0,8) exp(ik8)dp / f 1(0,8) exp(ik8)ds 


= +h/4M, 
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where the kinetic energy of collective motion comes into 
evidence in a straightforward and reasonable way. 

This simple result follows from the form of the system 
wave function. On folding f(a)=e'** into 9(x1,%2; a) 
and omitting an irrelevant multiplicative factor, 
(rh/Mw)' exp(—hk?/4Mw), we find that this system 
wave function reduces to the product 


W (x),%2) = const X exp(— Mwx?/4h) exp(ikX) 


of a well-determined internal wave function and a 
factor that describes motion of the center of mass. 


Two-Particle Problem with a Square Well 
Construction Potential 

No such acceptable result will emerge when we use a 
nonharmonic construction potential to define the pre- 
liminary nucleonic wave function, as was already 
pointed out by Peierls and Yoccoz.? To bring out ex- 
plicitly the difference, we consider a square well. The 
individual particle wave functions will have the form 


u,(x; a) = (2/L)! cos[ r(a—a)/L], 


i (98) 
uo(x;a)=(2/L)! sin{ 2x(a4—a)/L | 


between the limits x=a—4}L and x=a+}L, and will 
vanish outside. The resulting antisymmetrized nu- 
cleonic wave function can be expressed in center-of- 
mass and relative coordinates in the form 


2! 2a (X —a) Wx 
$(X1,%2; a) = ( ) cos} | tos ) 
t # L } 
Wx a(X—a)’ 
xsin( -) cn - | (99) 
v EG L 


The new kernels /(a,8) and K(a,8) still depend only 
on the difference, 8—a. Therefore, group theory again 
says that the generator wave function {(@)=exp(ikp) 
solves the generator wave equation. The energy has 
as before the form (97), with one part representing 
internal energy and the other part representing kinetic 
energy of motion of the center of mass. However, this 
internal energy is now dependent upon the wave number, k: 


aN +N sinker 
e*(k) = (h’n?/4M L?*) ———, 
mD,+ Dz sinner 


(100) 


where x=kL/w and where N, and D, are algebraic 


functions of x: 
Ni=) fAta?; Di=>djA?2; 
Na=—4 > (Afas)—> AA jaia;/(ay+ay) ; 
D,=—-}4 > (A/a) —¥ A,Aj/(a¢+ay,) ; 
a,;=x+2; a 
A,=—4/[ («+3)(x—1)]; 
As=4/[(x—3)(«+1)]; 


=x—2; 
Ag=2/[ (+1) (x+3) ]; 
Aq= —2/C(«—1)(x—3)]. 


ag=k+t+4; a3 a=x-—4; 
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Thus, for example, 
D,=4(e=1) ®(x?—9)~* (Sx® — 82x*+- 365x?+- 288) ; 
and for «=0, 
e* (k) = (8h /5M L*), 


compared with the correct eigenvalue, f’r®/ML’*, for 
the lowest state of internal motion. The reason for this 
unexpected result is simple. The system wave function, 
W(x1,%2) formed by folding together g(x,%2; a) (Eq. 
99) and /(a) =exp(tka) still factors into two parts, 


W (a) <x2) = —V(x,.<x,) = (normalization factor) 
Kexp[ik(hayt dae) ]{2(x?— 2x — 3) sin[ 4 (x—2)n— dum | 
—2(x?+2x—3) sin[ 4 («+ 2)n—4xm | 
+ (x2-+-4«+3) sin[ § (x+-4)n— 4am | 


~ (x2 4x-+3)— sin[} (x—4)n— 4am J}, (101) 


where n=a|x2—4,|/L; but the first factor that de 
scribes the internal motion is now dependent upon &. 
Therefore, it is reasonable that the internal energy 
should also depend upon k. 

No such k dependence of the internal energy appeared 
in the case of the harmonic-oscillator construction po- 
tential, because there the internal wave function was 
independent of &. This independence came about be 
cause the nucleonic wave function in that case factored 
into a term dependent upon X—a alone and a term 
dependent upon x alone. No such factorization is pos 
sible in the case of the nucleonic wave function (99), 
As a consequence, the rate of oscillation of the first 
factor in (101) increases with increasing k 


Two Contributions to the Effective Mass 


So much for the origin and nature of the k-dependence 
of the internal energy, e*; now for its consequences. 
Expanding e* in a power series in & through terms of 
the second order, we can write the expectation value of 
the total energy of the system, following Peierls and 
Yoccoz, in the form 


E=e*(k)+0h!/4M 


(eo* +04 b en*k?-+ rF8) + h*k? 4M. (102) 


From the momentum dependence of the energy, one 
can define an effective mass, 


E= (constant)+h?k?/2M wa (103) 


For the total mass, we obtain a value 


1 


M ott (104) 


(1/2M) + 65*/h? 


which is less than the correct value. The method of 
generator coordinates gives for the inertial parameter of 
the collective motion a value that is loo small in the case 
of the square-well construction potential, contrary to 
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TasLe IV. Comparison of number of parameters needed to 
specify configuration of construction potential with number of 
inertial parameters 


Construction potential Inertial parameters 


One-dimensional, translatable M, mass 

arbitrary shape : a 

1, moment of inertia about center 
of rotation 


Two-dimensional, rotatable 
arbitrary form: a 


A, moment of inertia for rotations 
about axes perpendicular to the 
symmetry axis; no meaning for 
rotations about this axis, and 
corresponding inertia] param 
eter vanishes 


rhree-dimensional], rotatable, 
symmetric with respect to 
rotations about a certain 
axis which can itself change 


its orientation: ay, ae 


what happens when the nucleonic wave function is 
built up out of harmonic-oscillator wave functions. 

Generalizing from the two-particle problem just con- 
sidered, we recognize several! instances where the proper 
form for the generator wave function can be deduced 
directly from group theory 


e'*« in order to generate a state of wave 
number k when a describes a one-dimen 
sional translation of a construction po 
tential ; 


/(a@) 


e’™@ in order to generate a state of rota- 
tional quantum number m when a de 
scribes the rotation in a plane of an un 
symmetric construc 

tion potential, V (x,y; a); 


two-dimensional 


Vim(a),a2) in order to generate a state 
of rotational quantum numbers, / and m, 
when a, and a» describe the orientation 
in space of a three-dimensional construc 
tion potential of axial symmetry 


l(a) ,Qt9) 


(105) 


In all these cases, we can evaluate the expectation value 
of the energy at once in terms of the relevant group- 
theory parameter: k; or m; or / and m; etc., as the case 
may be. Let this expectation value be expanded in a 
power series in the parameter in question through terms 
of the second order. Then the coefficients in this ex 
pansion define as indicated by Peierls and Yoccoz 
an effective mass or inertial parameter (‘Table IV) 


(K } Ko kK ok? + eee 
() To 4lak?+--- 


(fey 


(106) 


(Ko/To) +4 (K ol o— Kolo) /1 JR 


const + (h?k?/ 2M), 


w= i Ae (Kole se K alo). \ 107) 


Here the numbers /, and K, are obtained as follows: 
We take the Fourier transforms of the overlap integral 


AND Jj. A 
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and the energy kernel, 


(h)= f 10) exp (ikd)d6, 


K(k)= [xo exp(1k6)dé, 


(where 6=$—a) and develop them in powers of k and 
give the coefficient of (—1)"*k"/n! the name J, or K, 
as the case may be. 


Problem of Testing Correctness of 
Inertial Parameter 


(1) What is the correct value of the appropriate 
inertial parameter in more general problems? (2) What 
value is predicted by the method of generator co- 
ordinates? (3) What conditions have to be satisfied for 
the two values to agree? 

In the case of translational motion, there is no doubt 
as to the correct value of the inertial parameter: it 
must equal the total mass of the system. In the case of 
of collective rotations, according to the investigations 
of Inglis, Bohr and Mottelson, Moszkowski, and others,’ 
the correct moment of inertia is calculable from the 
response of the nucleonic system to a rotating deformed 
potential well of the kind that is here called a construc- 
tion potential. According to these authors, one can 
calculate the moment-of-inertia parameter in either of 
two equivalent ways, (1) by evaluating the increment, 
dL, in the angular momentum of the system per unit 
increment, dw, in the angular velocity, w, of the con- 
struction potential : 


GS e=dL/dw: (109) 


or (2) by evaluating to second order the increase, AE, 
in the expectation value of the energy of the nucleons 
due to the rotation of the construction potential : 


I ott = 2AE/w. (110) 


It should be clearly stated that none of the cited 
works given an unambiguous way to associate with a 
given real physical problem a unique construction po- 
tential. They and the method of generator coordinates 
are alike in leaving the choice of generator potential 
in the realm more of art than of science. But they 
and in particular, Inglis—give a unique prescription 
to determine the inertial parameters for a given choice 
of construction potential: (1) Calculate the nucleoni 
wave functions, ¢»(X1,°--X4;a) and the corresponding 
energy levels, E,, for a fixed configuration, a, of the 
construction potential, If the construction potential 
omits all residual nucleonic forces, ¢ can be represented 
as a simple determinable combination of individual 
particle states in a deformed potential. Otherwise, ¢ is 
a complicated many-body wave function. The following 
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analysis applies to either case. (2) Define the operator 
P=-—ithd/da. (3) Then the correct inertial parameter, 
as defined in (109) or (110), will be'® 


(0| P|n)(n| P|0) 
E,- Eo 


$un=2> (111) 


n>0 ae) 


This result applies to the lowest nucleonic state of the 
system. To an excited state, a similar formula applies. 
It is obtained by making obvious changes in (111). 

It should be clearly stated that the inertial parameter 
(111) is the correct result for the problem of particles 
in a construction potential of the given form that is 
translated or rotated or vibrated at a slow and constant 
rate by external machinery. This is the reason why the 
formula has a perturbation-theoretical character. A 
very small perturbation of the boundary conditions 
couples the initial state 0 to a typical excited state n 
both states being defined for the same configuration of 
the construction potential. 

In contrast, formula (107) for the inertial parameters 
from the method of generator coordinates depends 
upon the coupling, /(6) and K (4), between wave func- 
tions for the same state, 0, for very different configura 


16). R. Inglis, Phys. Rev. 97, 701 (1955) 


GENERATOR COORDINATES 

tions of the construction potential. There is no obvious 
reason why the two expressions for SN and 94 should 
turn out to be identical. Moreover, the problems where 
these two parameters appear are really different: there 
is no external machinery to drive the construction 
potential in the problem considered in this paper 
Nevertheless, it seems reasonable to believe that the 
value 9 ¢¢ Of (111) is approximately correct for collective 
rotations, and to regard any departure of IN of Eq 
(107) from 9, as witness to an inaccuracy in the method 
of generator coordinates. There is plenty of room for 
such an error in this method for it relies upon a varia 
tional approach exclusively. The trial wave function 
in the method of generator coordinates is designed for 
simplicity, not for precision. 
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Dilatational and collective quadrupole excitations of the nucleus O" are treated by the method of gener 
ator coordinates described in the preceding paper. In this method, one starts from assumed two-body forces 
and calculates the stiffness, inertia, and frequency of the collective motion. Numerical results are presented 


for these quantities. 


Experimental! data relative to collective 0+ and 2+ states in O' are summarized, and other theoretical 
treatments of this problem are discussed. It is noted that collective models all imply too large a matrix 
element for the decay of the 6.06-Mev (0+-) state. One concludes that this state is not primarily a dilatational 
excitation. Similar considerations apply to the 6.91-Mev (2+-) state. 


I, INTRODUCTION 


HE low-lying levels of O'* have recently been the 

subject of some detailed study, both experimental 
and theoretical. This paper describes calculations of 
dilatational and quadrupole surface oscillations in O'* 
by means of the method of generator coordinates, 
described in the preceding paper.’ To illustrate and test 
this method by applying it to a specific case is the 
primary motive for this investigation. In addition, we 
sought to discover whether the 0+ and 2* states at 6.06 
and 6.91 Mev may be described in terms of collective 
excitations of the doubly closed shells of O"*. 

The calculations and their results (Tables I and II) 
indicate that the method of generator coordinates is 
certainly a feasible way to obtain an explicit description 
of collective motions. The calculated excitation energies 
of the first excited collective (O+ and 2+) states seem 
too high compared to the observed 6.06 and 6.91 Mev 
to support the thesis that these observed states are 
simple collective motions. The observed rate of pair 
emission from the 6,06-Mev 0* state supports this 
judgment, as will be discussed in Sec. VI. 

In Sec. II we outline the assumptions on which the 
calculations are based and present the results. The cal- 
culations themselves are detailed in Appendix A. 
Section III summarizes some relevant experimental 
data, and Sec. IV, the results of previous theoretical 
work on ©'*. The results of the analyses reported here 
are discussed in the context of the current experimental! 
and theoretical situations in Sec. V, and the implications 
in Sec, VI. 


* Based in part upon the thesis submitted by James J. Griffin 
to Princeton University in June, 1955 in partial fullfilment of the 
requirements for the degree of Ph.D. Preliminary reports of this 
work appeared in Proceedings of the 1954 Glasgow Conference on 
Vuclear and Meson Physics, edited by E. H. Bellamy and R. G. 
Moorhouse (Pergamon Press, London and New York, 1955), pp 
42 and 43; in J. A. Wheeler, Suppl., Nuovo cimento 2, 908 (1955) ; 
and in J. J. Griffin, Phys. Rev. 99, 648(A) (1955) 

t Grateful acknowledgment is made of a Fulbright Fellowship 
held in Copenhagen, 1955-1956 

t Present address: Los Alamos 
Alamos, New Mexico 

1 J, J. Griffin and J, A. Wheeler, preceding paper [Phys. Rev 
108, 311 (1957)] 
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Il. CALCULATION OF COLLECTIVE STATES IN O* 


The quadratic approximation! to the generator equa- 
tion has been explicitly applied to dilatational and 
quadrupole surface vibrations in O'*. We chose a 
Hamiltonian of the form 


H1(x,,°+ +X) 


A h’ 1A la # 
z (- )res a Vert 2, 7 
2M 2 ii 2 i | 


é 2 tf | Pygj| 


The nuclear two-body interactions (V;;) were assumed 
to be of exchange type and to have a Gaussian de- 
pendence upon the separation of the nucleons. The 
strength of the two-body interaction was adjusted to 
give a minimum in energy at a specified nuclear radius. 

The nucleonic wave function was assumed to be a 
Slater determinant of single-particle harmonic-oscillator 
wave functions, 


U1(xX1; a) - ‘U4(X13 a) 


$(X1,°°+,Xaj;a)=(A!)- 


U1(x4;a)-+-U4(xXa;@) 


The coordinates x; represent the space, spin, and iso- 
topic spin coordinates, (X;) = (%%i,¥i,2i,02;,72;)- Thus, U; 
is a product of a three-dimensional! oscillator function, 
a spin function, and an isotopic-spin function. For O'*, 
one has four different space states, and each occurs with 
four different spin-isotopic-spin combinations. 

The manner in which the nucleonic function depends 
on the deformation coordinate, a, specifies the kind of 
deformation being treated. For dilatational deforma- 
tions, a defines simply an isotropic scale factor for the 
extension of the nucleonic wave function : 


U (x5; a) = U (x je~*,y €-%,2 6,023, 72;; 0) 
(dilatational). (3) 


In the quadrupole mode, a defines an extension along 
one axis combined with volume-preserving contractions 
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TABLE I. Nuclear two-body interactions. V;;= 


u m 


0.13 +0.93 
0.00 +0.80 
0.30 0.53 


Rosenfeld 
Simplified 
Ferrell-Visscher* 


* See reference 5 


along the two perpendicular axes: 


9 


U (x5; a) = U(x je*”, yje*!? 2567 %,0 5,75; 0) 
(quadrupole). (4) 


With these quantities defined, one can calculate the 
kernels of the generator equation (see Appendix A and 
g | 
preceding paper’) : 


T(a,8) = foc, °* Ba; @) 


XK (x1,°°°,X4; B)dxy: + «dx, 


(5) 


K (a,f) foo. xa dt a) 


KO(X1,°° «X45 B)dxy: + -dxy. 


The quadratic approximation is obtained when /(a,f) 
is replaced by a Gaussian in 6= (a—£), 


I (a,8) = exp(— s6*), (6) 


and the ratio, K/J, is replaced by the leading terms of 
its expansion in powers of 6 and y= (a+ 6)/2, 


1 3K (a6) 
K (a,8) = K (0,0) + & 
2 08" Senyenl 


1 &K(as) 
sel . () 
2 Oy’ by el) 


The properties of dilatational and quadrupole states 
have been calculated for five specific interactions (sum- 
marized in Table I). The spread of the undeformed 
nucleonic wave functions is obtained by equating the 
root-mean-square displacement of the particles in the 
undeformed state with that for a uniformly dense 
sphere of the specified radius: 


(9?) = Br°A ‘ 
=9 ‘(4Ro*) 


(8) 


for O'* wave functions whose exponential dependence 
is exp(—4ko*r’). The calculations were done for ro= 1.5, 
1.28, and 1.2*10~" cm. The exchange mixtures used 
and the strengths required to give a minimum in the 
energy at these radii are exhibited in Table I. The 
mixtures are the well-known Rosenfeld? mixture, the 


Interscience Publishers, Inc 


11.33 


2L. Rosenfeld, Nuclear Forces 
New York, 1949), Part III, Se 
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Vo exp( — (rij/R)*Lw+ mP"+bPP+hP* )) 


Vo(ro 1,2) R 
(Mev) 10° em) 


Volro 1.5 
(Mev) 


54.0 70.5 
64.2 100.8 
52.2 Mev at ro= 1.28 


“simplified” mixture, used by Inglis’ in similar calcu 
lations, and for dilatations, the empirically derived 
mixture used by Ferrell and Visscher.** The calcula 
tions themselves are discussed in more detail in Ap 
pendix A. 

Tables II and III summarize the results of these 
calculations. It has been shown in the preceding paper! 
that the solutions of the generator equation in this 
approximation have eigenvalues which are uniformly 
spaced at intervals 


Fugim Ey= h(K/M)'= AQ, (9) 
and that the ground state of collective motion has an 
energy lower than the nucleonic state @(X), ++ ->,X4;a=0) 
by an amount 
sh? K AQ 
A Ko 
ww 16s 


(10) 


TABLE II. Results for dilatational vibrations. The quantities, 
K, W/m, hQ, and A(F/o), all in Mev, have been calculated from 
first principles from the nucleon-nucleon interactions of Table I, 
by use of the method of generator coordinates.* They represent, 
respectively, the force constant, the inertial parameter, the 
spacing between vibrational levels and the change in the system 
energy made by the variational method of generator coordinates 
4sa¢ and a are dimensionless quantities which represent respec 
tively the proximity of the calculation to the limit at which the 
variational wave function no longer lowers the energy (4sae?= 1), 
and the spread of the ground-state collective wave function [Eq 
(11) ]. In order to make the calculation with the Ferrell-Visscher 
interaction correspond precisely with the work of those authors, 
that portion of the kinetic energy of the shell-model wave function 
which corresponds to translation of the center of mass of the 
system (in amount: jh*h@/M) was subtracted from the total 
nucleonic kinetic energy before the Hamiltonian kernel was 
evaluated. This correction has culy a slight effect on the vibra 
tional spacing, and was not included in the other calculations 


summarized above. See reference 27 


Exchange 
ro mixture K 


Rosenfeld 409 
Simplied 615 
Ferrell 

Visscher 608 
Rosenfeld 1090 
Simplified 1629 


Ae/IM AQ 


0.303 1.3 
0.303 


A( Fe) a 


0.11 
0.09 


1.5X10-" 
1.5K 10-" 
1.28 10°" 


1.00 


0.11 
0.09 
0.06 


0.416 | 
0.474 7 10 1 
0.474 ; O1 1 


120K 10-" 
1.20K 10°" 


* In the dilatational mode, A*/S1 is given exactly by the liquid-drop value 

4). R. Inglis, Phys. Rev. 97, 701 (1955 

*R. Ferrell and W. Visscher, Phys. Rev. 102, 450 (1956) 

5 This interaction differs slightly from that used in reference 4 
Dr. Visscher was kind enough to point out that a slight error had 
been made in deriving the parameters from the data cited therein 
and to supply the present corrected version of the interaction 
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TABLE III. Quadrupole vibrations, The units are the same as 
in Table II. “S-E”’ denotes the stiffness as based on the surface 
term in the semiempirical mass formula. “Irrot. M” denotes the 
inertia corresponding to irrotational fluid flow.* 


Exchange 
re mixture K 


1.510 Rosenfeld 546 
1.510 Simplified 576 
1.510 S-E K; 
Irrot. M 
Rosenfeld» 
Simplified” 
S-E K; 
Irrot. M 


n/N 


0.445 
0.454 


4sae* 


1.03 
1.02 


72.3 
996 
1120 


0.606 
0.735 
0.735 


0.9% 
0.92 


1.210 
1.210 
1.210 


70.9 0.948 8.2 


* See A, Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, Mat 
fys. Medd. 27, No. 16, 13 (1953) 

» These rows are illustrative only, since the variational method does not 
lower the energy in these cases; i.e., the lowest energy is obtained with no 
collective motion of the system. The method of generator coordinates 
therefore yields no energy lowering and an infinitely sharp collective 
function: A(fo’) «0; a «0 


This is a measure of the improvement of the combined 
generator wave function over the nucleonic wave 
function. 

It has also been noted in the preceding paper, that 
the variational procedure yields no energy lowering if 
the quantity 4sa¢’ is less than or equal to 1. This 
quantity therefore indicates whether or not one is 
close to the point where the method of generator coor- 
dinates ceases to be useful. 

Finally, the validity of the quadratic approximation 


depends on the assumption that the Gaussian approxi- 
mation to /(a@,8) is valid and that the spread of the 
collective wave function in a is small, that is, that the 
higher order terms in K/J are actually negligible. A 
measure of this spread is the quantity, a, which appears 
in the ground state collective wave function, 


fo(a) = No exp — 4 (a/a)*). (11) 
It can be seen from Table II that a is sufficiently small 
in each case to insure that the approximation is valid, 
at least as a first approximation. Figure 1 displays the 
accuracy of the Gaussian approximation to the overlap 
integral for the dilatational case. It can be seen that the 
approximation is still good to within 10% when /(a,3) 
has fallen to a value 0.04. 


Ill. RELEVANT EXPERIMENTAL DATA 


The energies, spins, and parities of many of the low- 
lying states of O'* are well known from the work of 
Bittner and Moffat,* Hornyak and Sherr,’ Wilkinson, 
Toppel, and Alburger,* and the compilation of Azjen- 
berg and Lauritsen.’ 

Figure 1 is a level diagram of the known 0*, 2*, and 
4* states in O'* (the collective states considered in this 


* J. W. Bittner and R. D. Moffat, Phys. Rev. 96, 374 (1954 

’W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955) 

* Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956) 

°F. Azjenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955) 
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paper are of this kind), and of some predictions of the 
a-particle model for such states. 

The transition rate from the 6.06-Mev O* state to 
the ground state has been measured,’ and found to 
imply a matrix element 

(Wo) > r,?|V1) =3.8X 10-8 cm? (12) 


Pp 


for this transition, with an error of less than 10%. 
WV is the ground state wave function and VW, the wave 
function for the 6.06-Mev state; the sum extends over 
all protons. 

Also of potential interest in the present discussion are 
the results of experiments on the reaction O'*(y,p)N!® 
in the region where the intermediate state of the O'* 
nucleus has an excitation energy from 12.1 to 18.0 
Mev'!” and the inverse reaction, N'°(p,7y)O'*.4 The 
first two of these experiments seem to show a resonance 
in the reaction cross section at an excitation energy of 
about 14.7 Mev. From a theoretical study of angular 
distribution of the photoprotons and from the inte- 
grated cross section obtained in these experiments, 
Wilkinson" at first proposed that this resonance might 
be due to the first excited collective quadrupole state, 
and gave arguments against the alternative interpre- 
tation, that the resonance is due to a fluctuation in the 
single-particle level density. In the report on his own 
experimental study with Bloom,” which showed no 
evidence of the corresponding resonance in the inverse 
reaction, he withdraws this suggestion, and states that 
some (unspecified) misinterpretation must have been 
made in the previous experiment. He also cites the 
(unpublished) study of the O'*(y,p)N" reaction by 
Johanasson and Forkman, as a basis for believing the 
14.7-Mev resonance to be spurious. The implications 
of these conflicting results are therefore rather unclear 
at this stage. 


IV. PREVIOUS THEORETICAL ANALYSES OF O” 
General 


Dennison'® has calculated the excited states of a 
system of four alpha particles coupled by harmonic- 
oscillator forces, and has shown that by fitting the four 
constants in this model to four of the low-lying states 
in O"*, one is able to account fairly well for the observed 
spectrum of O'* up to about 13.5 Mev.j Kameny"* has 
extended the work of Dennison to 16)Mev, and has 
calculated some of the implications of, this model for 
transition probabilities. In both the identification 
Phys. Soc 


” Devons, Goldring, and Lindsay, Proc (London) 


A67, 134 (1954) 
4B. M. Spicer, Phys. Rev. 99, 33 (1955) 
Stephens, Mann, Patton, and Winhold, Phys. Rev. 98, 839 
(1955) 
4D. H. Wilkinson and S. D. Bloom, Phys. Rev. 105, 685 (1957 
4 T). H. Wilkinson, Phys. Rev. 99, 1347 (1955) 
161). M. Dennison, Phys. Rev. 57, 454 (1940) ; 96, 378 (1954) 
S. Kameny, Phys. Rev. 103, 358 (1956). 
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Fic. 1. 0*, 2%, and 4* levels in O'*. The center column gives the observed levels (energy, spin and parity), the 
resonance observed in O'*(y,p)N", and the range of dilatational and quadrupole energies calculated in this paper 
(cross hatching). The first and third columns give the levels on two identification schemes in the a-particle model 
The levels fit to the data to determine the constants in the a-particle model are indicated by an asterisk. The 
a-particle levels are connected to the observed levels which presumably correspond to them by dotted lines. The 
material for this figure was taken from references 6, 11, 12, 15, and 16 


schemes based on this alpha-particle model, the Ot 
state at 6.06 Mev is interpreted as a pure breathing 
mode. The matrix element for the 


0*+(6.06 Mev)—0* (0.00 Mev) 


transition is given by Kameny: 14.7 10~** cm’. The 
energies of the 0t and 2* states based on the two pro- 
posed identifications are shown in Fig. 2. 

Perring and Skyrme" begin with an alpha-particle 
model, but show that the wave functions for states of 
four alpha particles may be used to obtain approximate 
shell-model wave functions. In their treatment, they 
obtain for the breathing mode of the a model a shell- 
model wave function which is largely a mixture of 
(1s)~!2s and (1p)~'2p configurations, but also includes 
some admixture of two-particle excitations: (1p)~*(1d)*, 
(1p)-*(1d)(2s), and (1p)~*(2s)?. This wave function 
yields a matrix element (as defined in Table IV) for the 
transition 0*(6.06)—>0* (0.00) equal to 11 10~** cm’. 
This work is also especially interesting as regards the 
more general question of the relationships between the 
shell model and the alpha-particle model. 


17 J. K. Perring and T. H. R. Skyrme, Proc. Phys. Soc. (London) 
H69, 600 (1956) 


0* State 


Visscher and Ferrell'* point out that the generator 
wave function obtained in the preceding paper’ for the 
first excited dilatational mode is approximately a shell 
model wave function composed of these same two con- 
figurations, (1s)~'(2s) and (1p)~'(2p). They obtain an 
energy of 9.1 Mev for the first excited dilatational state, 
which is significantly lower than the energy obtained 
from generator coordinates with identical two-body 
interactions (see Table II). In a later paper’ they 
report that an energy of 6.65 Mev can be obtained for 
a dilatational state in which one allows different ampli- 
tudes of dilation for the s and p shells of O'. 

It would seem at first as though these results were in 
absolute conflict with the results reported here, since 
the Ferrell-Visscher wave function is an approximation 
to the generator wave function (variational), and would 
therefore be expected at best to yield a higher excitation 
energy. However, these authors do not actually calcu 
late energies all the way through from first principles 

that is, solely from assumed two-body forces and a 
trial wave function. Instead, they determine the diag- 


R.A. Ferrell and W. M. Visscher, Phys. Rev. 102, 450 (1956 
"R.A. Ferrell and W. Visscher, Phys. Rev. 104, 475 (1956) 
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RATIO OF GAUSSIAN 
APPROXIMATION & EXACT 
I(a,p) 


N WHERE VIBRATIONAL WAVE FUNCTION IS LARGE 








0.0 


hic. 2. The exact overlap kernel for dilatational deformations 
of the wave functions used in this paper, together with the ratio 
of the Gaussian approximation and this exact kernel. It can be 
seen that the Gaussian approximation is quite good, being in 
error by only 10% when the exact kernel has dropped to 0.04 of 
its maximum 


onal matrix element for the excited state from what 
they know empirically about energy levels in neighbor- 
ing nuclei. Their calculation is therefore subject to the 
uncertainty associated with such a substitution, and the 
final excitation energy they obtain will be in error by 
the same energy as the error in this substitution,”® 
Naturally, their containing a disposable 
constant, may well yield results in better agreement 
with observation than does an approach like the present 
one, which is uniquely specified as soon as the two-body 


method, 


forces have been chosen. 

rheir result that the energy of a dilatational state 
can be lowered by allowing the two shells to dilate with 
different amplitudes is undoubtedly valid in a more 
general context than any particular set of numerical 
results, and indicates one of the complications one 
might expect to occur in collective motions of this kind, 

Ferre!! and Visscher have also calculated the matrix 
element for pair emission from the 6.06-Mev O* state, 
and tind that it is too large to agree with the observa- 
tions | Ey. (12) } by about a factor of two. Allowance for 


westion has been discussed with Dr. Ferrell and Dr 
ul they concur in this statement of the situation 


” This 
Visscher, 
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different amplitudes of vibration in the two shells does 
not seem to change this matrix element significantly. 

Schiff" has calculated the matrix element for pair 
emission from the 6.06-Mev state in O'* and the 7.68- 
state in C” (which probably corresponds to the O"* 
state) on two assumptions, (a) that the 7.68-Mev state 
in C” is a 2-particle shell-model state, (p;)~*(p,)? and 
(b) on the assumption that the 6.06-Mev state in O'* 
is a collective dilatational vibration (using both the 
liquid-drop and a-particle model). In case (a) the 
matrix element is too small, in case (6), too large. 
Elliott” points out that inclusion of (2s) and (2p) 
excitations to the extent of 50% would bring Schiff’s 
shell-model calculation into agreement with the experi- 
mental value. 

Redmond” has shown that a 0* state formed from 
shell-model configurations of the type (1s)~'(2s) gives 
a matrix element which matches the experimental! value 
rather well. He gives no reason, however, for believing 
that the 0* state which is observed is an excitation only 
of (1s) nucleons, rather than (1p), or, more important, 
a linear combination of (1s)~'(2s) and (1p)~'(2p) exci- 
tations. These latter possibilities are those which occur 
in the wave functions used by Ferrell and Visscher and 
Perring and Skyrme. 

In Table IV, the various theoretical values for the 
monopole matrix element are summarized together with 
the experimental value. Nolte added in proof.—J. 
Touchard, Compt. rend. 244, 2499 (1957), also discusses 
the 0* state in terms of collective dilatational mode. 


V. RESULTS OF THE ANALYSIS BY 
GENERATOR COORDINATES 


We now discuss briefly the results presented in 
‘Tables II and IIL. It can be seen that the values obtained 
for the stiffness, , for the quadrupole vibrations are 
significantly higher than those obtained from the semi- 
empirical mass formula. This difference is qualitatively 
consonant with the well-known fact that vibrations of 
nuclei with closed shells are far stiffer than vibrations 
of nuclei halfway between closed shells. This behavior 
shows up, not only in theoretical analyses of shell effects 
on collective behavior,” but also in empirical surveys of 
level regularities.” 

The calculated inertial parameter, SN, on the other 
hand is quite close to the value implied by the assump- 
tion of irrotational flow. This, again, is in qualitative 
agreement with analyses of collective inertia,” for closed 
shell nuclei. 

The energy spacing, AQ, of the collective states seems 
in every case too high to allow identification of the 
6.06-Mev and 6.91-Mev states of O' with modes of 


21. Schiff, Phys. Rev. 98, 1281 (1955) 

2 J. P. Elliott, Phys. Rev. 101, 1212 (1956) 

* P. J. Redmond, Phys. Rev. 101, 751 (1956) 

*S. Moskowski, Phys. Rev. 103, 1328 (1956). 

% Alder, Bohr, Huus, Mottelson, and Winther, Revs, Modern 
Phys. 28, 432 (1956) 





GENERATOR 


dilatational and quadrupole surface vibration. It also 
seems unlikely that any reasonable choice for the two- 
body interactions could alter this situation. However, 
it should be pointed out that the strength of the two- 
body interactions (for the exchange mixtures used here) 
required to give a radius R=1.2XA!X10-" cm are 
unrealistically large. This circumstance may well make 
the calculated rigidity of the nucleus also in these cases 
unrealistically large. It cannot be excluded that this 
effect is large enough to account for (1) the very high- 
energy spacings obtained for dilatational modes when 
R=1.2X10~-"A! cm and (2) the failure of the collective 
quadrupole vibrational wave function to lower the 
ground-state energy of the system. 


VI. SUMMARY OF THE EXPERIMENTAL AND 
THEORETICAL SITUATION 


Dilatational Modes 


One would like an unequivocal answer to the question. 
Is the state at 6.06 Mev a dilatational state? This 
question can perhaps be discussed in two parts, referring 
to the two relevant available data, (a) the transition 
between it and the ground state and (8) its energy. 

The transition matrix element is more amenable to 
discussion in general terms since it involves simply the 
wave functions one chooses to describe the states. In 
this framework, the implications of the various theo- 


retical analyses displayed in Table IV are clear: Shell- 
model states involving two particles give too small a 
value, while collective dilatational states, and shell 
model states resembling them, give too large a value 
for this matrix element. The obvious inference supports 
Elliott’s suggestion that a mixture of the two is what 
is required to explain the experimental fact. 


The energies obtained for the first excited dilatational 
state (Table II) are not inconsistent with the hypothesis 
that the 6.06-Mev state is, in fact, a mixture of shell- 
model components corresponding to dilatational and 
two-particle excitations: These energies are sufficiently 
high to contradict the assumption that the collective 
motion is slow compared to the motion of the individual 
nucleons. Therefore, such states will not exist in pure 
form, but will instead mix rather strongly with nearby 
noncollective states. One can suppose that the state at 
6.06 Mev is one of the resulting states. 


Quadrupole Excitations 


In the case of the 2+ state at 6.91 Mev the lifetime 
has been measured.”* The situation in this case seems 
the same as that of the 0* state: the lifetime is longer 
than that implied by collective models, and shorter 
than that obtained from two-particle excitations. 

The energies obtained in this paper for quadrupole 


26, Swann and F. Metzger (unpublished) 
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TABLE IV. Calculated values of the matrix element for the 
0*(6.06 Mev)—+0*(0.00 Mev) transition in O'*, The numerical 
values are somewhat affected by the specific assumptions involved 
in each calculation but the qualitative increase in the matrix 
element as one increases the dilatational component in the wave 
function will not be changed by these details. Also, the quanti 
tative mixture required to fit the experiment in the state proposed 
by Elliott will depend somewhat upon the particular linear com 
bination of the configurations which is used. Nonetheless, it is 
clear that with enough admixture of two-particle excitations the 
correct matrix element can certainly be obtained, The same kind 
of situation prevails as regards the calculation of Redmond 
whose result depends on the radius assumed for O'*, A footnote 
is used to indicate those assumptions which are capable of giving 
agreement with the experimental matrix element, provided the 
parameters of the wave functions are properly chosen, but which 
do not give this agreement uniquely 


Reference M Model of 0° state 


~ (WolZp rp \l 


(3.8+0.3) K 10°>* cm? 
0.00 


Experimental 

Pure two-excited particle 
configurations 
I'wo-particle configura 
tions mixed by nucleon 
nucleon forces 

(1s)~'(2s) state 

~50% (1s)~4(25) 

1p) '(2p) 

~50% (1p) *(1d)?*, 

1p) 4(25)?, (1p) 2(1d)(2s 
Dilatational: linear com 
bination of (1s)~'2s and 
(1p) "(2p) 
Shell-model 
tion obtained 
model dilatational state 
a-particle model 


Devons et al.* 
Schiff" 


Schiff 0.6% 107% cm? 


Experimental value! 
Experimental value 


Redmond? 


Elliot® 


Ferrell and 910-7 em? 


Visscher 
wave tun 


Perring and 11K 10 * cm? 


Skyrme* from «a 
14.7 10°** cm? 
17K 10°** cm? 
19 10°7* cm? 

17 to 22) K 10°** cm? 


Kameny' 
co partic le model 
Liquid-drop model 
Generator coordinates 


Schiff! 
Griffin 


® See referenc ¢ 10 

> See reference 21 

* Schiff actually calculates the matrix element for mixed configurations 
only in C%, but it is unlikely that the result would be qualitatively dif 
ferent for O'F 

4 See reference 23 

* See reference 22 

' See reference 18 

« See reference 17 

b See reference 16 

' Adjusted to agree with the experimental value of 3 


suitable choice of constants in the wave function 


excitations are sufficiently large to suggest that the 2* 
state at 6.91 Mev is not a state of pure surface vibration. 
More generally, they imply that states of this kind will 
probably not appear in pure form, since the collective 
frequency is of the order of single-particle frequencies. 
Thus, the quadrupole state, if it occurred, would be 
mixed with other nearby 2+ states, and would behave 
in the manner first proposed by Wilkinson to explain 
the observed results. Since this proposal has been 
withdrawn on the basis of later data, it is difficult to 
make any clear statement on experimental grounds 


General 


The reasonable inference regarding the question of 
collective states in O'*, seems to be that they probably 


do not exist in pure form. It is still possible that they 
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occur at significant admixtures into other states, which 
may exhibit, as a result, some effects most simply 
understood in collective terms 

As regards collective vibrations in other light nuclei, 
it is reasonable to believe that closed-shell nuclei are 
probably the most unfavorable to the existence of well- 
defined collective modes, since” these nuclei tend to be 
stiffer against deformation and have a lower collective 
inertia than their neighbors. Both effects operate to 
increase the energy of excited states, and therefore to 
invalidate the hypothesis that the collective motion is 
slow compared with the nucleonic motion. One would 
expect that adding a pair, or a few pairs, of particles to 
a Closed shell nucleus will enhance the tendency towards 
low-lying states of collective vibration. 

The author wishes to express his gratitude to Pro 
fessor John Wheeler, who suggested this research, to 
Professor Niels Bohr for the hospitality of Universitetets 
Institut for Teoretisk Fysik, Copenhagen, and to the 
Fulbright Commission for a fellowship in Denmark 
during 1955-1956, and to acknowledge stimulating dis- 
cussions with Professor Aage Bohr, Dr. Ben R. Mottel- 
son, and Dr. William Visscher. 


APPENDIX I. CALCULATION OF THE KERNELS 
IN THE GENERATOR EQUATION 


A. Overlap Kernel, /(a,3) 


The overlap kernel is given by the expression 


1 (a8) for (x,-: »X4; a) 


Ko(xX1,°°+,X4; B)dxidxe: -dX4, (13) 


where @(X,, ,X4) is an antisymmetrized product of 


one-particle oscillator states : 


U j(xj;a@) 


NH (Rov) H (kx) Hi, (k.2;) 


x exp — 4 (k,?x"°+-k,?y?+-k P72") jw (o,)v(r.). (14) 


Here i denotes a quintuplet of quantum numbers 
(41, t2, 13, 02, Te), and & depends on @ according to the 
deformation considered : 


hy= ke= y= hoem* 
k, ky koe* | 


’ for quadrupole deformations. 
k, koe ** | 


for dilatations, 


(15) 


Direct integration yields the result 
[6 a (a+ ,)/2]: 


I (a,8) 


8B; Y: 
(coshé)~** 


The value of the constant is 


s=18 for dilatational deformations, 


s=9 for quadrupole deformations. 
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This expression for J is approximately equal to the 
Gaussian 
I (a,8) — exp[ — sé? }. (17) 
The accuracy of this approximation for the dilata- 
tional case is illustrated in Fig. 2. 


B. Hamiltonian Kernel, K(a,3) 


The Hamiltonian kernel is given by the expression 


K (a,8) foro nasal] 
2M 


ls € 


ort ver 


2 i*i | Tij| 


Jorn, de x4; 8)dx;: ++dx4, (18) 


which we write as the sum of three parts 


K (a,f) _ Kr(a,8) + K N (a,f) + Ke(a,8) (19) 


corresponding to the kinetic energy operator, nuclear 
interaction, and Coulomb interaction portions, respec- 
tively. 

Direct integration of the kinetic part yields*’ 


18h*k,? e*7 


| I (a,8) (dilatations) 


” Bk 
ree | 
coshé 


(quadrupole deformations). 


coshé 
K7(a,B) = 
2e7 


coshé/2 


I(a,8)—— 


6h? ke? 
M 


The nuclear interaction part of the Hamiltonian 
kernel involves evaluation of matrix elements of the 
two-body interaction 


vi3\? 
V ;= —Voexp- ( ‘) {wt+mP"™+bPP+hP"}. (21) 
R 


pP™, P*, and P* are the space, spin, and space and spin 
exchange operators. After one has summed over all spin 
and isotopic-spin quantum numbers in the closed shells, 
the sum of these matrix elements reduces to”® 


27 Dr. Visscher points out that one should subtract the kinetic 
energy corresponding to the center-of-mass motion, jh*k/M, 
from the total kinetic energy. If this is done, the 18 is replaced by 
17.25 and the 6 by 5.75 in these expressions. In the calculations 
reported, this correction was made only for the case of the Ferrell 
Visscher forces. See caption, Table II 

* This shows that results can depend on the exchange param 
eters only through combinations d=4w—m+2(b—h), e=4m—w 
+2(h—b). The letters d and e refer to the direct and exchange 
integrals of which these are the coefficients. For the three mixtures 
used in this paper the values of d and e are as follows: Rosenfeld, 
0.01, 2.41; simplified, —0.04, 4+-2.8; Ferrell-Visscher, 0.21, 2.27 
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4 ri2\? 
2>. f fereiuressay| - Vo exp-( *) | 
if R 


x [(4w— m+ 2b— 2h) 
+ (4m—w+2h—2b) P12” | 


KU (Xo; a)U (x1; a)dxydx_. (22) 


The final result for dilatations can be written mostly 
simply in terms of the combination, A = (ko?R*)e~*” coshé : 


— Vol (a,pB)! 
{A+B\+C)"} 
(2+A)?/? 


Kn(a,B)= (dilatations), 
(23) 
where 
A= 186(w+m), 
B= 288w+48m-+-96(b—Ah), 
C=120w+48(b—h). 
For quadrupole deformations, the result is slightly more 
complicated. Using A and y= (ko?R")e? cosh(46) for 
condensation, one obtains 
Ay+ By Oy? 
K ,(a,8) = — Vol (a,8)ur4 
(2+ )8(2+A)! 
Ast BA+C3\ 


Aogt Boys+ Bd +¢ AM 
(2+y)(2+d)9 1 


(2+ )*(2+A)! 
(24) 


(quadrupole) 
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where 
A,=120(m+w), 


B= 168w-+-48m-+-48(b—Ah), 
C= 66w+6m+ 24(b—w), 
Ag=48(m+w), 

By= 44w-+-4m-+ 16(b—A), 
By= 64w— 16m+32(b—h), 
Co= 48w— 12m+24(b—Ah), 
Ay=18(w-+m), 
By=12(w+m), 
C3=6(w+m). 


C. Finally, the Coulomb kernel, Ke, defined by 


e 
orcs, x4;a)] Do 
) ir) ly 


Ke(a,p) 


o(X1,°°°Ka; B)dx, dx, (25) 


was integrated exactly for dilatational deformations, 
with the result 


R3e7ky 
Kc(a,8) =1(a,8) 
2 


exp(— y(coshé)! 


(2m) 

(dilatations). (26) 
For the spheroidal deformations the expansion in 6 and 
y was carried out before integration, and the resulting 
coefficients were evaluated approximately. 

Once the complete kernel, K(a,8), is obtained the 
quadratic approximation is made by expanding the 
ratio, K(a,8)/I(a,8) to terms of order & and y’. ‘The 
inertia, JW, and stiffness, K, are then determined from 
the coefficients of 6* and y’ as described in the preceding 
paper.’ The results are given in Tables LI and III. 
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The angular distribution of N“ from the neutron-transfer reaction Mg*(N“,N™)Mg** was measured at 
an incident nitrogen energy of 27.9 Mev. N™ was caught on aluminum foils placed at various angles around 
the thin Mg™ target. The foils were counted after bombardment and N™ was identified by its 10-min half 
life. The angular distribution was found to have a maximum at ~65 deg in the center-of-mass system, 
to fall off sharply at forward angles, and to decrease more slowly at angles larger than 65 deg. The energy 
spectrum of N™ was measured at three angles around 65 deg (c.m.). It was found that the residual Mg** is 
left in excited states and that the larger the angle the higher the states in which Mg” is likely to be left. 
For the transfers leaving Mg” in the ground state, a classical estimate of the distance, D, of closest approach 


was made. Expressing the result as D=d,(A,'!+A2!), Do= 


9X10 cm at the peak of the angular distri 


bution. Thus, most of these transfers occur when the nuclei are not touching in the usual sense 


INTRODUCTION 


HE transfer of a neutron or a proton from one 
nucleus to another may take place in the course 


of certain heavy-ion-induced nuclear reactions.’ A sys- 
tematic behavior of total cross sections for this process 
was observed previously.? Theoretical aspects of the 
transfer mechanism were examined by Breit and Ebel.* 
It was clear from the beginning of heavy-ion nuclear 
physics that angular distributions of the products from 
such reactions might contribute to the understanding 
of the transfer process 

The difficulties involved in such an experiment are, 
however, considerable. They may be summarized by 
noting that the reaction products are necessarily 
different by only one proton or one neutron from the 
reacting nuclei. Usually the Q of these reactions is close 
to zero, so that the energy of the product nuclei is not 
very different from the energies of elastically scattered 
reacting nuclei. Therefore, any detecting system must 
distinguish between the elastically scattered N'* and, 
say, N'® which is the result of a neutron-transfer reac 
tion. This is difficult to achieve with counters or nuclear 
plate detectors. The fact that, at bombarding energies 
available at this Laboratory, the total cross sections for 
transfer reactions thus far measured are at most five 
millibarns helps matters not at all. 

In a previous experiment‘ at this Laboratory the angu 
lar distribution of N™ from the reaction N'“*(N'N™)N! 
was deduced from the range of the ten-minute N"“ in a 
stack of nickel foils. In the present work, the angular 
distribution of N“ from the reaction Mg”®(N'",N™)Mg*® 
was measured by catching the radioactive N" on 
aluminum strips placed at various angles and by beta 
counting the strips after bombardment. The energy 
measured at three 


distribution of the N™ was also 


' Reynolds, Scott, and Zucker, Proc. Natl. Acad. Sci. U. S. 39, 
975 (1953) 

* Halbert, Handley 
106, 251 (1957) 

'G. Breit and M. E 
1030 (1956) 

‘H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956) 


Webb, and Zucker, Phys. Rev 


Pinajian 


Ebel, Phys. Rev. 103, 679 (1956); 104, 


angles. Magnesium-25 was chosen as the target material 
because it can be readily evaporated to form a thin 
target on nickel backing, and because the total cross 
section for the neutron transfer is relatively high,’ 
3.5 mb at 27 Mev. At the available bombarding energy 
the Coulomb field prevents the use of elements much 
higher than magnesium as targets. On the other hand, 
the large magnesium mass gives the N™ longer range 
than it would have from a lighter target. 


EXPERIMENTAL METHOD 


‘The chief experimental problem in measuring the 
angular distribution of a transfer reaction is the un- 
ambiguous identification of the reaction products. In 
the measurement of the angular distribution of N" from 
the reaction Mg**(N“,N™)Mg**, the half-life of this 
nuclide served to identify it as long as there were no 
other radioactive end products to mask it or be confused 
with its 10-min activity. The only other known reaction 
products from the nitrogen bombardment of Mg?® 
with half-lives comparable to 10 minutes are 20.4-min 
C" (O=—4.1 Mev), 9.5-min Mg*’ (—13.4 Mev), 
6.6-min Al*® (—8.3 Mev), and 7.7-min K* (+10.4 
Mev). Because of their low Q, the first three would be 
unlikely to compete significantly with N“ (O=+0.56 
Mev). For Mg?’, the most difficult of the three to 
distinguish by decay-curve analysis, this supposition is 
confirmed by indirect evidence. In previous experi- 
ments? it was inferred that formation of Mg”? from Mg*® 
is unimportant compared to its formation from Mg**- 
(N" Mg??)N", and the latter reaction is, in turn, only 
fy as probable as the one under study here. Significant 
amounts of K** may be formed, but kinematic con- 
siderations show that no K** nuclei can be emitted at 
laboratory angles larger than 16.4 deg. Since the experi- 
mental apparatus was designed to accept particles 
emitted between laboratory angles 15 deg and 70 deg. 
contamination by K** should be relatively unimportant. 

The experimental arrangement is shown in Fig. 1, 
The deflected nitrogen beam of the ORNL 63-inch 
cyclotron was collimated to a j{-in. diameter and 


336 





ANGULAR DISTRIBUTION 


MATED N'* BEAM i 


CATCHER FOILS ——, TARGET 




















8 heats et —— 


Fic. 1. Cut-away drawing of the experimental arrangement for 
catching N™ on thin Al strips. The strips shown are for illustrative 
purposes only and do not represent an arrangement actually used 
in the course of this experiment. 


impinged on a Mg® target evaporated onto a 0.638 
mg/cm? Ni foil. The beam current hitting the target 
was monitored and integrated for each run. ‘The layer 
of Mg*® was =1.4-Mev thick, determined from a 
measurement of the energy loss of nitrogen ions passing 
through it. The isotopic constitution of the magnesium 
was 1.5% Mg™, 97.5% Mg*®, and 1.0% Mg**, as 
measured by the Stable Isotopes Division of this 
Laboratory, which supplied the material and prepared 
the target. 

The low yield of N™ in this reaction made it necessary 
to utilize the entire azimuthal angle at any one polar 
angle. Concentric cylinders of thin phosphor bronze 
were mounted at various distances from a base plate, 
which in turn was located eight inches from the target 
The whole assembly was at cyclotron vacuum. Thin 
aluminum strips to catch the reaction products were 
placed smoothly along the inner surfaces of the bronze 
cylinders and held there by nonmagnetic paper clips 
made of ten-mil molybdenum wire. Generally the strips 
were cut so as to subtend about 7 deg in the barycentric 
system. Their width was usually about 4 inch. By 
choosing the proper thickness of aluminum at any angle 
one can arrange to accept only certain energies of the 
reaction product. The limit on the energy discrimination 
was imposed by the fact that commercially available 
aluminum foils had to be used and that these are ob 
tainable only in discrete thicknesses. The thinnest foils 
used (0.18 mg/cm?*) were equivalent to about 1.6-Mev 
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Fic. 2. Graphic representation of the experimental design. The 
angles subtended by the various strips A, B, , / are indicated 
by the vertical lines. The solid curved lines give, as a function of 
laboratory angle, the laboratory kinetic energy of the N™ as it 
leaves the target backing. Each pair of curves is labeled according 
to the state in which the residual Mg*® is left. The lower curve of 
each pair is for N® formed at the front surface of the target, while 
the upper curve is for N“ produced in the Mg** next to the target 
backing. Reactions occurring elsewhere within the target result 
in N* with intermediate energy. The dashed lines show the energy 
equivalent of various aluminum foils used to slow down or catch 
the N“. The lowest dashed line represents the energy of the N™ 
which is just sufficient to allow it to pass through the cover foils 
The thickness of the cover foils was chosen so as to collect in all 
strips N" corresponding to approximately the same excited states 
of Mg**. The additional dashed lines in strips D, 2, and F repre 
sent the energy increments in the Al foils for the energy distribu 
tion experiments 


energy loss at a center-of-mass angle of about 60 
degrees. 

Bombardments lasted twenty minutes, after which 
the catcher assembly was removed from the cyclotron 
and the aluminum foils taken from the bronze cylinders 
‘The foils were then folded, centered on counting cards, 
and placed under shielded Geiger counters. Fifteen to 
twenty minutes usually elapsed from the end of bom 
bardment until all foils were placed under counters 
Lead sheet was affixed to the counting cards to enhance 
backscattering and thus increase the counting rate 
Usually eight shielded counters were available and each 
run was designed to make use of all of them. The foils 
were normally counted for two hours. In some cases, 
where a 1.87-hour F'* or 32.4-min Cl* activity had to 
be subtracted, they were counted longer 

In an experimental arrangement such as the one 
described, one has to consider a variety of phenomena 
characteristic of the geometry and of the short range 
of heavy ions, This is shown graphically in Fig. 2 where 
the solid lines represent the energy of N" after it has 
left the Mg” either in the ground state, the 2.97-Mev 
excited state, or with 7.0-Mev excitation. The lower 
curve of each pair gives the energy for N™ formed at 
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the front surface of the target, and the upper curve is 
for N™ formed in the region of the target adjacent to 
the nickel backing. In order to design the experiment 
and interpret the data, similar curves were drawn for 
the 1.83- and 3.97-Mev states,® and for 10-Mev excita- 
tion. The first two of these are shown in vestigial form 
on Fig. 2. The angular increments covered by the 
various aluminum strips are labeled from A to J. The 
lowest dashed curve represents the 1.23 mg/cm? Al 
absorber used as a cover for all foils except A, H, and J. 
A stack of four 0.18 mg/cm? foils was used to cover 
foil 7. Foil J was left uncovered. A cover of 2.43 mg/cm? 
Al was placed norma! to the beam direction over foil A. 
These cover foils served two purposes: first they 
shielded the lower foils from the short-range 32.4-min 
Cl*; and second they allowed only those nitrogen-13 
ions to go through which left the residual Mg** nucleus 
excited to no more than about 7 Mev at any angle. 
It can be seen from Fig. 2 that all foils accept approxi 
mately the same number of states. 

The angular distribution measured in this way 1s, 
therefore, a sum over all states of the residual nucleus 
up to about 7 Mev. It is also obvious that because 
aluminum foils are available in only finite thicknesses 
and because they cover relatively large angular incre- 
ments, this method is useful only in observing gross 
effects. The N™ which is detected must always have 
been produced in the ground state since even its first 
excited state is unstable to proton emission. 

The energy distribution of N“ was measured at three 
angular intervals, 35.0 to 39.6 deg, 39.6 to 46.0 deg, 
and 46.0 to 51.0 deg, in the laboratory system. This 
was done by placing a stack of aluminum foils at D, E, 
and F, The foil stacks were generally composed of a 
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Fic. 3. Angular distribution of N“ from Mg**(N“,N™“)Mg**- 
These results include N" of various energies, corresponding to 
Me" excitation, £*, from 0 to about 7 Mev. The two histograms 
give differential cross section vs angle in the center-of-mass system 
for the two extreme possibilities, Z*=0 (solid lines) or E* =7.0 
Mev (dashed lines). The total activity is the same for both. The 
dotted lines on both histograms are upper limits 

® The levels of Mg** were obtained from P. M. Endt and J. C 
Kluyver, Revs. Modern Phys. 26, 95 (1954) 
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1.23-mg/cm? foil nearest the beam, six 0.18-mg/cm? 
foils, and finally a 1.23-mg/cm? backing foil. All eight 
foils were counted after bombardment. The short 
dashed lines in Fig. 2 show how the excited states in 
Mg” were distributed in the foils of a stack. 

The beam on the target during the bombardments 
was about 0.05 wa N**. The initial counting rates from 
the strips varied from 10 counts/sec to about 0.6 
count/sec. Background in the shielded counters was 
about 0.4 count/sec. 

Most of the bombardments for this experiment were 
performed at an incident energy of 27.9 Mev. One run 
was made with the target turned over so that the beam 
passed through the nickel backing first, losing 2 Mev, 
before it hit the magnesium. Low reaction yields made a 
detailed study of the angular distribution at the lower 
beam energy impractical. The exact beam energy was 
determined before or after each run by measuring the 
range in emulsion of zero-degree recoil protons from the 
nitrogen. Details of this method have been described 
before.® 

RESULTS 


The decay curves obtained for the various strips 
were analyzed by standard graphical methods to de- 
termine A, the amount of 10-min N"™ activity present 
at the end of bombardment. To obtain do/dw for each 
strip, A was divided by the solid angle (in the center- 
of-mass system) subtended by that strip. Both the 
conversion of laboratory angle to center-of-mass angle 
and the calculation of the center-of-mass solid angle 
depend on the relative kinetic energy of the outgoing 
particles, and hence on the excitation energy of the 
Mg**. The c.m. angle increases by roughly 1% per Mev 
of excitation up to about 7 Mev. For the excited states 
the solid angle subtended by the strips is also larger 
than for ground-state transitions. The increase, for 
7.0-Mev excitation, amounts to 22% in strip A and 
decreases to 5% in strip /. 

In each angular-distribution run, do/dw was normal- 
ized to the sum of do/dw for strips D and E so that 
comparisons between different runs could be made. 
A rough calculation of the total cross sections was made 
by adding the contributions of all the strips and dividing 
this by the integrated beam and by the target thickness. 
In this way the total cross section was found to be 
O11 =3.6+0.6 mb. If one compares this with the pre- 
viously measured total cross section’ of 3.5 mb for this 
reaction at 27 Mev, one may conclude that the yields 
above 100 deg (c.m.) are small and that we have 
measured essentially the whole angular region over 
which these reactions are important. 

The final angular distribution, a composite of many 
runs, was converted to the c.m. system, and is given in 
Fig. 3. To incorporate the energy dependence of the 
c.m. transformation into the presentation of the experi- 
mental results would require knowledge of the energy 


® Reynolds, Scott, and Zucker, Phys. Rev. 95, 671 (1954). 
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spectrum in each strip. Since this was measured for 
only three strips, the experimental data were converted 
to the center-of-mass system for the two extreme cases 
only, (1) all Mg”* left in ground state (solid lines), and 
(2) all Mg*® left with 7-Mev excitation (dashed lines). 
It can be seen that the two histograms are quite similar. 

No 10-min activity was found in strip A. The dotted 
lines in Fig. 3 represent upper limits for the N® activity; 
it may be smaller. An attempt was made to observe N¥ 
in a stack of nickel foils placed at zero deg. Collimators 
limited the angular acceptance approximately to a cone 
of half-angle 10 deg. No 10-min activity was observed 
in any foil. 

One angular distribution run was made at an incident 
energy of 25.2 Mev. At the lower energy the peak is at 
about 75 deg, and the distribution seems to fall off 
more slowly at large angles than the high-energy curve. 
Experiments at 25.2 Mev were not pursued because low 
counting rates made the results uncertain. 

One check was made that the 10-min activity was in 
fact N'*, Nitrogen was chemically separated from foils 
D and E, and it was shown that the entire yield was 
due to N™. 

The energy spectrum of N"™, Fig. 4, was taken at 
three adjacent angles near the peak of the angular 
distribution. The N™ stops in different foils of the 
absorber stack according to the angle at which it is 
emitted and the excited state in which the residual Mg*® 
is left. For example, the shaded areas below the abscissas 
show the distribution of the ground state, the 2.97-Mev 
state, and a 7-Mev state among the foils of the stack. 
There are, of course, other states of Mg*® not shown in 
this figure. It can be seen from the histogram in Fig. 4 
that at smaller angles the lower lying states of the 
residual Mg”® are important, whereas for larger angles 
of N* the residual Mg” is preferentially left in a higher 
excited state. Poor energy resolution and poor angular 
resolution inherent in this type of experiment prevent 
us from assigning transitions to particular states, 

The errors in the angular distribution may be divided 
into two groups: (a) those contributing to the angular 
spread and (b) those producing an error in the relative- 
intensity determination. The sources of errors and 
estimates of their magnitudes are listed below: 


(a) Angular Errors (All Angles in the Laboratory System) 
1. Multiple scattering 


at 30 deg=+1.2 deg, 
at 45 deg=+1.4 deg, 


at 70 deg=+2.0 deg 


2. Finite size of collimator 

at 30 deg=+3.0 deg, 
at 45 deg=+2.5 deg, 
at 70 deg=+1.2 deg. 
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3. Imperfect cutting and placement of aluminum 
strips is less important. At 45 deg, for example, it 
amounts to +0.5 deg. 
4. Other errors include imperfect alignment of beam, 
nonuniformity of beam, measurement of angles, etc., 
and are considered negligible compared to the ones 


listed above. 


(b) Errors in Relative Intensity 


1. A spread in the energy of N"™ leaving the target 
may cause it to come to rest in a foil where it will not 
be counted. This is shown schematically in Fig. 2. 
Sources contributing to this are: uncertainty in the 
target thickness (+0.2 Mev at 45 deg), target non 
uniformity, error in Al thickness (--0.2 Mev), effects of 
angular errors on the range. These errors add up to a 
few percent error in the relative intensity except where 


Fic. 4. Range spectrum at three angular intervals of N“ from 
Mg**(N*.N#)Mg*, The foils in each stack were numbered in 
order from 1 to 8. Foil 1, facing the target, caught the N™ of 
shortest range. The ordinate scale of each histogram was normal 
ized by requiring that the sum of the activity in foils 2 to 8 fit 
the measured angular distribution. The shaded areas show, as a 
function of angle, how three particular states in Mg*, with 0, 2.97, 
and 7.0 Mev excitation, are distributed among the foils of the 
stack 
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the highest observed state in Mg” might be pre 
dominant. 

2. Other errors in the relative intensity include 
differences in counter efficiencies which may be as high 
as +12%. To reduce this error, runs were sometimes 
repeated with the foils distributed differently under the 
counters. Figure 3 is a combination of 12 runs. Uncer- 
tainties, including statistical error, in determination of 
the amount of N™ present from the decay curves usually 
varied from 3% to 15%, depending upon the yield. 
Errors as large as 100% were sometimes encountered ; 
however, these were confined to very low yields and 
hardly affect the shape of the angular distribution. 
Errors such as those due to positioning of the foils 
under counters, variation in self-absorption, shadowing 
by the molybdenum clips, etc., probably add about 5% 
to the error in the relative intensity. 

The energy distribution measurement is subject to 
the errors listed in (a) and (b) above. Additional errors 
arise due to the nonuniformity of the 0.18 mg/cm? Al 
strips and the uncertainty in the range-energy relation. 
The former tends to smear out the distribution, while 
the latter will shift the abscissa. A measurement of the 
relative position of the peak of the energy distribution 
for the three angles was possible, however, since many 
of the errors are the same at all three angles. The error 
in deducing the energy of a N™ particle from its position 
in the foil stack probably does not exceed +1.5 Mev. 
It appears, therefore, that the shift of the peak is 
significant, and that excited states of Mg*® do contribute 
to the transfer 

DISCUSSION 

Breit and Ebel* have succeeded in explaining the 
main features of the nitrogen-nitrogen transfer reactions 
below the Coulomb barrier, They call upon a quantum 
mechanical tunneling of the transferring nucleon, pre 
ceded by virtual Coulomb excitation of the two nuclei 
as they approach each other. Tunneling alone, without 
the virtual excitation, is inadequate to explain the data. 

No attempt was made to fit the present data to a 
corresponding theoretical formula, since the angular 
distributions were measured at a mean center-of-mass 
energy (17.4 Mev) which is above the Coulomb barrier, 
15.1 Mev for ro=1.50K10~" cm. It was expected that 
compound-nucleus formation would influence the trans 
fer angular distribution. Qualitative information may be 


PasLe I, Classical distance of closest approach, D, for the 
N'*.Mg*® system at 27.2-Mev laboratory energy. do is obtained 
from D=d,(144+4-25!) 


Center-of-mass D 
angle (deg) 410°" cm 


35 15.01 
50 11.68 
64 10.02 1.88 
80 8.87 1.66 
100 7.00 1.31 


do 
10°" cm 


2.81 
2.19 
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obtained from a crude calculation based on the classical] 
orbits for Rutherford scattering. The applicability of 
classical trajectories to heavy-ion calculations was 
noted by Breit, Hull, and Gluckstern.’ A classical orbit 
is an accurate description of the motion of a quantum- 
mechanical system if the de Broglie reduced wave- 
length A is small compared with a dimension charac- 
teristic of the force field in which the system moves.* 
For a Coulomb field one may take as the characteristic 
dimension the distance of closest approach in a head-on 
collision, Z,Z,?/E. In the problem of interest here, 
A=2.90K10~" cm while Z,Z,?/E=6.86X10-" cm, 
over twenty times larger than 4. The classical trajec- 
tories should thus be expected to be a valid description 
of the motion of the nitrogen and magnesium nuclei. 

The orbits in a transfer reaction are similar to those 
in an elastic scattering of N“ by Mg®*. The path 
followed by a N* ion approaching a Mg” nucleus is 
identical with the path in a scattering. The transfer 
occurs when the two nuclei are separated by a distance 
comparable with their dimensions, since nuclear forces 
are of short range. After a neutron transfer has occurred, 
assuming the Mg”* is left in its ground state, the energy 
of the system has been increased by 0.56 Mev, or about 
3%. The change in the masses of participating nuclei is 
also small. Consequently the orbit of the N™ should be 
similar to the trajectory of the N" following an elastic 
scatter. 

The distance of closest approach for scattering 
through an angle 6 by an inverse-square repulsive force 
field is D=(Z,Z,e?/2E)[1+csc(6/2) |. Small angles 
correspond to distant collisions, large angles to close 
collisions. For the angular distribution data of Fig. 3, 
some pertinent values of D for the mean energy in the 
foil were calculated and are listed in Table I. The values 
of D should be compared with the sum of the nuclear 
radii ro(A,'+ A,'). To make this comparison simpler we 
tabulate a quantity dy which may be directly compared 
with an appropriate ro. For this purpose do is defined by 
D=do(A\'+A2'). The decrease in do/dw at small angles 
may be explained by the small probability for nucleon 
tunneling over a large distance. The drop-off at large 
angles is probably due to competition from compound- 
nucleus formation. This is borne out by the values of do 
corresponding to these angles. A striking feature of the 
transfers to the ground state of Mg” is that many of 
these occur when the nuclei are not touching, even if 
we take ro as 1.6K 15" cm. 

When Mg’* is left in the ground state the orbit is 
almost the elastic scattering trajectory. The orbits, 


however, are not so simply described when Mg”* is left 


26 


in an excited state. For example, we consider that Mg 

is left with 5-Mev excitation ; the energy for the excita- 

tion is of course taken from the kinetic energy of the N™. 
’ Breit, Hull, and Gluckstern, Phys. Rev. 87, 74 (1952) 


* See for example L. I. Schiff, Quantum Mechanics (McGraw 
Hill Book Company, Inc., New York, 1949), first edition, p. 120. 
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If we assume that the neutron transfer takes place 
at D, the distance of closest approach of the incoming 
trajectory, and that D is the same for the smoothly 
joined outgoing trajectory, the two orbits differ by 12 
units of angular momentum at 6=60 deg (c.m.). These 
twelve units of angular momentum cannot be accounted 
for by the spin changes in the nuclei following the 
reaction. Therefore, it may be concluded that smooth 
joining of orbits at D is not a good description of the 
trajectories. 

The histogram in Fig. 3 must be regarded as a sum 
of differential transfer cross sections leaving the residual 
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Mg” in various states of excitation. This experiment 
should be repeated with greater energy and angular 
resolution to determine the angular distributions of the 


transfer reaction going to individual states of Mg*® 
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The gamma rays and electrons of fission-product europium (Eu', bu’, and Eu!) have been studied, 


and the results obtained for Eu! are presented, Gamma rays belonging to this isotope have been identified 


at 0.1229 Mev (35°7), 0.2480 Mev, 0.593; Mev (4%) 
Mev (21%), 0.758 Mev (<3.5%), 0.875; Mev (13% 


, 0.694, Mev (<3.5°7), 0.705, Mev (< 


3.59%), 0.724, 


), 0.998, Mev (14%), 1.007 Mev (17%), 1.277 Mev 


(42%), and ~1.6 Mev (~3%). Beta end points of Eu! were measured at 1.85, 0.87, 0.59, and 0.25 Mev 
Multipolarities for most of the above gamma-ray transitions have been suggested on the basis of the meas 
ured K-shell conversion coefficients. The decay scheme of Eu'™ has been deduced, and, in most respects, 
the resulting levels of Gd'™ conform well with the Bohr-Mottelson unified nuclear model and with other 


even-even nuclei in the strong-coupling regions 


INTRODUCTION 


UROPIUM-154 was first produced in 1938 by 

Scheichenberger,' using a neutron-capture reaction 
on natural europium, It decays principally by electron 
emission, with a half-life given by Karraker ef al.’ as 
16+4 years. A number of studies*"' have been made 
of the gamma-ray and electron spectra of this isotope ; 
however, the results are rather confusing. This is 
probably because Eu'™ has been made together with 
13-year Eu'’ (natural europium is about an equal 


mixture of Eu! and Eu'), and owing to similarity of 

t This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

' Scheichenberger, Anz 
KI. 75, 108 (1938) 

* Karraker, Hayden, and Inghram, Phys. Rev. 87, 901 (1952) 

+E. L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) (1954 

*Cork, Keller, Rutledge, and Stoddard, Phys. Rev. 77, 848 
(1950). 

> Huus, Bjerregaard, and Elbek, Kgl 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956) 

*M. R. Lee and R. Katz, Phys. Rev. 93, 155 (1954) 

? Dubbey, Mandeville, and Rothman, Phys. Rev. 103, 1430 
(1956) 

® Cork, Brice, Helmer, 
II, 2, 16 (1957). 

* B. Andersson, Proc. Phys. Soc. (London) A69, 415 (1956) 

 F, Boehm and E. N. Hatch, Nuclear Data Cards (National 
Research Council, Washington, D. C.), No. 57-1-95, 1957 

"A. W. Sunyar, Phys. Rev. 98, 653 (1955). 


Akad. Wiss. Wien, Math 


naturw 


Danske Videnskab 


and Sarason, Bull. Am. Phys. Soc. Ser 


difficult 
to assign transitions with certainty to either isotope. 
As will be seen, this difficulty was not encountered in 
the present study. 

Irom the studies made of Eu'™, the following infor 
mation seems clearly established, A 123-kev gamma ray 
has been observed both from the decay of Eu'™,** and 
from Coulomb excitation of Gd!™.® Andersson® meas 
ured the energy of this gamma ray to be 123.54+0,09 
kev, whereas Boehm and Hatch" reported this energy 
123,07 kev. Sunyar' observed that the level 
giving rise to this transition has a half-life of 1.2*10~° 
second, which he used to classify the gamma ray as £2 
The transition probabilities calculated from Coulomb 
excitation® and from Sunyar’s" lifetime measurements 
agree within experimental accuracy. Huus et al.® meas 
ured the K/L ratio for this transition to be 1.0. Many 
higher energy gamma rays and beta end points have 
been reported, but, as has been mentioned, the agree 
ment among these data has been poor. By observing 
the microwave paramagnetic resonance hyperfine struc- 
ture, Kedzie et al."* have recently determined the spin 
of Eu'™ to be 3 and the magnetic moment to be 2 nm. 

The europium used in this study was prepared by 


the decay schemes and half-lives, it has been 


to be 


' Kedzie, Abraham, and Jeffries, Bull. Am. Phys. Soc 
1, 391 (1956) 
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irradiating plutonium for about two years in the 
Materials Testing Reactor at Arco, Idaho. In this 
manner, Eu'™ was produced principally from neutron- 
capture reactions on the fission products and, because 
of the absence of Eu’, no Eu'® was made. In order to 
separate europium from the plutonium and from the 
many fission products, the following chemical procedure 
was used, The sample, contained in an aluminum ring, 
was dissolved in a NaOH—NaNO,; solution. This 
procedure left the actinides and lanthanides (and many 
other fission products) as precipitates, but dissolved the 
aluminum ring. The precipitate was then dissolved in 
hydrochloric acid solution and the actinides and 
lanthanides reprecipitated as fluorides, separating them 
from most of the other fission products. The fluoride 
precipitate was dissolved in boric acid, and the lantha- 
nides and actinides reprecipitated with the addition of 
hydroxide. This precipitate was treated with hydro- 
chloric acid solution and evaporated almost to dryness. 
A 10.5M solution of LiCl was used to dissolve the 
residue, and the solution was passed through a column 
of Dowex A-1 anion resin maintained at 80°C. The 
lanthanides came through this column almost immedi- 
ately, whereas the actinides were held up for some time. 
The lithium was removed from the lanthanides by 
precipitating the latter as hydroxides and then redis- 
solving the precipitate in hydrochloric acid. To separate 
the europium from the other lanthanide elements, the 
material was placed on a column containing Dowex-50 
cation resin and maintained at 80°C. The lanthanides 


TaBLe I. Electron lines from Eu'™ decay. 


Transition 
energy” 
(kev) 


Intensity 
(double 
focusing) 


Intensity* 
(permanent 
(kev) magnet) 


72.67 vvvs 100 K 
114.52 vs Ly 
115.10 vvs $109 Li 123.04 
115.65 vVvs Lin 122 9 | 
121.1 ms 18.9 VU 123.0 
122.6 wm + N 123.0 
197.7 wm 3.1 247.9 
239.6 1.2 248.0 
543.1 d f K 593.3 
643.6 d 0.55 ‘ 694.1 
685.6 d / f 694.0 
655.6 d j 705.8 
697.4 d 705.8 
703.8 d 705.7 
674.7 d 724.9 
716.4 d 724.8 
722.6 d 724.5 
708.7 d 758.9 
825.1 d 875.3 
867.0 d 875.4 
948.0 d 998.2 
990.2 d . tee 998.6 
956.7 d 0.39 1006.9 
998.8 d 1007.2 

1226.5 d 1276.7 


1268.4 d 1276.8 


Klectron 


energy Cony Vi 


~y 
shell (kev) 


122.9 
122.9 
122.9 


247.9 


593.3 
694.1 


705.8 
0.31 724.9 


758.9 
875.3 


0.08 
0.40 


0.15 998.2 


1006.9 


1276.7 


0.37 


SAS a th me 


*v very, 6 =strong, m ~moderate, w ~ weak 
» Errors estimated to be 40.1% 

* Film too black to read 

4 Film too light to read 
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were then eluted in an ammonium alpha-hydroxyiso- 
butyrate solution, which brought them off the column 
individually, in order of decreasing atomic number. 
To insure complete separation, the europium fraction 
was passed through a second “isobutyrate column.”’ 
From the purified europium solution samples were 
prepared for analysis of the electron spectrum by 
electrodeposition onto a platinum wire of 0.010 inch 
diameter. The samples for the gamma-ray studies were 
evaporated to dryness on 0.006-inch-thick aluminum 
plates. 

Europium samples from two separate plutonium 
irradiations were used in this work. Both samples gave 
the same results, with the exception that the low-energy 
gamma rays of Eu'®® were found to be less intense in 
the first sample, which had been out of the reactor for 
three to four years. This is sufficient time for an 
appreciable decay of two-year Eu'® to occur. The 
second sample was mass analyzed and the following 
constituents reported: Eu'®, 6.5%; Eu, 15.2%; 
Eu'®, 78.9%; Eu'™, <0.1%. The Eu'® was below the 
limit of detection of the mass analysis, and there was 
no evidence for its presence in the gamma-ray or 
electron data. 


EXPERIMENTAL 


The conversion-electron and beta-ray spectra of Eu'™ 
were studied on two types of instruments. The first of 
these was four 180° permanent-magnet electron spectro- 
graphs described previously by Smith and Hollander.’ 
These instruments were used principally to measure 
the conversion-electron energies with high precision. 
The conversion-electron lines were recorded photo- 
graphically on glass-backed Eastman no-screen x-ray 
plates having an emulsion thickness of 25 microns. The 
resolution (full width of a peak at one-half its maximum 
height) of these spectrographs in the present experi- 
ments was about 0.1%. The lowest-energy transition 
from the conversion electrons was measured on this 
instrument to be 122.9 kev, compared to 123.07 kev 
from the bent-crystal spectrometer measurements." 

Measurements of the electron spectrum of Eu'™ were 
also made, using a double-focusing semicircular mag- 
netic beta-ray spectrometer having a radius of 25 cm." 
The focused electrons were detected by a thin-window 
Geiger counter in this instrument with a resolution of 
about 0.5%. The relative intensities of the conversion 
electrons were determined with considerably more 
accuracy with this instrument than on the permanent 
magnets, and it was also possible to investigate the 
high-energy beta end points. 

The conversion-electron data taken on these instru- 
ments are summarized in Table I. The energy measure- 


 W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

4G. D. O’Kelley, University of California Radiation Labora- 
tory Report UCRL-1243, 1951 (unpublished). 

'* T. O. Passell, University of California Radiation Laboratory 
Report UCRL-2528, 1954 (unpublished) 
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Tas Le II. Gamma-ray and coincidence abundances. 


Abs. 
abund. 
(coinci- 

dence 
with 
1.0 
Mev) 


Rel. 
abund. 
(coinci- 

dence 
with 

0.73 

Mev) 


Rel. 
abund. 
(coinci- 
dence 
with 
0.123 
Mev) 


dence 
with 
1.28 
Mev) 


0.20 
tee 0.40 
0.12> x° 
0.34 


Ey Rel. 
(Mev) abund 


0.040 ++f 
0.123 (1.00) 
0.60 0.2 
0.75 0.70 
0,88 0.39 
1.00 0.0 
1.28 1.20 
~1.6 0.09 


0.1 

0.29 
0.35 (0.37 x 
0.50 0.39 x 
(1.20) x x 


« .--+ indicates either no data or an ambiguous result 
>» Absolute abundances given in photons per ‘‘gate’’ photon 
¢ x indicates no coincidence. 


ments are from the permanent-magnet spectrographs, 
and the limit of error on these energies is expected to 
be 0.1%. The qualitative relative-intensity data from 
the permanent magnets are given in columns 2 and 3, 
whereas the numerical values from the double-focusing 
spectrometer are listed in column 4. The errors associ- 
ated with the relative-intensity data taken on the 
double-focusing spectrometer are estimated to be about 
20%. The assignment of the lines in Table I is straight- 
forward, and, as will be seen, is in good agreement with 
the gamma-ray and coincidence data (Table II). 

In addition to the electron lines, it was possible to 
determine beta end points at 1850, 870, 590, and 250 
kev, although at the lower energies the resolution of the 
Fermi-Kurie plot was not very good. The reason for 
this is not clear; however, it might be at least partially 
explained if the above beta groups had forbidden rather 
than allowed shapes. It will be shown that the log ft 
values for these transitions are all around 10 or larger. 
Because of these uncertainties, and others which will 
be discussed later, it was not possible to obtain reliable 
relative intensities for any of the beta groups. 

To study the gamma-ray spectrum of Eu'™, a 
Nal(TI) crystal coupled to a 50-channel pulse-height 
analyzer was used. A resolution (full width of a peak at 
half-maximum, divided by the energy of the peak) of 
about 8% was obtained for the 661-kev gamma ray of 
Cs’, For coincidence work the 50-channel analyzer 
could be gated with the output of a single-channel 
analyzer, which analyzed the spectrum of a second 
Nal(Tl) crystal. A resolving time (27) of about two 
microseconds was used in these experiments. This 
equipment has been described in detail elsewhere.'* 
Counting-efficiency'’ and escape-peak'® corrections for 
the Nal crystal have been applied to all the gamma-ray 
intensities considered. 


SF. S. Stephens, Jr., University of California Radiation 
Laboratory Report UCRL-2970, 1955 (unpublished). 

'7M. I. Kalkstein and J. M. Hollander, University of California 
Radiation Laboratory Report UCRL-2764, 1954 (unpublished). 

'®P. Axel, Brookhaven National Laboratory Report BNL-271, 
1953 (unpublished ) 
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A portion of the gamma-ray spectrum of Eu'™ is 
shown in Fig. 1(a). The resolution of this region into 
five gamma rays is also indicated, and was made, 
using the peak shapes measured for the following single 
photopeaks: Cs"*’, 0.661 Mev; Mn, 0.84 Mev; Bi®’, 
1.063 Mev; Na™, 1.277 Mev. The resolution of the 
gamma ray at 0.60 Mev is not very reliable, and its 
relative intensity is particularly uncertain owing to the 
low abundance of this peak and the large amount of 
Compton radiation beneath it. There is a slight indi 
cation of a peak around 1.1 Mev; however, its intensity, 
both in the gamma-ray spectrum and in the coincidence 
work, was too low for careful study. Other gamma rays 
in the sample at 0.12, 0.25, and ~1.6 Mev were ob 
served and assigned to Eu'*, The low-energy gamma 
rays of Eu'®® were also present. Table II lists the best 
energies and relative intensities of the Eu'* gamma rays 
An intensity of the 0.25-Mev gamma ray was not 
obtained, owing to the fact that a backscattering peak 
from the higher energy gamma rays is expected at 
about this energy, and it-was not certain how much of 


this peak was caused by true nuclear 0.25-Mev photons 
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Fic. 1. (a). Gamma-ray spectrum of Eu! in the region 0.5 
to 1.4 Mev. (b). Spectrum in coincidence with the 0.12-Mev 
photons of Eu’ 
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Vic. 2, Gamma-ray spectrum in coincidence with the 
1.28-Mev photons of Eu'™ 


The peak at ~ 1.6 Mev was probably not a single peak, 
and the intensity listed is a maximum intensity for 
radiation in this energy region. The relative intensities 
listed are the average of four determinations, and from 
the reproducibility of these results it is estimated that 
they should be accurate within 10 to 15% 

The gamma-ray spectrum in coincidence with the 
0.12-Mev photons is shown in Fig. 1(b). Its resolution 
is also indicated, and the relative abundances of the 
peaks are given in Table II. The intensity of the 
1.28-Mev peak has been normalized to the value from 
the gamma-ray spectrum. The intensities listed are the 
averages of two determinations, and again are expected 
to be good to 10 to 15%. It should be added that in 
these measurements the coincidence rate due to the 
Compton-scattered radiation beneath the 0.12-Mev 
peak was determined by setting the gate just above 
this peak and running for an equal length of time 
This small contribution was then subtracted from the 
total coincidence curve 

Coincidences among the higher energy gamma rays 
were complicated by the fact that beneath each photo 
peak (except the one at 1.28 Mev) there is a large 
amount of Compton-scattered radiation from the 
gamma rays of still higher energy. For this reason, 
some of the relative intensities measured were not 
meaningful and, in a few cases, uncertainties arose as 
to whether a coincidence did or did not exist. The 
results of some of these measurements have been 
included in ‘Table I. Inconclusive measurements have 
been indicated by three dots (.--), whereas an a 
indicates that there was definitely no coincidence. Only 
relative intensities were obtained from the spectrum in 
coincidence with the 0.73-Mev gamma ray, and in this 
case the intensity of the 0.88-Mev peak was normalized 
to the average intensity of this peak from the preceding 
two columns. 

From a knowledge of the ‘‘gate’”’ counting rate and 
the solid angle subtended by the “‘signal’”’ Nal crystal, 
it was possible to obtain absolute intensities for the 
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radiations in coincidence with the 1.00- and 1.28-Mev 
gamma rays. In the case of the 1.28-Mev gate, a 
subsequent run was made with the gating energy just 
above the 1.28-Mev peak, and both the coincidences 
and the “gates” from this run were subtracted from 
those of the true 1.28-Mev coincidence measurement. 
The resulting spectrum is shown in Fig. 2, and it is 
seen that only the 0.12-Mev gamma ray and a peak at 
0.04 Mev are present. The latter peak is almost un- 
doubtedly gadolinium K x-rays. The intensities of 
these two peaks per 1.28-Mev gate are given in Table 
II. In order to obtain absolute intensities of the gamma 
rays in coincidence with the 1.00-Mev photons, it was 
necessary to subtract from the gate-counting rate those 
counts that were due to Compton-scattered radiation 
from the 1.28-Mev gamma ray. This was accomplished 
by assuming the same ratio of Compton-scattered 
radiation at 1.00 Mev to photopeak height at 1.28 Mev 
for Eu'™ as was measured by using a Na” source. Both 
sources were on 0.006-inch aluminum plates and the 
geometrical conditions were as nearly identical as 
possible. Since the 1.28-Mev gamma ray of Eu'™ was 
found not to be in coincidence with any radiation 
above 0.12 Mev, it was safe to assume that the Compton 
radiation beneath the 1.0-Mev peak did not contribute 
to the high-energy coincidence-counting rate. 
Beta-gamma coincidences were measured also; how- 
ever, owing to the many beta components present, 
these measurements were not very helpful. It was 
possible to show, however, that the very highest energy 
beta particles were in coincidence with the 0.12-Mev 
gamma ray in an intensity of about 0.4 per beta particle. 


Decay Scheme 


The level scheme of Gd'™ is readily deduced from the 
precise gamma-ray energies and the coincidence data. 
It is shown in Fig. 3. The energy sums all agree to 
within 0.1%. The gamma-ray and coincidence data 
will presently be shown to be in good agreement 
quantitatively with this decay scheme. Only two gamma 
transitions seen on the permanent magnets have not 
been placed in Fig. 3. These are the 0.694;-Mev and 
the 0.705s-Mev gamma rays. It is interesting that their 
sum is 1.399, Mev, which is well within the limit of 
error of the 1.400-Mev level; however, there does not 
seem to be sufficient evidence to place them in the decay 
scheme at present. It will be seen that there is no 
evidence that an appreciable number of 0.694-Mev 
photons are present in the gamma-ray spectrum, which, 
considering the large electron intensity in Table I, is 
somewhat surprising. 

It is possible to calculate a K-conversion coefficient 
(ax) for the 0.12-Mev transition from the spectrum in 
coincidence with the 1.28-Mev gamma ray, which is 
shown in Fig. 2. If a K-fluorescence yield” of 0.93 is 


PR. Gray, Phys. Rev. 101, 1306 (1956). 
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used for gadolinium and if all the K x-rays in 
Fig. 2 are assumed to arise from conversion of the 0.12- 
Mev transition, then ax may be calculated to be 0.54. 
Also, since one would expect each 1.28-Mev gamma ray 
to be followed by one 0.12-Mev transition, a total 
conversion coefficient (ar) of 1.5 can be deduced for 
the 0.12-Mev gamma ray. Hence, from the scintillation- 
counter data alone the ratio ax/ar is determined to be 
0.36. An independent value for this ratio may be 
calculated from the electron data of Table I, if N-shell 
and higher level conversion are assumed to be negligible. 
To within a very few percent, this assumption is almost 
undoubtedly correct, and leads to a ratio, ax/ar, of 
0.44 from the electron data. The agreement between 
the two methods is seen to be reasonably good. Since 
a K/L ratio of 0.9 is readily calculated from the electron 
intensities, an absolute L-conversion coefficient of 0.60 
is obtained by combining the electron and gamma-ray 
data. Theoretical estimates of the K (Sliv”) and L 
(Rose!) conversion coefficients for this energy and 
atomic number for £1, £2, and M1 transitions are given 
in Table III. The transition is clearly £2, in agreement 
with Sunyar’s" conclusion from the lifetime, and with 
the qualitative L-subshell ratios from the permanent 
magnet spectrograph. 

A comparison of the scintillation-counter intensities 
(Table II) with the decay scheme of Fig. 3 is now in 
order. It can be seen from the decay scheme that, of 
the gamma rays resolved in Fig. 1, three are expected 
to decay essentially completely through the 0.12-Mev 
level. These are at energies of 1.28, 0.88, and 0.60 Mev. 
Because the intensity of the 1.28-Mev gamma ray is 
the most precisely measured of these three, it was used 
to normalize the gamma-ray and coincidence relative 
intensity data shown in Table II. When this was done, 
it was noted that the two intensities measured for the 
().88-Mev gamma ray agreed to within about 10%, 
Because the intensities of the 0.60-Mev transitions are 
considerably less accurately known, they are not con 
sidered to be in disagreement with each other. The 
data, then, are consistent, with each of these three 
gamma rays being completely in coincidence with the 
0.12-Mev transition. We next consider the 1.00-Mev 
peak. The electron spectrum shows two gamma rays 
with energies of 1.007 and 0.998 Mev, and this peak is 
expected to include both of them. Of these, the 1.007 
Mev gamma ray is expected to be in coincidence with 


TABLE III. Conversion coefficient of the 0.123-ev transition. 


Hi y Mi Experimental 


K 0.14 0.54 
b 0.02 0.2 0.60 
Total 0.17 1.4 1.5 


*” L. Sliv (privately circulated tables) 
"1M. E. Rose (privately circulated tables) 
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lic. 3. Decay scheme of Eu'™ 


the 0.12-Mev transition, whereas the 0.998-Mev gamma 
ray is not. Thus, the 0.50 measured as the relative 
intensity of the 1.0-Mev peak in the spectrum coinci 
dent with 0.12-Mev photons must be due to the 1.007 
Mev gamma ray; and the residual intensity of 0.40 
should be attributed to the 0.998-Mev gamma ray 
This may be checked by considering the spectrum in 
coincidence with the 0.73-Mev photons. This spectrum 
should include the 0.875- and 0.998-Mev gamma rays 
in their true relative intensity, and should include no 
1.007-Mev photons. Accordingly, the intensity of the 
0).88-Mev gamma ray in this spectrum (column 3, 
Table IL) was normalized to the average intensity of 
this transition in the other two measurements, and an 
intensity of 0.39 was obtained for the 0.998-Mev gamma 
ray. This is in good agreement with the value of 0.40 
arrived at independently above. Considering now the 
0.725-Mev transition, we note that of the coincidences 
with the 1.00-Mev peak, only the 0.998-Mev photons 
are preceded by a 0.725-Mev gamma ray, while only 
the 1.007-Mev photons are preceded by a 0.60-Mev 
gamma ray. As the the two 
components of the 1.0-Mev peak are now known, the 
absolute-intensity data in Table Il may be corrected 
to the following: 78% of the 0.73-Mev photons per 
(0),998-Mev gate; and 21% of the 0.60-Mev photons per 
1.007-Mev gate. The total intensity of the 0.725-Mev 


relative intensities of 
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Taste IV. Gamma-ray and electron absolute abundances and multipolarity assignments. 


y tay K electron 


k abs abs. abun 
Y 


abun ax(Exp.) ak (Ei) 


0.35 (0.19) (0.54) 


0).0068 


0.123 
0.248 
0.593 
0.694 
0.706 
0.725 
0.759 
0.875 
0.99% 
1.007 
1.277 
-~~1.6 


0.04 
<0.03, 
0.21 
<0,03, 
0.13 
0.14 
0.17 
0.42 
0.03 


1.010 >2.9K 10 
> 1.910 
2.810" 
>5 X10, 
5.8x10°% 
2.110 
44X10 
1.710" 7 


5.9K 10 
1.610 
7.6X%10 
2.910 
74X10 
70K%10 


1.410 
1.110 
x10 


* Theoretical K-conversion coefficients of Sliv, reference 20 
» From K/L conversion-electron rat! 


gamma ray is then expected to be 78% of the combined 
intensity of the 0.88- and 0,998-Mev transitions, or, 
relative to the numbers in Table II, 0.60. An inde 
pendent maximum intensity for the 0.725-Mev tran 
sition may be obtained from the intensity of the 0.73 
Mev peak in coincidence with the 0.12-Mev photons 
This peak will contain at least the 0.725- and the 
0.759-Mev gamma rays, but by considering the 0.759 
Mev intensity to be negligible, we may calculate a 
maximum intensity for the 0.725-Mev gamma ray. It 
is necessary to increase the relative intensity of 0,29 
from ‘Table II by the ratio of total radiation from the 
0.998-Mev level to 0.88-Mev radiation, since only the 
fraction of the 0.73-Mev photons which are followed 
by the 0.88-Mev gamma rays are subsequently followed 
by a 0.12-Mev transition. This ratio has been deter- 
mined to be 2.1, giving a total maximum intensity of 
0.60 for the 0.725-Mev gamma ray. A second upper 
limit on the intensity of the 0.73-Mev gamma ray is 
the total intensity of radiation in this energy region 
observed in the gamma-ray spectrum, From ‘Table II, 
this upper limit is 0.70. Thus, a measured value and 
two upper limits on the intensity of the 0.725-Mev 
gamma ray have been determined to be 0.60, 0.60, and 
0.70, respectively. Within the limits of error of the 
measurements, these numbers probably do not differ. 
This is taken to indicate that the gamma rays of 0.705, 
0.694, and 0.759 Mev are all weak compared to the 
().725-Mev transition, the abundance of which, relative 
to the numbers in Table LI, is about 0.6. In addition 
to the two values for the relative intensity of the 
0.60-Mev gamma ray listed in Table II, a third and 
may be calculated by 
Mev transition is pre 
¢ of the time. Consider 
is negligible 


probably more accurate value 
using the result that the 1,007 
ceded by a 0.60-Mev photon 21° 
ing that the 0.759-Mev_ transition 
intensity compared to the one at 1.007 Mev, an abun- 
dance of 0.11 is obtained for the 0.60-Mev transition. 


ol 


This is in reasonable agreement with the 0.1 and 0.2 
listed in Table II for this transition. 
The relative intensities in Table II and those derived 


Probable 
multipolarity 


ax (£2) ak (M1) 


See Table III 


M2 or higher 


4.9XK10°* 9 X<10-3 24X10? 
El, E2 

M1, £2, or higher 
M1 

E2 

V1 

M1, E2, Mi—E2 


1.510 
1.0K10°2 
5.710 


3.3K 10™ 
24X10 
1.5X10% 


5.8X 10% 
4.2XK10™% 
2.4K 10 


in the preceding discussion may be converted into 
absolute intensities in the following manner. The beta- 
gamma coincidence measurements showed that the 
very highest energy beta particles were in coincidence 
with about 0.4 of the 0.12-Mev photons. Using the 
conversion coefficient of 1.5 determined for the 0.12- 
Mev transition, this result indicates that the highest 
energy beta particles measured are all in coincidence 
with the 0.12-Mev transition. Direct beta population 
of the ground state is thus shown to be small compared 
with population to the 0.12-Mev level, which, itself, 
will presently be shown to be only around 5%. From 
the decay scheme in Fig. 3, it is seen that only two 
gamma transitions terminate at the ground state. These 
are at energies of 0.998 and 0.123 Mev, and together 
must carry all the beta decay, since there is no appreci- 
able direct beta population of the ground state. Using 
the sum of these transition intensities to determine the 
beta-decay rate, the absolute gamma-ray intensities 
listed in Table IV were calculated. The limits on the 
0).694-, 0.705-, and 0.756-Mev gamma rays were ob- 
tained by concluding from the discussion of the pre- 
ceding paragraph that none of these is over 15% as 
large as the 0.725-Mev gamma ray. From the measured 
K-conversion coefficient of 0.54 for the 0.12-Mev 
transition, the absolute electron intensities can also be 
calculated, and these are listed in column 3 of Table IV. 
The resulting K-conversion coefficients, together with 
the theoretical values of Sliv and the probable multi- 
polarity of the gamma rays, are also included in ‘Table 
IV. The limits of error on the conversion coefficients are 
expected to be about 20 to 30%. Because a 50% error 
would be sufficient to change the multipolarity assign- 
ment in many cases, the assignments made in Table IV 
should be considered somewhat tentative. However, 
for the most part the agreement with the theoretical 
values is good, and there is no evidence to indicate 
that any assignment is incorrect. 

From the gamma-ray intensities in Table IV and 
the decay scheme shown in Fig. 3, it is possible to 
reconstruct the beta spectrum. The population to the 
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1.724-Mev level is simply the sum of the intensities of 
the 0.60-, 0.725-, and 1.6-Mev gamma rays, or about 
28%. Similarly, the population to the 1.400-Mev level 
is just equal to the intensity of the 1.277-Mev transition, 
or 42%. For the 1.130- and 0.998-Mev levels, it is 
necessary to add together the intensities of the gamma 
rays de-exciting each of these levels and subtract from 
this sum the intensity of the photons populating the 
level. The difference must be accounted for as direct 
beta population, and turns out to be 13 and 6%, 
respectively, for these levels. In this calculation the 
0.759-Mev gamma ray has not been included, because 
its measured intensity is only an upper limit. It should 
be pointed out that the low-intensity beta groups, both 
those mentioned above and those which will be men- 
tioned below, result from differences between rather 
large gamma-ray intensities, and hence have large 
limits of error associated with them. If the intensities 
of all the gamma rays populating any of the three 
lowest levels are summed, a total of about 88% of the 
beta transitions is accounted for. This implies that 
around 12% of the beta population goes directly to the 
three lowest levels. It has already been shown that the 
ground state receives essentially no direct population, 
so that the 12% must be divided between the 0.123 
and 0.371-Mev levels. There are not sufficient data to 
determine unambiguously how this 12% is distributed ; 
however, the following argument may be made. The 
0).248-Mev gamma ray is very likely electric quadrupole, 
in agreement with the rotational model of Bohr and 
Mottelson.” If this is so, one may calculate from the 
intensity of the K electrons of this transition and the 
theoretical K-conversion coefficients of Sliv” that the 
gamma ray should have an abundance of 8 or 9%, 
Somewhere between 1 and 3% of this probably comes 
from gamma-ray rather than direct beta population of 
the 0.371-Mev level. This leaves 5 to 8% for direct 
beta population, which in turn leaves 4 to 7% for 
direct population to the 0.123-Mev level. The highest 
energy portion of the beta spectrum was re-examined 
to see whether the Fermi-Kurie plot was consistent 
with the above conclusions, and it was found that the 
population to the 0.371-Mev level could be anywhere 
from zero to almost equal the amount going to the 
0.123-Mev level. Thus, there is no inconsistency, with 
the highest energy beta groups populating the 0.123 
and 0.371-Mev levels almost equally. Table V summar- 
izes the beta groups and lists the logft value for each 
group. The total beta-decay energy of 1.99 Mev was 
obtained from the 0.59- and 0.25-Mev beta groups and 
the levels which they populate at 1.400 and 1.723 Mev, 
respectively. 

The spin and parity assignments shown in Fig. 3 are 
rather easily deduced. The parity of all the states 
except the one at 1.723 Mev must be even (+), since 


2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab 


Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


Pas_e V. Beta groups of Eu'™ (indirect) 


Energy (Mev) Abundance (%) log/t 


0.25 8 
0.59 42 
3 


$ 9.0 
t 

(0.86) 34 
t 
t 


10.0 
11.0 
11.6 
12.5 
12.9 


(0.99) ( 
(1.62) ) 
(1.87) 6 


the transitions are all either M1 or £2. Since it was not 
possible to decide between £1 and £2 for the 0.725-Mev 
gamma ray, the 1.723-Mev level could have either even 
or odd parity. The spin of the 0.123-Mev level is cer 
tainly two, since the 0.123-Mev transition has been 
shown to be £2, The spin and parity of the 0.371-Mev 
level are ouly tentative, but are assigned on the basis 
of the Bohr-Mottelson rotational theory” and the 
absence of the crossover transition to the ground state. 
The £2 character of the 0.998-Mev gamma ray fixes 
the spin of the 0.998-Mev level at two. The suggested 
spin of the 1.130-Mev level will be considered in the 
following section. 


Discussion 


Gd! with 90 neutrons, lies just within the region of 
the rare earth elements where the Bohr-Mottelson®” 
collective nuclear model is applicable. It has been 
shown that a rather sudden change from the transition 
region into the strong-coupling region occurs between 
neutron numbers 88 and 90.” ‘This shift is readily 
observed in the first excited-state energies of Gd'™ and 
Gd'™, which are 344 kev™ and 123 kev,” respectively. 
Because Gd'” is at the very edge of the strong-coupling 
region, it would not be surprising to find deviations 
from the rotational formulas of Bohr and Mottelson,” 
and such deviations are easily noticeable. For example, 
using the formula 


E=(h?/29)1(1+1), 


which gives the energy, E, of a rotational state as a 
function of the spin of the state, 7, we may use the 
energy of the 2+ state to fix the value of the moment 
of inertia, 9, and then calculate the eneryy of the 44 
state to be 412 kev. This is about 11% larger than the 
experimental value. For nuclei in a comparable position 
in the strong-coupling region of the heavy elements, 
these corrections run as high as 23%.*° The above value 
of 11%, therefore, is not particularly disturbing. 

The levels at 0.998 and 1.130 Mev are quite inter 
esting. The spin of the 0.998-Mev level is very likely 
2+, as has been discussed. If the moment of inertia 
were the same as for the ground-state rotational band, 
the 34 

4“ (5. Scharff-Goldhaber and J. Weneser, Phys 
(1955) 

*%(), Nathan and M 
(1956/57) 

% F. Asaro and I. Perlman, Phys. Rev. 104, 91 (1956) 


member of the rotational band based on this 
Rev. 98, 212 


A. Waggoner, Nuclear Phys. 2, 548 
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level would be expected to be about 124 kev higher in 
energy. The 1.130-Mev is 131 kev higher in 
energy, and, furthermore, the decay of this level to the 
24 44+ members of the ground-state band is 
consistent with its having a spin of 34+. For these 


reasons the two levels at 0.998 and 1.130 Mev are 


level 


and 


tentatively considered to be members of a rotational 


band with spins 24+ and 3+, respectively. This situ 


ation appears to be very similar to the levels in Pu®* 
populated by the beta decay of Np™*.”*? 
two levels about 1 Mev above the ground state were 
observed, and were assigned spins 2+ and 3+. From 
the radiations from these levels in Pu™* (which are all 


7 In this case 


E2) it was possible to deduce that K, the projection of 
the spin on the nuclear symmetry axis, was two for 
these levels. This, in turn, led to the suggestion that 
this rotational band might represent the gamma vibra 
tional band predicted by Bohr and Mottelson to have 
these properties. The present case differs from Pu™* in 
that all the radiations from these levels do not seem to 
be £2. This could perhaps be due to the fact that Gd'™ 
is on the very edge of the strong-coupling region, 
whereas Pu™* is well within this region in the heavy 
elements. Another possibility which should not be 
entirely discounted is that the multipolarity assign 
ments are not correct. As was mentioned, the limits of 
error are sufficiently large that the assignments are 
considered to be only probable and not certain. How 


5 


ever, the similarity of the two bands, and the obser 


** Rasmussen, Slitis, and Passell, Phys. Rev. 99, 42 (1955) 
77 Rasmussen, Stephens, Strominger, and Astrém, Phys. Rev 
99, 47 (1955) 
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vation of apparently analogous levels in other heavy 
element and rare-earth even-even nuclei suggest that 
such bands may occur systematically throughout both 
strong-coupling regions. 

One rather puzzling aspect of the Eu'™ decay scheme 
shown in Fig. 3 is that of the large log ft values calcu- 
lated for the beta transitions. The transitions to the 
ground-state rotational band of Gd'™ have log ft values 
between 12 and 13; this is perhaps understandable in 
that, while A/ is only one, AK is quite likely three for 
these transitions. Hence, insofar as K is a good quantum 
number, these transitions would be second or higher 
forbidden. For the beta transitions leading to the 0.998- 
and 1.130-Mev levels, however, no such reason is 
evident. Here A/ is probably one and zero respectively, 
and AK is probably one for both transitions. Depending 
on the parity of Eu’, these should be allowed, or first 
forbidden, transitions, and yet the log/t values are 
around 11. Since the spins of the other levels in Gd'™ 
are not known, expected log ft values cannot be esti- 
mated ; however, with a spin of Eu'™ as low as 3, it is a 
little surprising that the smallest log ft value observed 
is 9 
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The phenomenological theory of the deuteron charge distribution is discussed. Finite nucleon sizes are 
included, The theory is applied to the deuteron quadrupole moment, the low-energy photonuclear reaction 
y+d-+n+ p, and elastic electron-deuteron scattering. It is shown that these phenomena can be given a 
consistent phenomenological treatment under the simplest assumptions 


I. INTRODUCTION 


ECENTLY a number of authors have commented 
on the effects which finite nucleon sizes would 
have on the interpretation of electromagnetic experi- 
ments with the deuteron.’ The purpose of this note is to 
indicate that these statements can be put together to 
give a consistent picture of the size of the deuteron’s 
charge distribution under the simplest assumptions. In 
addition we shall point out that the usual interpretation 
of the low-energy photoeffect reaction y+d—-n-+ p and 
the quadrupole moment are not modified when nucleon 
sizes are considered. 
Our starting point is the assumption that it is 
approximately correct to take for the charge density 
of the deuteron 


Waltn,t,)dr,dr,, (1) 


put’) =f valtasts)*o0 y r’ 


where p»(|rp—r’|) stands for the charge density of the 
proton, measured from its center of mass and Wa is the 
phenomenological deuteron wave function which is 
written in detail as 


Wal Tn, p) 


otk (tnt, 
Ui 
(4)! 


. 


«x W ( 


ik + (fatty) /2 


dal Ty 


e 
m 


rp)X1 
(49)! 


with x1” denoting’ the triplet spin function and 


Snp(T) 


1'V. Z. Jankus, Phys. Rev. 102, 1586 (1956); J. A. McIntyre, 
Phys. Rev. 103, 1464 (1956); J. A. McIntyre and S. Dhar, Phys 
Rev. 106, 1074 (1957); Yennie, Lévy, and Ravenhall, Revs 
Modern Phys. 29, 144 (1957); J. S. Levinger and M. Rustgi, 
Phys. Rev. 106, 607 (1957), and private communication; L. L 
Foldy (to be published 


Several observations should be made in connection 
with the use of Eq. (1) to describe the deuteron’s charge 
density 

First, by omitting a charge density function for the 
neutron we have supposed it to be a point neutral 
particle. This is almost certainly not the case. However, 
the electron-neutron scattering experiments’ show that 
(r.7)4, the second moment of the neuron’s charge dis 
tribution is zero to within experimental error. In the 
work of this note we shall never need to discuss higher 
moments of the nucleon distributions and hence we 
have omitted a possible neutron form factor in Eq. (1) 

Second, for p,({\r'!) we shall take the form factor 
which is measured in the elastic scattering experiments 
of electrons from free protons.’ This means that we 
shall ignore the effects of binding on the proton’s 
structure and treat it as if it were rigid in the deuteron 
the 


This is approximately correct in that average 


nucleon separations in the deuteron are larger than the 


3 cm. In a 


m-meson Compton wavelength 1.410 
fundamental theory the proton size and the deuteron 
binding, both of which arise because of meson emission 
treated on the 


same footing from the start and one would study the 


and absorption processes, would be 


role of the second nucleon in altering the structure of 
the first. The phenomena which we will treat in this 
note are not sensitive to the behavior of the charge 
distribution for small nucleon separation distances and 
hence we should expect a rigid proton picture to be 
satisfactory 

Third, all of the effects of meson exchanges are 
assumed to be taken into account in Eq, (1) by the 
choice of some deuteron wave 
function.’ Again, this is a satisfactory approximation 
only if we treat phenomena which are largely inde 
pendent of the small-distance structure of the charge 
distribution. When we explore the deuteron with y rays 
whose energies are the order of the m-meson rest mass, 
140 Mev, or with electrons undergoing large momentum 
transfers we must expect the effects of meson currents 


phenomenological] 


* Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
1953 
*See the references of Yennie, Lévy 
and critical discussion of this work 
‘ In a previous paper [.J. Bernstein, Phys. Rev. 104, 249 (1956) | 
we have given a treatment of the contributions to 


electron scattering. Further work on this problem is in progress 


and Ravenhall for a full 
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to show up explicitly either by a direct coupling of the 
electromagnetic field with the charged mesons being 
exchanged or by an alteration in the form of coupling 
of the electromagnetic field with the nucleons due to 
the nucleon’s recoil when it emits mesons, charged or 
neutral, or due to the interaction with the meson currents 
around the nucleons which give rise to their magnetic 
moments and charge structure. 

Without an exact theory of the deuteron it is impos- 
sible to set precise limits upon the applicability of Eq. 
(1) in describing electromagnetic interactions with the 
deuteron. There are, however, at least three phenomena 
which should be described by it, (1) the quadrupole 
moment of the deuteron, (2) the low-energy photo- 
effect reaction y+d-—»n-+- p, and (3) small angle elastic 
electron-deuteron scattering. 

In the body of this note we shall show that (1), (2), 
and (3) can be described by Eq. (1), including the effects 
of the finite proton size, in a consistent and simple 


fashion 
II. QUADRUPOLE MOMENT 


‘The quadrupole moment is a measure of the deviation 
of the square of the z component of the proton coor 
dinate (measured from the deuteron center of mass) 
from the square of the distance of the proton from the 
deuteron center of mass, averaged over the charge distri- 
bution, pa(r’). It is customary to take this average in the 
magnetic substate m=1.° 


@) favise” —r’*)p4(r’) (3) 


In the center-of-mass frame, in which R= r,-+1r,=0, 


Eq. (1) becomes 


pa(?’) fortran br—r'| )oa(r)xi"dr, (4) 


where 


f=f,—f,. 


It is now easy to see that the quadrupole moment 
computed with this charge density, Eq. (4), is identical 
to the quadrupole moment which would be computed 
for a point proton [p,(r)=6(4r—1’) | provided that the 
proton’s form factor is taken to be spherically sym- 
metric and normalized to unity when integrated over 
all space. [The proof proceeds by making the substi 
tution y=4r—r’ in Eq. (4) or letting ro =4r—y in 
Eq. (3) and examining the structure of the terms 
involving the proton’s form factor. | Hence the inclusion 
of the finite proton size in Eq. (1) does not change the 
usual interpretation of the quadrupole moment as 
arising simply from the presence of a D-state mixture 
in the deuteron wave function. 


'See R. G. Sachs, Nuclear Theory (Addison-Wesley Press, 


Cambridge, 1953) 
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However, the second moment of the charge dis- 
tribution, 


(ra?) y= fro r’)dr’ 


frst ootanddty+ f 4 |u| 


(9 5?) w+3(7") ms (5) 


contains the proton’s intrinsic mean square radius and 
the mean square nucleon separation distance additively. 
(ra’*) can be given a definite numerical value under 
the following assumptions. 


(a) (rp) = (0.8X 10-" cm)’. 


This is the result of the Stanford analysis of the elastic 
electron-proton scattering data.’ 


(b) 19?) = (1.96 107" cm)’. 


This number comes from a simple calculation previously 
given by the author’: 


“ , 2a 
br) 4, f de? ( 12 4+-W? dr f tre ~-(- ar 
( 0 "OF 4 


. 2a 
f | € to( ) i?—W |r. (6) 
0 1 “Or. 


The first integral yields (1.96K10~-" cm)’, if r,, the 
triplet effective range, is taken to be 1.70K10~-" cm 


and a=0.231K10" cm from the known deuteron 
binding energy. The second integral is almost zero for 
conventional potentials (Hulthén, Blatt-Kalos, Garten- 
haus, etc.) which give wave functions approaching the 
exponential for distances larger than the m-meson 
Compton wavelength. Table I is a list of values of the 
mean square radius computed directly from the wave 
functions associated with these potentials. It is clear 
that the corrections to the effective range number 
are very small for the examples given. On the other 
hand, Newton® has given a class of potentials which fit 
the low-energy neutron-proton scattering data and the 
deuteron binding energy but which make the mean 


Tasie I. Deuteron mean square radii with various 
wave functions 


Wave function (40) ay i in units of 107% cm 
1.948 
1.921 
1.934 
1.993 
1.96 


Blatt-Kalos 
Hulthén 
Gartenhaus 
Brueckner 
Effective range 


*R. G. Newton, Phys. Rev. 105, 763 (1957), and private com 
munication 
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square radius arbitrarily large. These potentials 
cannot be excluded on logical grounds, but if one 
demands that the wave function approach its asymp- 
totic form at distances not significantly larger than the 
meson Compton wavelength, which we shall do, then 
one selects from Newton’s potentials those which make 
the second integral in Eq. (6) negligible, and is led back 
to the value of }(r”)« given in (b). 
Thus under assumptions (a) and (b) 


(ra’*) y= 4.48 X 10776 cm?. 


Below we shall compare this number with some experi- 
mental data. 


III. LOW-ENERGY PHOTOEFFECT 


It is well known that the bulk of the total cross 
section in the low-energy photoeffect (energies up to 
~70 Mev) is due to an electric dipole transition 
between the *S ground state of the deuteron and the 
continuum P states. The transition element is written 


2r\! | ¢. | 
T a= -( ) (0 fire ‘ar'\a), (7) 
k | | 


where j(r’) is the nucleon current, & the photon wave 
number, and e the photon polarization vector. This 
expression can be rewritten by using a sequence of 
identities first given by Foldy’: 


1 
ee”? f {Lv (e-re’’**) |—isl rx (kX e) Je“ "Yds. (8) 
0 


Hence the electric transitions become 


2r\'/ | ¢' 
Tha -( ) () i) ds f ar'j(r’)-w (ere la), 
k 17 


(9) 


We assume that j obeys a continuity equation of the 
general form 

V-j=—iLH po]. (10) 
Here p is the charge-density operator for the deuteron 
and H is the two-nucleon Hamiltonian which includes 
the potential responsible for binding the deuteron and 


which yields the correct continuum wave functions; i.e., 
Ha EWa, Hy, Ew, (1 1) 


where FE, — E4= wr, is the energy of the photon absorbed. 


Using the continuity equation, we can write for Eq. (9): 


2r\! 
oe 
k 
| 
x(o f ds f d'(e-r)op(r r,)e**'! a). (12) 
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[The factor pp in Eq. (12), generalizes the 6 function 
which would be present if we were only considering 
point nucleons. ] 

The ordinary dipole transition is obtained by setting 


e“* *=1, In this case, 74° becomes 


2r\} | 
T ie*” inl ) (° fare r’p,(r ra). (13) 
k 


If we let y=r,—r’ and use the spherical symmetry 
of pp(|7p—?r’ 


JS pp(y)dy=1, we have 


T ta*? 


) as well as the normalization condition 


— twpq(2r/k)*(b\ e-4r,/| a), (14) 


which is just the amplitude for the dipole transition 
without the finite proton size. That the effect of the 
finite proton size will not appear in the limit of infinite 
wavelength photons is intuitively clear and was pointed 
out by Foldy in the paper cited above. In fact, it is 
easy to show that the leading term in which the proton 
size appears will have the form 

(15) 


F.(1 


122 9 
p RR (rs Av)» 


so that, in this case, 
2r\! 
I ta’ tWha (b| e-r,(1— gR (7,7) ) | 2), 
k 


where (r,”)a4 is the proton size and r, the coordinate of 


(16) 


the center-of-charge of the proton. 

Thus the proton size would tend to reduce the photo 
electric cross section for incident photon energies which 
are the order of the m-meson rest mass. However, for 
these energies the static description of the photo 
process implied by Eq. (16) has little or no meaning 
and one must use the full meson theory. 

Nonetheless, there is an important point to be made 
here. One may form various energy moments of the 
total electric-dipole cross section for photodisintegra- 
tion. Of particular interest is the quantity 


, 9 


O ed re (r* ) hw 
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Here, after Levinger,* we have averaged the electric 


(17) 


dipole cross section over the incident photon energy 
spectrum with a 1/w weighting factor. The 1/w enables 
us to relate the average directly to the mean square 
radius as indicated in Eq. (17). It is clear that in this 
average the low energies are emphasized, hence we 
should expect to be able to find 4/7), by substituting 
the experimentally-measured cross section into the 
integral in Eq. (17). This number should be compared 
with (1.96% 107 cm)?, 
(given above) of the deuteron charge distribution with 
a point proton. The effects of the finite proton size are 
of no significance over the energy region which con 
tributes to the integral. The calculation has been done 


which is the mean square radius 


* J. S. Levinger, Phys. Rev. 97, 970 (1955 
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by Levinger and Rustgi and independently by the 
author and the result is 


[ }(y*),, | 1.96 10 4 om, 


with a 3% uncertainty. This is in excellent agreement 
with the effective-range calculation given above. 

We turn next to the discussion of the charge density 
of the deuteron as measured in elastic electron-deuteron 
scattering, 


IV. ELECTRON-DEUTERON SCATTERING 


In the Born approximation the matrix element for an 
electron scattering from an external 4-current 7, can 
be written® 

| 
ti j,(p',p)—jP(R'R), 
i 


(18) 


where 
Yu (h,'- ky) (Pu Pu), (19) 


is the momentum transfer of the electron. Since in the 


Born approximation we neglect modifications of the 


electron’s wave function due to the external current we 
can write for 7 “(k’,k) 


j*(R’,k) 


where the « are the free-particle Dirac spinors and 7“ 
is the Dirac current operator. For small momentum 
transfers, the charge scattering overwhelms the mag 
netic scattering and using Eq. (20), we may write the 
matrix element for electron-deuteron scattering in this 


ieti(k’)y *u(k), (20) 


limit as 


lor eth R 
e(ieyeu) f ye ga* (r)p)( R \r r’ yx” 
q° (dar)! 
ehh | 
KX hal Tv) gn" drdr'dR 


(4ar)! (29)! 


tn 
a aren) fe ppl ty) fe 72 
Ti 


Xx" ba* (e)oale)xi™dedr,, (21) 
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In the laboratory system the differential cross section 
which results from Eq. (21) can be written 


e* cos*(6/2) 
a(9)=—— 


a" . Pr(q) : 
4F°01+ (2E/M) sin*(6/2) } sin*(/2) 


2 
x| , > [ares 2x1” ba* (ral t)x1™) | (22) 


The first factor in the product above represents the 
Rutherford formula generalized to include the electron 
spin and the proton recoil. We have neglected the 
electron’s rest mass relative to its kinetic energy in the 
kinematics. 

If we expand the exponentials e'4’' and e'*''? which 
occur in the proton and deuteron form factors above, 
we find that the small-angle elastic scattering is given by 


a TRathl 1 — 4g? ((r 5?) T Kr by) |. (23) 


This formula can be compared with the Stanford data 
to learn the value of (r4)y=(r)wt4(P 5. This has 


been done by McIntyre,’ who finds 
ra?) my = (4.8+0.04) K 10>%* cm?, 


and by Levinger and Rustgi® who find, with a somewhat 
different analysis, 


ra?) = (4.64+0.3) K 10776 cm’. 


‘These numbers are in good agreement with each other 
and with the theoretical value given above. 

It is our belief that the considerations presented have 
shown that the finite nucleon sizes can be included in the 
deuteron charge distribution in a simple and consistent 
phenomenological fashion. The vastly more difficult job 
of making a fundamental theory which accounts for 
the nucleon sizes and the deuteron binding remains for 
the future. 


* J. S. Levinger and M. Rustgi (private communication) 
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Radiation Widths of Levels in Nuclei near Closed Shells*t 


A. Stovovyt anp J. A. Harvey$ 
Brookhaven National Laboratory, U pton, New York 
(Received June 21, 1957) 


An experimental investigation has been made of the variations in the radiation widths of nuclear energy 
levels for isotopes in the regions of the neutron magic numbers, where fluctuations in level spacing and 
neutron binding energy are largest. Neutron transmission measurements were made using the Brookhaven 
fast chopper, and the Breit-Wigner level parameters were obtained for resonances in the following target 
isotopes: Sr*?, Sb, Sb, Ba, La, Nd™®, and Pt", Other elements around closed neutron shells, namely, 
Rb, Zr, Nb, Ce, and Tl, were examined but no accurate measurements could be made of the radiation widths 
for these elements. Results show that the fluctuations in the measured radiation widths are small compared 
to the large fluctuations in neutron scattering widths, and that they are related to the level spacing and the 
effective level excitation energy. An effect arising from the closed shells at 82 and 126 neutrons is observed 
Analysis of all the available “good” data indicates that the essential features of the theory of Blatt and 
Weisskopf are generally valid; that is, radiation widths are strongly dependent on the effective level ex 
citation energy and weakly dependent on the level spacing. Experimental results are compared with pre 


dictions from semiempirical formulas. 


I, INTRODUCTION 


HE improved resolution of neutron spectrometers 
has made it possible to obtain good measurements 
of the parameters of the highly excited states of com- 
pound nuclei formed by the interaction with neutrons 
of known energy. These measured values of the widths 
and spacings of levels have been compared with the 
predictions of nuclear theories. In particular, the ratio 
of the average reduced neutron width to level spacing 
lr .°/D, the radiation width I’,, the fission width I’,, the 
size distribution of all these widths, and the level 
spacing distribution are of current interest. In this 
paper, we confine ourselves to a study of the dependence 
of I’, on the properties of the compound nucleus. It is 
worthwhile to review briefly the increase of interest in 
radiation widths which has accompanied the accumu 
lation of data. 
An early estimate by Heidmann and Bethe! indicated 
a slow decrease of I’, with increasing mass number of 
the target nucleus. ‘The first comprehensive summary of 
measured radiation widths obtained from slow neutron 
resonances was given by Hughes and Harvey.’ ‘The 
outstanding feature which they observed was the rela 
tive constancy of radiation widths in spite of wide 
variations in mass number, level spacing and spin 
among the isotopes. This is in contrast to the observed 
behavior of neutron scattering widths, which show 
fluctuations by factors of at least several hundred. The 
most complete summary of measured radiation widths 
has been given by Levin and Hughes.’ They have 
observed an increase in IT’, in levels of isotopes near 
Energy 
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21. J. Hughes and J. A. Harvey, Nature 173, 942 (1954) 

‘J. S, Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1956) 


A = 208, and they indicate that the variations in I’, can 
be correlated with variations in the neutron binding 
energy and spacing of the levels through the theoretical 
estimate of Blatt and Weisskopf.‘ In this theory, a 
modified independent-particle model is used to estimate 
the partial radiation widths which are then summed by 
using a statistical model for the level density. Measure 
ments of radiation widths to a high degree of accuracy 
have been made by Landon and Igo.® By considering 
only measurements of I’, made to a precision of 15% 
or better, Landon has indicated that deviations from 
the general trend expected on the basis of a statistical 
Recently, Cameron® has developed an 
expression for I', by using the new level-density formula 
of Newton.’ Since this theory takes the effects of nuclear 
shell structure into account, it is directly applicable to 
the results of this investigation. 

We have examined the neutron resonances in several 
numbers 50, 82, 


model occur 


isotopes which lie near the ‘‘magic”’ 
and 126 neutrons, where the neutron binding energy 
and the level spacing show their widest variations 
Good measurements of I, could be obtained only when 
radiative capture predominated over neutron scat 
tering. We have also attempted in this report to bring 
up to date the rapidly accumulating data on radiation 
widths 


Il, ANALYSIS OF DATA 


‘The measurements were made with the Brookhaven 
fast chopper, which has been previously described.* A 
20-meter neutron flight path was used. Transmission 
experiments were performed to observe low-energy 


‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 12 

*H. H. Landon, Phys. Rev. 100, 1414 (1955); G. Igo, Phys 
Rev. 100, 1338 (1955); G. Igo and H. H. Landon, Phys. Rev. 101, 
726 (1956 

*A.G. W. Cameron, Can. J. Phys. 35, 666 (1957 

T. D. Newton, Can. J. Phys. 34, 804 (1956) 

* Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand 
Rev. 95, 476 (1954 
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Fic. 1, Dependence of the power P in aol” on the area above a 
transmission dip and the Doppler width 


resonances when samples are placed in the neutron 
beam. Most of the resonances were analyzed by 
measuring the area included between the transmission 
dip and the transmission due to potential scattering 
using samples of different thicknesses. This yields 
sufficient information to allow us to compute the 
Breit-Wigner level parameters. Due account was taken 
of the Doppler broadening of the resonances and of the 
area neglected in the resonance wings. This procedure 
gives values for the combination of parameters ool”, 
where the power P varies between 1 for a very thin 
sample (noy<1) and 2 for a very thick sample (noo>1). 
The symbols here have the usual meanings: T° is the 
total width, oo is the peak cross section in barns, and 
is the sample thickness in atoms/barn. 

It was felt that the new simplified method? of analysis 
was not appropriate when one wishes to combine the 
results obtained by using more than two sample thick 
nesses to obtain the best possible result. Instead, we 
have used a method essentially the same as previously 
described,* but we have made use of the family of 
curves shown in Fig. 1. These curves show how the 
power P in ool” depends on the area A above the 
transmission dip and on the Doppler width 4. The 
powers P plotted here were obtained from curves of the 
type given in Fig. 1 of the paper by Harvey ef al.,! in 
which the quantity #'I'/A is plotted against noo with 
A/T’ as the family parameter. The slope obtained from 
the latter curves for a given choice of A, A, and a small 
range of I’ gives the power of T° associated with these 
quantities. The use of Fig. 1 is a time saver in the 
analysis of resonances. The simultaneous solution of a 
pair of equations involving ool'” obtained from thin 
and thick sample measurements then yields values for 
!’ and oo. In most of our measurements, more than two 
sample thicknesses were used so that we had sets of 

*D. J. Hughes, J. Nuclear Energy 1, 237 (1955); Pilcher, 
Harvey, and Hughes, Phys. Rev. 103, 1342 (1956) 


” Harvey, Hughes, Carter, and Pilcher, Phys. Rey. 99, 10 
(1955) 
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overdetermined systems of equations which were com- 
bined by a least-squares method" to obtain the best 
solutions and their associated errors. 

In the isotopes which we have examined, radiative 
capture and neutron scattering are the only competitive 
processes. The radiation width is then found simply by 
subtracting the scattering width from the total width. 
The scattering width is found from the relation 


i's = ool'/ (4rio’g), (1) 


obtained from the Breit-Wigner formulas. In this rela- 
tion 2rAo is the neutron wavelength at the resonance 
energy, and g is the statistical weight factor given by 


1 
g=4] 14 d (2) 
27+1 


where / is the target-nucleus spin. Generally g is not 
known and is taken to be 4, which usually introduces 
less uncertainty than the experimental! errors involved. 
For nuclei with J=0, g is unity. Since the radiation 
width is determined as ',='—I°,, the uncertainty in 
g is usually a small part of the error in’, when T',>T'y. 
Only when this latter condition is fulfilled is it possible 
to make good measurements of I, by means of trans- 
mission experiments alone. 


III. RESULTS 


The radiation widths of ten resonances in nuclei near 
the closed neutron shells were measured, and they are 
listed in Table I. The areas of measured transmission 
dips and their corresponding sample thicknesses are 
listed together with the values for A, P, T,T,, and T, 
obtained from the analysis of the data. Three types of 
samples were used: powders, metal foils, and solutions. 
These provide the wide range of sample thicknesses 
which are necessary for the analysis of resonances by 
the area method. Powder samples were placed in special 
holders previously described. The identification of the 
isotope responsible for each resonance was made by 
comparison of the size of the transmission dip produced 
with normal and isotopically enriched samples obtained 
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Fic. 2. The transmission dip for the 3.56-ev resonance due to the 
target nucleus Sr*’ for a target with 3.49 10” atoms/cm? of Sr*’ 


"J. W. M. DuMond and E, R. Cohen, Revs. Modern Phys. 25, 
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TABLE I. Experimental data and results on 10 resonances. The areas include wing corrections 
All widths are expressed in millielectron volts 


Target 
nucleus 


aso’? 


(atoms/barn) 


0.000349 
0.00162 
0.000239 
0.000545 
0.00965 
0.000239 
0.000545 
0.00965 
0.000545 
0.00964 
0.000179 
0.000407 
0.00722 
0.000316 
0.000653 
0.00171 
0.00582 
0.00118 
0.00177 
0.00645 
0.0239 
0.000243 
0.000265 
0.000313 
0.000974 
0.00710 
0.0000538 


0.000552 
0.000164 
0.00231 


Eo (ev) A (ev) Area (ev 


3.56 0.069 0.099+-0.010 
0.491 4-0.025 
0.149+-0.015 
0.294+0.018 
1.06 +0.04 
0.148+0.016 
0.330+0.026 
1.38 +0.08 
0.159+0,024 
1.00 +0.08 
0.311+0.028 
0.560+0.045 
2.01 +0.14 
0.221+0.015 
0.395+0.024 
0.83 +0.12 
1.16 +0.06 
0.57 +0.06 
0.77 +0.09 
1.19 +0.12 
2.63 +0.21 
0.093 40.005 
0.123+0,.006 
0.145+-0.012 
0.265+0.013 
0.685+0.027 
0.13140,009 


0.702 4-0.028 
0.197+0.022 
0.924+-0.037 


Sb! 0.073 


1Sb!#! 0.115 


51 5b!#! 0.158 


Sb! 0.134 


Bal 0.136 


soNdi® 0.056 


0.079 


0.101 


from Oak Ridge National Laboratory. Some data were 
also obtained for resonances not listed in Table I, and 
they will be described below. We have not included 
transmission curves for all the isotopes measured in this 
report, but cross-section plots for most of this work 
the cross section 


have been included in neutron 


compilation.” 
A. Strontium 


The transmission dip due to the 3.56-ev resonance in 
the target nucleus Sr*’ is shown in Fig. 2. The sample 
used here was normal SrCO, powder, with 3.49 10” 
atoms/cm? of Sr*’, This resonance occurs in a region 
where the instrumental resolution is sufficiently good 
for an analysis in which I is obtained directly from the 
observed width of the The ratio of the 
combined Doppler and resolution width to the true 
resonance width is 0.37. The correction curve given by 
Seidl et al.* then indicates that I is obtained by dividing 
the observed width by 1.3, giving a total width T° of 
0.206+0.020 ev. This result cannot be obtained from 
area analysis of the data given in Table I since these 
were both thin samples. The peak cross section was 
similarly obtained from the observed value, and gave 

1). J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Keport BNL-325 (Superin 
tendent of Documents, U. S. Government Printing Office, Wash 


ington, D. C., 1955); and D. J. Hughes and R. B. Schwartz 
Suppl. 1 to BNL 325, 1957 


resonance. 


raovey Pa(1O-F ev) Pr, (10-%ev) 


206+ 20 0.60 4.0.09 205420 


6449 2.7 +0.3 6149 


1154-20 +-0.6 109+ 20 


128+: 1234-40 


~ 


86+ 20 


a 


114417 


=~ NY 


nu 
v 


150430 


1.2840 


J=1, 154+ 20 
J=(), 133420 


J=1, 103420 
J=(, 84420 


oo=1240+120 barns. Another resonance in Sr*’ was 


observed at about 620 ev. 


B. Antimony 


The first four resonances which appear in the anti 
mony spectrum have been analyzed. Sb,O, powder was 
used for the thick samples. In order to obtain samples 
which were thin enough (i.e., P close to unity and hence 
noo<1), a small amount of SbCl, was dissolved in HCI 
These thin-sample runs required more chopper time 
since the combined effect of the hydrogen, chlorine, and 
quartz glass walls of the cell containing the solution 
resulted in the loss of } of the neutrons. We have taken 
our isotopic assignments from the work of Palmer and 
Bollinger.“ Our results for the 6.24-ev resonance in 
Sb™ are in agreement with results obtained by these 
authors. It is interesting to compare the three radiation 
widths due to the Sb isotope which are listed in Table 
1. The 15.5- and 29.7-ev levels have similar values of 
I',, while the 6.24-ev level has a somewhat smaller I’, 
This indicates that which are larger 
than experimental errors are possible for levels in the 


variations in I’, 


same isotope 
C. Barium 


The transmission dips for the 24.5-ev resonance in 
Ba™ are given for thin and thick target samples in Fig 


“K.R. Palmer and L. M. Bollinger, Phys. Rev. 102, 228 (1956) 
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hic. 3. Transmission dips for the 24.5-ev resonance due to the 


target nucleus Ba! for targets with 3.1610” and 5.82 10! 
atoms/cm*® of Ba, respectively. The transmissions have been 
normalized to unity in the wings. The time of flight refers to a 
20-meter flight path 


3 as an illustration of a typical set of experimental 
curves. These correspond to the thinnest and thickest 
samples listed in Table I for Ba’. In these curves, the 
transmission in the wings has been normalized to unity. 
The samples used were BaCO, powders, both normal 
and isotopically enriched in Ba™® to 58.2%. Additional 
resonances due to Ba!®® were observed at 82, 88, and 
106 ev. A resonance at 103 ev is probably due to Ba’. 
Data on these higher energy resonances and additional 
measurements will be published in a future paper.'® 


D. Lanthanum 


A resonance at 73.5 ev was observed for the target 
isotope La. ‘This was the only level observed for a 
range of neutron energies from 3 ev to 1000 ev. Since 
this nucleus is at a closed neutron shell, the large level 
spacing is not surprising. All the samples were normal 
La,O, powder. This resonance cannot be due to the 
low abundant target isotope La'* since the observed 
peak cross section would then be larger than the 
maximum possible: (0) max = 4Av’g. 


E. Neodymium 


A large number of resonances are observed in the 
neodymium spectrum and many of them were iso- 
topically identified. Levels due to Nd'™ were found at 
56 and 130 ev. Levels due to Nd'® were found at 4.37 
and 43 ev. At higher energies the resonances overlap 
strongly, making analysis and identification difficult. 


YE. Pilcher ef al. (to be published 
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All the samples, normal and isotopically enriched, were 
Nd,O; powder. The 4.37-ev resonance in Nd‘ was 
analyzed by the area method to yield the results listed 
in Table I. We did not attempt to obtain T from the 
observed width since the combined Doppler and 
resolution width was larger than I. A preliminary 


analysis of the 43-ev resonance indicated that T,>T,. 


F. Platinum 


The platinum spectrum also exhibits a large number 
of levels. Resonances associated with the Pt'® target 
isotope were found at 11.9, 19.6, 68, 120, and 153 ev. 
A resonance at 96 ev is probably due to Pt. Other 
overlapping resonances appear above 100 ev but were 
not identified. The samples were foils of normal plati- 
num and isotopically enriched Pt'** powdered metal. A 
thick-thin area analysis of the 11.9- and 19.6-ev reso- 
nances gave the results in Table I. The target nucleus 
Pt has spin J=4, so that the compound nucleus spin 
J=1 or 0 (corresponding to g=} or 4, respectively). 
Since this produces uncertainties inl’, and I’, which are 
comparable to the experimental errors in this case, we 
have listed the two alternative sets of parameters for 
these resonances in ‘Table I. The uncertainty in the J’s 
makes the I',’s for these two levels compatible. Pre- 
liminary analysis of the 68- and 96-ev resonances 
indicated that they have large scattering widths, and 
they were not investigated further. 


G. Zirconium 


A single level, at 296 ev, was observed in the range 
of neutron energies 3 ev to 600 ev, and it was identified 
as due to the Zr” isotope. Norma! zirconium metal and 
isotopically enriched ZrO, powder samples were used. 
Assuming a reasonable I',~0.2 ev, we obtain a total 
width of 1.4 ev for this resonance 


H. Thallium 


A large level was observed at 238 ev, and it was 
identified as belonging to the target isotope Tl. No 
other resonances were observed in the 3-ev to 600-ev 
range surveyed. An attempt was made to perform a 
thick-thin area analysis, using Tl,O; powder for a thick 
sample and ‘TINO, dissolved in heavy water for a thin 
sample. The wide resolution width made the analysis 
difficult and good resonance parameters were not 
obtained. However, it was possible to establish the spin 
state of the level in this case. The maximum possible 
peak cross section is given by 42A¢’g. Since ] =} for the 
TP nucleus, g is } or }, which gives maximum peak 
cross sections of 2720 barns or 8170 barns, respectively. 
Using a thin sample, an observed peak cross section of 
4100 barns was obtained without correcting for reso 
lution and Doppler broadening. Therefore, g=} and 
J =1 for this level. If we assume that T,~0.4 ev, we 
obtain a total width of 4.9 ev. 
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A summary of additions to the table of measured radiation widths in Levin and Hughes, reference 
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4, with exper! 


mental errors of 33% or less. Revisions have been included when they have amounted to changes of 33° or more. Other revisions 
can be found mostly in Harvey, Hughes, Carter, and Pilcher, reference 10, and Landon, reference 5. Radiation widths are given in 


millielectron volts. 





Target 
isotope 


WC 
»3As75 


woe! 
Br” 


yor’! 


aNb” 


«Mo* 
Agi? 


Ag 
wCdui 
Cdl? 
soon!t? 

Sb! 


Sb 

sae 
»Bal® 
7a 

soNdi® 
e25m!47 
osu! 


ex Kul 


eal P74 bi 


Target 
spin 
3/2 

3/2 


a. a 
ho dO DO DO DO fs bh 


Resonance 
energy (ev 


wr 


Mmm wwunnd & 


0.0006 
3.35 
3.72 
2.46 
3.94 
2.01 
Bead 
6.49 
20.2 
23.9 


*y (107% ev 


480+ 20 
270+ 20 
250+ 50 
230+ 50 
270+ 20 
350+ 80 
310+30 
430+70 
205+ 20 
229+. 50 
3404 
3304 
1514 
112+ 
1214 
904 
904 
1064 
61+ 
1094 
1234 
S864 
944. 
1144 


Reference 


a 
b 
b 
b 
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—_ in 
a7 
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1064 

914 
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wre UMN wu 


— aN 


Nh 
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I. Rubidium, Niobium, Cerium 


No levels were observed in rubidium and cerium in 
the range of neutron energies from 3 ev to 600 ev. 
Several weak resonances were observed in niobium; 
these have been more recently studied at Harwell'® 
and Argonne." 
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IV. SUMMARY OF RECENT MEASUREMENTS OF I'v 


Recent measurements of radiation widths, including 
those of this investigation are summarized in ‘Table I] 
which is a supplement to the summary of radiation 
widths given by Levin and Hughes.’ We have not 
included measurements with experimental errors in 
excess of 33%; some of the measurements listed have 
errors as small as 2%. The values in this table were 
obtained either by area analysis of the resonances or by 


fitting the shapes to the Breit-Wigner single-level 
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lic. 4. Size distribution of measured average radiation widths 


formula. The table includes revisions only when they 
have amounted to changes of 33% or more from the 
values listed by Levin and Hughes. Other revisions, 
including some made to a higher degree of accuracy, 
can be found mostly in articles by Harvey ef al. and 
Landon.® In the following discussion we have used the 
best available data for all the isotopes in which radi- 
ation widths have been measured. 


V. DISCUSSION 


Under the column labeled [, in Table II], we have 
listed the average measured radiation widths for 58 
isotopes. We have taken arithmetic averages for the 
radiation widths and their errors when measurements 
have been made on more than one resonance in an 
isotope. By excluding measurements with errors greater 
than 33%, we have introduced some weighting in [,. 
However, we did not use a weighted average since there 
is evidence that I', may differ by ~25% from one level 
to another,®"* including the results on Sb™ reported in 
this paper. It is possible that this effect is due to a 
dependence of T', on the level spin, but this point will 
not be settled until the level spins in question are 
measured, Programs for the measurement of these 
compound nucleus level spins are now being pursued at 
several laboratories. 

The size distribution of these radiation 
shown in Fig. 4. With only one exception, all of the 
widths which are larger than 180 millielectron volts 
are for levels in nuclei with A <100. If we exclude these, 
we see that the distribution is quite narrow in spite of 
the effect of the closed shells, in contrast to the wide 
distribution of neutron scattering widths.'® It seems 
likely therefore that a statistical model of the nucleus 
in which an excited state can decay to a large number'® 
of lower states with the emission of gamma radiation 


widths is 


is essentially correct. 

In Fig. 5, [', is plotted versus the atomic weight of 
the target nucleus. Experimental errors are indicated 
for all points except those whose limits of error are 
smaller than the size of the symbol. The straight line 
is the one which Hughes and Harvey’ drew through the 


Sailor, Phys. Rev. 98, 1267 (1955) 
104, 483 (1956) 


Landon and V L 
Porter and R. G. Thomas, Phys. Rev 
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WCE 
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experimental points which were available in 1954. The 
newer points indicate that several peaks and valleys 
are superimposed on this straight line. The effect on 
I’, of the closed shells at 82 and 126 neutrons is ap- 
parent. Below A=100, the level spacing is large and 
I’, increases with decreasing A. The behavior of I, 
follows in a general way the behavior of the neutron 
binding energy” and the level spacing” which also show 
anomalies at the closed shells. The fluctuations of [, 
at the shells can be correlated with the variations in 
level excitation energy and level spacing through the 
theoretical expression obtained by Blatt and Weiss- 
kopf,‘ which is of the form 


EB 
I',=constant A D(a) f ; 
0 D(Ep- k) 


Idk 
(3) 


if one assumes electric dipole radiation” to be dominant. 
In this expression, Fg is the neutron binding energy 
(which is the level excitation energy since the kinetic 
energy of the neutron is negligible), D(£,) is the spacing 
of levels near Eg of the same spin and parity as the 
radiating level, and D(E,—E£) is the spacing of levels 
to which dipole transitions are permitted. The inte- 
gration of this expression depends on the functional 
form assumed for the level spacing. Levin and Hughes’ 
used the form given by the statistical gas model of the 
nucleus to obtain an expression in which I’, depends on 
(Ey) and is weakly dependent on D(E,). Recently, 
Cameron® has used a level-spacing formula given by 
Newton’ to obtain an expression for I',. Newton’s 


oN © 





AVERAGE M@aDlaT 





Fic. 5. Average radiation width versus atomic weight of the 
target nucleus. The limits of error are not indicated when they are 
smaller than the symbol. The straight line is the one drawn by 
Hughes and Harvey in 1954 


» J. A. Harvey, Phys. Rev. 81, 353 (1951); 
Rev. 96, 664 (1954) 

2 J. A. Harvey, Phys. Rev. 98, 1162 (1955); H. W. Newson and 
R. H. Rohrer, Phys. Rev. 94, 654 (1954); Hughes, Garth, and 
Levin, Phys. Rev. 91, 6 (1953). 

2B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 
(1954) 


N.S. Wall, Phys 
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TABLE III. Measured, adjusted, and computed radiation widths. The meanings of the symbols are given in the text. Also listed are the 
neutron binding energy in the compound nucleus Fg, the effective level excitation energy U’, and the average observed level spacing per 
spin state D(U). All widths are expressed in millielectron volts 


Target 
nucleus 


wwe 
34s” 


En 
(Mev 


8.56" 
7.30% 
&.0* 


7.8" 


11.07* 


7 194 
9.15 
& 298 


Dil 


(ev 


~ 1000 
180 
~ 200 
OO 
~800 
5 
~400 
~400 


~150 
55 
35 
OS 
~230 
61 
14 
14 
140 
x0 
70 
40 
1000 
$2 
70 

~ 1000 
50 
14 

6 


135412 
145+. 
2554 
40) 
134 
35 
23 
32 
H)4 
494 


erimen lu ! ied from sand A. Harve America nstit iP ics Handbo McGraw-Hill Book Company, Inc., New 


York, 195 ‘ \ hns id A ti *hys, R 105, 1014 Patter and W. Whaling, Re Modern PI 26, 402 


1954); A. H. Way "hy si 7 (1955 \. Harvey, I Rey. 81 N Wall, Phys, Kev, 96, 664 (1954). Other binding energie 
btained from semiempiri mul alu yulated t I. R ell ort CRP.654, 1956 (unpubl ed nd N, Metropol 
Reitwiesner, Atomic nergy nimissi port NP.1980, 1950 


formula takes into account the effect of the closed y j (4) 
shells on the level spacing, and also includes a correction 
for the depression of the excitation energy due to pairing (0 for compound nuclei with both Z and N odd 

of protons or neutrons, The latter correction is intro 1.68—0.0042A for odd-A compound nuclei 

duced by using the “effective” excitation energy : 2(1.68—0.0042A) for compound nuclei with both 
instead of the neutron binding energy Ey, where Zand N even 
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lic. 6. Radiation widths compensated for the effects of level 


excitation energy and mass number versus observed level spacings 


he curves correspond to three assumed power dependences on 


the effective excitation energy 

We will adopt a semiempirical approach, and attempt 
to fit measured radiation widths to an expression of the 
type 
r,=KAWe{ DU) \. (5) 


y 


‘The powers a and 6 and the constant A are to be deter 
mined from the experimental results. We do not include 


statistical factors’ since they do not obviously 


any 
improve the agreement with measured widths. We first 
attempt to determine the dependence of [', on D(U) 
by defining a quantity I,’ in which the dependence on 


A and Ul are compensated for: 


160\!76.5\ 4 
ye? 


Y 


where U is expressed in Mev. Values of I',’ for a 


Hughes, Phys. Rev. 94, 740 (1954 


iD. J 


AND J 


HARVEY 


and 6 are listed in Table III, and they are plotted 
against level spacings in log-log plots in Fig. 6. The 
level spacings D(U) are also listed in Table III; these 
are the experimentally observed spacings for spin zero 
target nuclei and twice this amount for all other nuclei, 
since we require the level spacing per spin state. 
About 80% of the points lie within a factor of 2 of the 
straight line in each case. For the cases a=2, 4, and 6, 
these straight lines have slopes of 0.28, 0.25, and 0.22, 
respectively. Although these lines are simply visual fits 
to the data, it is clear that the slope (which gives the 
value of 8) does not depend strongly on the choice of a. 
Since in many cases the level spacing is poorly known, 
we take 6=0.25 as a reasonable value. ‘The use of the 
effective level excitation energy U’ instead of the neutron 
binding energy Ey in computing values of I,’ eliminates 
troublesome even-odd effects’; one curve fits nuclei of 
all types. It is worth noting that the dependence of the 
total radiation width on level spacing found here is 
much weaker than has been indicated by Kinsey*® for 
the partial radiation widths 

We can now use this empirical result for 6 to com- 
pensate for the level-spacing effect in order to more 
We define 


closely study the dependence of T, on l 


Y 


another quantity, 


KEY | 
TARGET NUCLEUS 
Z N | 
ood EVEN 
EVEN ood 
EVEN EVEN 
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Radiation widths compensated for the effects of level spac 
itation energy 


Fic. 7 
ing and mass number versus the effective exc 


* The assumption that the level spacing is the same for both 
possible spin states may not be valid; see V. L. Sailor, Phys. Rev 
104, 736 (1956) 

** B. B. Kinsey, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
p R18 
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where D(U) is expressed in ev. Computed values of 
r,” are given in Table III, and they are plotted versus 
U in a log-log plot in Fig. 7. The slope of this curve, 
4.3. About 85% of the points fall 
within a factor of 2 of the straight line. There is no 
apparent dependence on the type of nucleus. When 


which gives a, 


treated in this manner, the data clearly demonstrates 
the strong dependence of T', on the level excitation 
energy. We thus obtain the following empirical formula: 


(5.3K 10-4) ANT D(U) P25U43, (8) 


where D(U) is in ev, U is in Mev, and the result is in 
millielectron volts (10~* 
chosen to yield the best distribution of deviations from 


experimental values. This formula is very similar to the 


ev). The numerical factor was 


theoretical expression obtained by Levin and Hughes.* 
Radiation widths computed from this formula and from 
Cameron’s formula” are listed in Table III. We have 
computed the root-mean-square values of the percent 
deviations of theoretical radiation widths from experi- 
mental values, and these are listed in Table IV. When 


TABLE IV. Root-mean-square values of the percent deviations of 
theoretical radiation widths from experimental values 


Nuclei 
with Nuclei near closed 


with 
1 <100 1 >100 neutron shells 


Nuclei 


40% 52% 
60%, 110% 
49° 729 


ais 
37% 
179, 


4AY, 


53% 
63% 
319%, 


Hughes and Harvey 


Cameron 
Equation (8) 


the deviations for all of the 58 nuclei are considered, it 
is seen that the line drawn by Hughes and Harvey (Fig. 
5) is a better fit to the data then either of the other 
formulas. When the nuclei with A <100 are considered 
alone, all of the theoretical formulas are poor fits to the 
experimental values. When nuclei with A<100 are 
excluded, all of the theoretical formulas yield better 
fits to the data. It is clear that none of these formulas 
are valid for the lighter nuclei. If we now consider only 
those compound nuclei which contain a number of 
neutrons which is within +8 of the magic numbers 82 
and 126 (i.e., 
Ba, La”, Na. 


the following target nuclei: Xe'!*®, Cs'**, 
om’, Sm. Bu, Pt’. Au’, 


*A recent communication from Cameron indicates that some 
of these calculated values should be slightly revised because values 
for the binding energies have been revised 
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Hg", Hg™), then Eq. (8) yields the best fit. This is 
probably because we were able to use experimentally 
and D(U) to compute 
radiation widths, whereas Cameron’s formula makes 


determined values for both U 


use of a theoretical expression for the level spacing.*? 
VI. CONCLUSION 


We have shown that it is possible to determine em 
pirically the dependence of the radiation width on the 
level excitation energy and level spacing. It is well to 
point out that although the dependence on U is strong 
and the dependence on D(U) is weak, the fluctuations 
of D(U’) at the closed neutron shells are much larger 
the the 
predominant effect. For the target nucleus La™, the 


than fluctuations in Ul, and this could be 
large spacing makes I’, larger for this nucleus than for 
its neighbors in spite of the low binding energy. For 
nuclei near the closed neutron shells, a formula like 
Kq. (8) which attempts to correlate I’, with measured 
values of U’ and D(U) gives a better fit to the experi 
mental data than a formula which does not. 

widths fo 
A>100 is narrow compared to the distributions of 


The size distribution of the radiation 
neutron scattering widths, in agreement with a sta- 
tistical model of the nucleus in which the excited state 
7 he 
widening of the distribution when we include lighter 


can decay to a large number of lower states 


nuclei can then be interpreted as a breakdown of the 
statistical model when the level spacing becomes large, 
and the transitions go preferentially to the low-lying 
levels. ‘This would explain the absence of an observed 
effect on I’, of the closed shell at 50 neutrons 
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At the recent International Conference 
Nucleus held in New York 


, Cameron has shown that a plot of the ratio of 


27 Note added in proof 
on Neutron Interactions with the 
(September 1957 


observed to calculated radiation widths (using hi 


formula) versus 
mass number shows peaks in the same mass number 
the s- and p neutron strength functions. He indicates that 
this is evidence for large admixtures in these regions of single 
functions in the initial or final states 
the radiative transitions 
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Some properties of the statistical tensors, which govern the angular distribution of radiation emitted by 


oriented nuclei, are discussed. The discussion is limited to the case of axial symmetry in the spin-Hamiltonian 


which produces the orientation. An identification of the irreducible tensors, which define the statistical 
tensors, with those familiar in spin coupling is made. This also permits the matrix elements of the former 
tensors to be obtained quite easily. The temperature dependence of the statistical tensors for the case of 


small spin coupling is discussed 


I, INTRODUCTION 


i is well known that the angular distribution of 
radiation emitted by oriented nuclei is governed by 


a set of quantities which provide a description of the 
orientation process in terms of tensor moments.! These 
quantities were called statistical tensors by Fano* who 
introduced them. For the case of axial symmetry Fano’s 
definition of these statistical tensors becomes 


Gy= dom p(m)( 


where m is the projection quantum number for one of 


)-"™"C'(774v;m, —m): 


the 2j7+-1 emitting substates, p(m) is the corresponding 
population and C(jjv;m,—m) is a vector addition 


coefhicient. As emphasized by Fano, the factor 


"CC (ayy; mM, m) 


[(2v+1)/(2j+1) 


}C(jvj;m,0) (2) 
gives the m dependence of the diagonal elements of the 
density matrix characterizing the emitting state.’ 

The role played by these statistical tensors G, in 
the angular distribution of radiations emitted by 
oriented nuclei may be seen from the explicit form of 
the 


purposes, to consider emission of unpolarized, pure 


distribution function. It is sufficient, for our 


radiation of angular momentum JL ina transition j—>7’. 
Then the intensity in a direction making an angle 6 


with the direction of orientation is, apart from a nor 
malization factor, 


1(0) > Gil L)W(jjLL; v7") P,(cos8), (3) 


where W is a Racah coefficient and the c,() are a set 


of parameters characterizing the radiation. For ex 


ample, for emission of a@ particles* 


c,(L) 


deGroot and H. A, Tolhoek, in Beta- and Gamma-Ray 
edited by K. Siegbahn (North-Holland Publishing 
Company, Amsterdam, 1955), Chap. 19, Part 3 

*U. Fano, National Bureau of Standards Report No 
unpublished) 


More 


C(LLyv; 00), (3a) 


sy k 
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generally, the nondiagonal elements involve 


, ’ 
Ctjvyy ;m,m m) 


and an element of the representation of the rotation group in 
2v-+ 1 dimensions. See, for example, Eq. (13) of L. C. Biedenharn 
and M. E. Rose, Revs. Modern Phys. 25, 729 (1953 

‘M. E. Rose, Klementary Theory of Angular Momentum (John 
Wiley and Sons, Inc., New York, 1957) p 176. See also reference 
5 


and for emission of gamma rays'* 


c(L)=C(LLy; 1, (3b) 


In these parity-preserving transitions, vy is an even 
integer and its maximum value is the smaller of 27 and 
2L. Of course, in these cases only the “effective align- 
ment” of the emitting nucleus is instrumental in giving 
rise to an anisotropy. That is, the G, for v even depend 
on deviations of (m”),, from the isotropic value.® Thus, 
a weak polarization of the emitting state, which 
involves Gy~(m),, gives isotropy. On the other hand, 
in the parity nonpreserving § transition from a polarized 
nucleus, v is odd and an isotropy in the angular dis 
tribution of 8 particles is observed. 

In the following we wish to discuss some of the 
properties of the statistical tensors and, in particular, 
a connection will be established between them and the 
irreducible tensors characteristic of spin interactions.® 
Finally, some comments on the temperature dependence 
of these parameters will be made. 


Il. PROPERTIES OF THE STATISTICAL TENSORS 


First of all, in the interest of accuracy, it should be 
noted that the definition given in (1) is not complete 
when the nuclear orientation arises from a coupling of 
the nuclear spin to another spin system. For example, 
when the nucleus is polarized or aligned by dipole 
(hyperfine) coupling with the electron spins, Eq. (1) 


should be replaced by 
G,= > p(mm,)(—)-"C(j jv; m, 1), 1) 


mine 


where p(m,m,) refers to the population of the combined 
substate described by nuclear and electronic projection 
quantum numbers, m and m,. The definition (4) is 

5 Simon, Rose, and Jauch, Phys. Rev. 84, 1155 (1951) 

®We make no attempt at completeness. In addition to the 
discussion given by Fano (reference 2), attention may be called 
to certain properties discussed in reference 4. For instance, 
suppose that p(m) = po+q(m), where po is independent of m and, 
therefore, contributes only to Go (or to the total intensity and 
not to the anisotropy) and consider g(m)=—q(—m), as in the 
polarization produced by capture of slow polarized neutrons 
Then the term g(m) contributes only if v is odd. Hence, gamma 
rays emitted subsequent to the capture are isotropic but are 
circularly polarized. See Biedenharn, Rose, and Arfken, Phys 
Rev. 83, 683 (1951 
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cogent even though the z components of nuclear and 
electronic angular momenta are not separately diagonal 
because (4) can be written in a form which explicitly 
recognize the independence of G, on the representation. 
We use the fact that the diagonal matrix elements of 
any irreducible tensor of rank » is 


(5) 


where (j||7,||7) is an (irrelevant) reduced matrix 
element and the tensor component 7, is entirely in the 
nuclear space, so that its matrix elements in the electron 
space are diagonal. It follows then that we can write 


(jm|To| jm) =C(jvj; mO)(7)\T,|| 7), 


Tr Ty exp(—H/kT) 
~H/kT) 


G, (6) 


Tr exp( 
where H is the spin Hamiltonian responsible for the 
orientation.®:’ The traces in (6) are over the combined 
nuclear-electron space and using the decoupled repre- 
sentation, one sees that the definition (1) is restored if 
we make the identification 


p(m) => (mm, |exp(— H/kT) \mm,)/ 


me 


> (mm, |\exp(—H/kT)|mm,). 


mme 


(7) 


The problem to which we now turn our attention is the 
identification of the tensors To. 

We can enumerate specific cases. Usually v>4 is not 
important in actual experimental cases. For v=0 we 
find immediately that 


Too= (2j7+1)-. (8) 
For v=2 we use 
3m’ — j(j+1) 


C(j2j; m0) =—— sreinrectermereoean 
Ci(G+1) (27-1) (2j+3)] 


to obtain 


180(2j—2)! 
Tw-| (9) 


4 

| 2-48), 
(27+3)! 
The form of this result is to be expected since for a 
given tensor rank the irreducible tensors in spin space 
are unique, apart from a normalization factor. For v=4 
we use the explicit form of C(jj4;m, —m) obtained 
from Wigner’s® result for the vector-addition coef- 
ficients to obtain 


(2j7—4)!)}) 1 
ro= 210) || +. -~—(3}'— J’) 
(2j+5)! 15 


1 
” (6 -5)(02-18) | (10) 
7 


7A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951) 

SE. P. Wigner, Gruppentheorie (Friedrich Vieweg und Sohn, 
Braunschweig, 1931). See also Eq. (3.18) of reference 4. 
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Of course, J’" can be replaced by j"(j+1)". For com- 
pleteness we also give some results for odd ». 


3(2j—-1)! 
Eau 


3)! 


T 10 


lx 


} 
| I (5S 2-3 FP +1). 


One may verify quite easily that, in all cases given, 
the 7,9 are components of irreducible tensors and (as a 
consequence) have zero trace for y#0. For the smaller 
values of vy the connection of 7, with the multipole 
operators in spin space is transparent. However, while 
it is quite certain that 749, for example, is connected 
with the 2*-pole spin operator this is not apparent from 
the form (10). It is now our purpose to establish the 
connection between the 79 and the multipole operators 
in a general way. At the same time this will serve to 
facilitate the process giving the explicit form for the 7. 

We make use of the uniqueness property of tensors 
of given rank in the space of a given spin. A simple way 
to construct such tensors in general is by the method of 
polarized spherical harmonics. Thus,‘ 


Tim (J) =(3-9)"Yru(n), (11) 


where Y,(r) is a solid harmonic (also an irreducible 
tensor of rank L). T(J) is obviously an irreducible 
tensor of rank L and is entirely in the space of J. These 
are the multipole operators referred to in the previous 
paragraph.’ Any irreducible tensor of rank L has matrix 
elements 


(jm Tim j’m’) C(7' Lj; m'M )bm, Mim’ (J T 1) 1), (12) 


and therefore any two tensors of this description, in a 
given space, can differ only by a factor, the ratio of the 
reduced matrix elements. Therefore, we set 

ro 


A,(7) T(J), (13) 


and only the constant A,(7) needs to be determined. To 
do this it is sufficient to observe that ‘Y,o has a term 
proportional to z’ and the process of polarization indi- 
cated in (11) reduces this to a term equal to v!/,’. 
Therefore, A, is fixed by comparing coefficients of J,’ 
on the two sides of Eq. (13). 

On the left-hand side of (13), we recognize that the 


term in J,’ comes entirely from the term in 
(—)-"C(jjv; m, —m) 


which is proportional to m’. From Wigner’s explicit 


expression for the vector addition coefficient, we find 
(—)*-™C(jjv;m, —m) 
(2v+1)(2j—v)!7) 
ony | 5.00, (14) 
(2j+v+1)! 


* The role of these multipole operators in spin coupling has 
been discussed in reference 4, Chap. VLII. 
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where 


Sj) =C(j+m)\(j—m) ty" 


_(—)* (G+u+-m—a)*(j7-—m+o)! 
> & . (14a) 
[(v—a)!? 


7 (a!)? 


The coefficient of m’ in S,(7) is seen to be!” 


(14b) 


where (2y—1)!! -3-1. Hence, 


(=) ™C(jjv,m 


im’ (15) 
(27+v+1)! 
where the --- indicates terms with lower powers of m. 
The coefficient of J,” on the right-hand side of (12) 
is easily obtained. We have 


‘Yvo a |, (16) 


where the --- indicates terms with lower powers of 2. 


Then 
(17) 


4 
T(J) | (2v—1)!J,"4 


and now the --- indicate terms with lower powers of J,. 


The results (14) and (16) lead immediately to 


2"¢ 4r(27 
T 0 70 (18) 
vil (27+»+1 
This result combined with the definition (11) is the 
desired relationship. 
The result (18) can be used to obtain the matrix 
elements of the operators T,o(J). From the equivalence 
of (1) and (6), we can write 


(gm|Tyo| j’m) =6;9(—)-"C (jf jv; m, —m) 


A 
| Cini mo) (19) 
1 


” The sum in (14b) is readily evaluated by considering 
yh 
{ (1+ e)"(1+e°*)" 


The integral is, of course, trivial 


ROSE 
Therefore!’ 
(jm\To(J) | j’m) 
vif 1 2v+1 (2j7++1)! 


4 
bj; : C(jvj;m0). (20) 
2149 2j7+1 (2j—v)! 


The matrix elements of T,(J) are then obtained from 
Eq. (12). 

From the explicit results for T,o(v <4) given above, 
it will be recognized that, apart from a scale factor, the 
polarization process defined in (11) replaces z and fr’ in 
Y» by J, and J’, respectively, only for v < 2. For v2 3, 
additional terms arise from the noncommutation of the 
components of J. For the nonaxially symmetric case, 
a similar remark applies to T,4 but attention must be 
given to the noncommutation referred to. This is auto- 
matically taken care of in the definition of Eq. (11). 


Ill. TEMPERATURE DEPENDENCE 
We discuss the temperature dependence in the 
(frequently) practical case that the coupling energy is 
small compared to the thermal energy kT. Then, with 
aa 1/kT, we expand (6) to terms of order a’. 


G,={a Tr TyoH+ he Tr Tyo?) {Trij-. (21) 


Here we consider v#0 only, since Gp is trivial. Then 
Tr T,=0. 
Also we assume that 


Tr H=0. 


which means that the energy levels are measured from 
their center of gravity. 

Since H is rotationally invariant, it must have the 
form of a sum of contracted tensors. That is, 


H dX MT iw (J)T 1, uy (XK); L21 (22) 


LM 


where the 7',(J) are certain irreducible tensors (rank 
L) in the nuclear spin space and the T 1m (X) are similar 
tensors in some other space; for example, X may 
describe the electron spin or an external field (electric 
or magnetic). 

Considering the a (or 1/7) term of (21), we see that 
a necessary condition that it shall not vanish is L=v. 
This follows from the fact that the product of two 
irreducible tensors of rank L and » contains irreducible 
tensors of rank A, where |y—L| <A <v+L. Hence, for 
y even, only the quadrupole coupling can contribute. 
The dipole coupling, as is well known, will not make 
any contribution to the 1/7 term in an alignment. For 
the case of polarization, however, where v=1 is pos- 
sible, the dipole coupling will, in general, contribute to 
the 1/7 term. 


4 Reference 4, p. 147. 
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quadrupole term (= L’=2) permits vy <4 and so may 


contribute to all terms of practical interest.” 


If the term in a’ (or 1/7”) is considered, the necessary 
condition that it shall not vanish is that a triangular 
relation exist between v, L and L’ where L and L’ are 
tensor indices appearing in (22). Thus |L—L’| <»v 
<L+L’. If we consider L=L’=1 (dipole coupling), 
then the triangular condition is fulfilled for y=2 but 
1, L'=2 and L=2, 
(dipole-quadrupole cross terms) permit vy <3 and 
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not for v>2. The cross terms L and Dr. 


L'= 
in alignment (or in @ or y emission) contribute only to 


Tn terms of specific calculations of G; and G_ most of these 


results were already familiar (see reference 5, for example), How 


ever, the general principles which are operative in producing these 


the y=2 term in the angular distribution. The pure results had not been explicitly stated 
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Polarization Phenomena in the One-Quantum Annihilation of Positrons 
and the Photoelectric Effect* 
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York 


Cross sections are derived for the one-quantum annihilation of longitudinally-polarized positrons and for 
the photoelectric effect with longitudinally-polarized photons. Simple expressions, quantitatively reliable 
for light elements, are obtained by considering only K-shell electrons and describing the outgoing electron 
(incoming positron) by plane waves. In both cases, the incoming and outgoing particles have predominantly 


the same helicity if the free Dirac particle is relativistic 
In a note added in proof, these calculations are extended to the case of elliptically polarized radiation 


For linearly polarized photons, the results are compared with those obtained by including lowest-order 


Coulomb corrections to the continuum wave function of the electron, a 


given by Sauter in 1931. The differ 


ence in the angular distribution is very marked, and indicates a sensitive dependence on the degree of screen 


ing of the Coulomb field 


INTRODUCTION 


P' ISITRONS passing through matter emit radiation 
in flight through the processes of bremsstrahlung, 


two-quantum annihilation, and one-quantum annihila 
tion with tightly-bound electrons. If the positrons are 
longitudinally polarized, the emitted photons will be as 
well, and in all three cases the higher-energy photon (if 
there is a choice) has predominantly the same helicity 
as the incoming positron; the degree of circular po 
larization of the radiation approaches 100% rapidly as 
the positron becomes relativistic. 

The polarization of bremsstrahlung and two-quantum 
annihilation-radiation has been discussed previously! ; 
we wish to present a simplified discussion of one- 
quantum annihilation the related the 
photoelectric effect. In order to avoid such complica- 
tions as those introduced by Coulomb wave functions, 
we shall base the derivation on the following simplify- 


and process, 


ing assumptions: 


(1) We assume that the outgoing electron (photo- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

1L. A. Page, Phys. Rev. 106, 394 (1957) 

2K. W. McVoy, Phys. Rev. 106, 828 (1957). Note that reference 
2 should read “Heitler, second edition” rather than ‘“‘Heitler, 
third edition.” 


effect) and incoming positron (annihilation) can be 
described with sufficient accuracy by plane waves. 

(2) Since the cross sections are by far the largest 
for the most tightly bound electrons, we shall calculate 
them only for A-shell electrons. Screening is neglected, 
but otherwise we employ the correct relativistic wave 
functions for the bound electrons, in order to treat the 
spin effects properly. 

In other words, we shall calculate the cross sections 
only to lowest order ; this is valid for high-energy par 
ticles striking low-Z atoms, and will be at least qualita 
tively correct for heavier elements, (‘High energy” 
merely means large compared to the A-shell binding 
We consider the more straightforward 


photoelec tric effect, 


energy.) first 


I. Photoelectric Effect 
For the (free) outgoing electron, we define the spinors 
which describe states of complete longitudinal polariza 
tion by (h=c=1) 


(a: p+Sm)u= Eu, 


(1) 


(o-p/p)un=+up, (a p/ p)uz Uy. 


We call the electron described by ug a “right- 
electron,” since its spin and momentum define a right- 
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hand screw. For consistency, we shall use the same 
convention for longitudinally (circularly) polarized 
photons: we call a forward-spin photon a right-photon. 
Although this is a left-circularly polarized photon 
according to the optical convention, this should cause 
no confusion, for the present discussion is restricted to 
photon energies larger than (roughly) the electron 
rest-mass, where the polarization effects become 
significant. 

If the usual representation of the Dirac matrices is 
used, with 6 (and o,) diagonal, a convenient choice of 
phases gives the spinors as 
(E+m) (p+ p.) | 
(E+m)p, 

P( p+ p.) 
PP, 


—(E+m)p 
(E+m)(p+ px) 
pp 
Ppt p.) 


The two bound-state wave functions, corresponding 
+4, are 


un(p)=(4pE(p+ p.)(E+m) }' 


ur(p)=(4pE(p+ p.)(E+m) | (2) 


10 J, 
il) f 0 
() iL 


V cosé — V sinfe~‘*|’ 
V sinde'? } V cosé 


(3) 


4rai.\ 


M er =M 1°" 
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where 
U (r)=N(1+a)'x* eo, 
V(r) =N(1—a)'e eo, 
a=(1—a’)', a=Z/137, 
N= (2am)**4( 8x1 (1+ 2a) J 


and a nonessential normalization factor has again been 
neglected. 

In terms of these wave functions, we can take the 
matrix element for the process to be 


M - [eres [p*(r)(a-e*)u(p) |, (4) 


with q=p—k.* We shall choose k in the Z direction 
throughout, and take the polarization vector as, e.g., 
e=(e,+ie,)/V2 for right-photons as defined above. 
The exact expressions for the matrix elements are 
given in the appendix. However, since our approach 
has already neglected a’ corrections, we shall retain 
only terms of lowest (first) order in a; where the ex- 
pression (a*m’+-q*) occurs, though, we shall not set 
a’m’ =(), since small momentum transfers can be sig- 
nificant, especially in the forward direction. The matrix 
elements for states of complete polarization are then: 


(E+m)(p+p.)p 


[pE(E+m) }) (a*m?+¢*)?(p+ pb.) 


4oraiN 


Myr” ; 
[ pE(E+m) }! 


Mri @y° 


4raiN 


M 1 =—Mar®”=— 


[ pE(E+m) }} 


4mraiN 
Mr yp") = —M Lr®” a 


[ 2mp+ (E+m)(p.—k.) |ps 


(a*m*+-q*)* (p+ p.)! 
[2mp—(E+m)(p.—k:z) ]}(p+ pz) 
(atm?+g°)?(p+p,) 
(E+m)(p_)? 


[ pE(E+m) }* (a2m?+ gy) (p + p.)) 


where the first subscript refers to photon and the second 
to outgoing electron, and the superscript specifies the 
initial electron state as ¢ or ¢». (In our coordinate 
system, k,=k, but using the component notation is 
necessary for the transformation to the annihilation 
matrix element.) The simple phase relations between 
matrix elements with opposite spins is a special case of 
Lenard’s theorem.‘ 

Remembering the random relative phase between ¢, 

*To conform with the conventions of references 1 and 2, we 
are employing the notation of the second edition of The Quantum 
Theory of Radiation by W. Heitler. That is, the initial state is 
written on the left, and @- A® is the absor ption operator for photons. 
Heitler’s third edition agrees with other modern field-theory texts 


in reversing these conventions 
4 Andrew Lenard, Phys. Rev. 107, 1712 (1957). 


and ¢», which eliminates 1-2 cross terms in the cross 
section, we may define 


|Maa|?= |M ap |?+ |Map® |?, 
and we note from (5) and (6) that 


|\Mrr\?*=|Mr1\*, |Mrz\*=|Mxrel?, (7) 


i.e., that there are only two rather than four distinct 
cross sections, one in which photon and electron spins 
are “like’”’ and one in which they are “unlike.” Conse- 
quently we shall restrict further discussion to RR (= LL) 
and RL (=LR) cross sections. 

The differential cross sections, including a factor 2 





POLARIZATION 


for the two K electrons, are 
dorr Ss 
“a2 (1—b cose)! 
<[B,+(B,—D,) cosé—D, cos’6 }, 


da RL Cc 


d2 (1—bcosé)* 
x<[B_—(B_—D_) cosé—D_ cos*# }, 


where @ is the angle between k and p, and the coeffi- 
cients are given by 


42°77 m® 
Cc —= ’ 
(137)* k( +m) (p?+-k?+0'm’)! 
b=2kp/(p?+k’+a’m’) ~B, 


A, =2mp+k(E+m), B= p(Ay)’+ p*(E+m)’, 


D,=2p'(E+m)Ay, to=e/m. (9) 


We note that the cross section for unlike spins is zero 
for electrons emitted directly forward, and that for like 
spins is zero for backward electrons. Since almost all 
electrons are emitted forward if the photon energy is 
larger than the electron’s rest-mass, the electron in this 
case will have predominantly the same helicity as the 
photon. 
The total cross sections are 


2C 
TRR™ 
3(1—6*)* 


XL(3+h)B, +4b(B,—D,)—(1+36*)D, |, 


(10) 
2C 
TRI 


3(1—B) 


[ (3+*) B_—4b(B_— D_)— (1+38*)D_]. 


These cross sections depend on Z in two essential 
ways. They contain a’m’ in 6, and the ionization poten 
tial / in the relation between k and p, 


k=E 


m+ I. 


In neither case is the Z dependence significant for 
photon energies above a few hundred kev, so to indicate 
roughly the trend of the polarization in a Z-independent 
fashion, we have plotted in Fig. 1 the asymmetry ratio 
(orr—or~)/(orr+or_z), setting both am and J equal 
to zero. Although the validity of the curve for small & is 
questionable, it reliably predicts the rapid rise toward 
100% polarization as the outgoing electron becomes 
relativistic. 
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1. Asymmetry ratio of the total cross sections for the 
photoelectric effect from A-shell electrons 


II. One-Quantum Annihilation of Positrons 


The matrix element for one-quantum annihilation is 
related to that for the photoeffect by the substitution 
law ; an outgoing electron becomes an incoming positron, 
and the photon changes from incoming to outgoing. 
An incoming positron can be described as an outgoing 
negative-energy electron, and the wave function which 
describes a right-positron of energy and momentum E£ 
and pis just e~'?'up(— EF, —p), from Eq. (2). Remem- 
bering that the photon is now outgoing, we get for the 
matrix element in this case 


(11) 


MA f ar (pk) el O*(r)(a@-e)u(—p, — £) | 


That for the photoeffect was 
MP Jere Wl o*(r) (a: e*)u(p,£) |, (4) 


so M*@ is evidently obtainable from M” by the 


substitutions 
k——k, p—-p, E Ek, 


and right-photon 
right-positron). It is worth remarking that, in spite of 
this formal substitution, the photon still travels along 
the positive Z axis. Thus pz—>* — pz, 80 cosé —» —cos6 
in the numerator of Eq. (8), but since g’ — gq’, the de 


> left-photon (but right-electron — 


nominator remains unchanged, 
Explicitly, the changes in the cross sections are as 

follows: 
b—»+ b (but now k 


AP, 
B, —»G, 
D,— H, 


k+m~—T) 

2mp+-k(E—my), 

p(Ps)’+ p'(E—m)?, 
2p k 


m)F ,. 


The differential cross sections for the two K-shell ele 
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as 1.0 
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Fic, 2. Asymmetry ratio of the total cross sections for 
one-quantum annihilation with K-shell electrons 


trons are 


C(k*/p*) 


do rr 


dQ = (1—bcos6)* 


x(G H1_) cos6— H_ cos"), 


(13) 
C(k*/ p*) 


doa RL 


dQ (1—b5 cos6)* 


x([G, (G,—H,,) cosd— HH, cos’ |, 


where the subscripts refer to photon and positron, and 
their order is immaterial. The total cross sections are 


2C (k*/ p*) 
3(1—6*)* 


<[(3+02)G_+4b(G_—H_)— (14+38)H_], 
2C ( k? p’) 


3(1—6*)* 


«[(34+-b*)G_—4b(G, — H,) — (1430) H, }. 
Again these expressions have the same Z dependence 
as Eq. (10); it is insignificant for energies above a few 
hundred key for the same reason, and Fig. 2 gives the 
asymmetry ratio for the annihilation-radiation from 
polarized positrons, with a’m’=/=0, The asymptotic 


form of this ratio, for high-energy positrons, is given by 


(orr—OrL)/(Oretor) ~1—(11/6)(m/p)’. 


In the same way as before, the photons have pre- 
dominantly the same helicity as the positrons when the 
positrons are relativistic. 

If the positrons are themselves not completely polar- 
ized, they will be described by a spinor which we may 
write as 


u=<aupt be'*u_, (15) 


McVOY 


with a and 5 real. Instead of the simple matrix elements 
given above, we would then get, e.g., for the emission 
of right-photons, 


M=aM prtbe'*M cre. (16) 


If the beam of positrons is such that ¢ (which is actually 
the azimuthal angle of the plane defined by p and (@)) 
is fixed, the cross section will contain a cross-term pro- 
portional to e'*, but if @ is random, this cross-term 
averages to zero. This latter situation describes the 
positrons coming from 6 decay, if no other direction 
(i.e., recoil momentum or spin direction of the parent 
nucleus) is measured. Consequently for this case the 
expression 

(17) 


M 2 a” M rr 24 lig Mert 2 


gives the cross section for right-photons from positrons 
in an arbitrary state of longitudinal polarization. 
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APPENDIX 

owe, | . . . 

The ‘exact matrix elements, defined by Eq. (4), can 
be expressed as follows. Let am=/, and define the 
functions 


4nI'(a+1)(1+<a)! 
S(a,l,q) 
g(P +g?) orb? 


Xsin[{ (1+) tan-'(g/l) ], 
(A-1) 
4nT'(a)(1—a)! 
T (a,l,q) {alg cosa tan! (q/D) } 
GP + gq’) ‘er) 2 
—[ b+ (1+a)g*] sinfa tan-'(q/D) }}, 
v=N/[pE(p+p.)(E+m) }', 


where N is given in Eq. (3). The r integration then gives 

the matrix elements as 

M rr =M,1,°*=ivT (E+m) (p+ p.)q-/9, 

Mir =Mpr_” * = vp, [ ps (E+ m)Tq; q l, 

M11 =—Mrr®”* iv(pt+ Pz) 
X[pS—(E+m)T4q./q), 

*= —ivT (E+m) p_q_/q. 


(A-2) 


(A-3) 
Mri? =—M ir 
To first order in a, 

Se [4V2ma/ (a®m? + g’)* |2m, 

ae ee Sade? (A-4) 

T = [ 4V29a/ (a®m?+ q°)’ lq. 


Using these approximations, and remembering that 
94 = px in the coordinate system being used, we get the 
approximate expressions given in Eqs. (5) and (6). 





POLARIZATION 


NOTE ADDED IN PROOF.—ELLIPTICALLY POLARIZED 
RADIATION AND UNPOLARIZED ELECTRONS 
(POSITRONS) 


The above cross sections were calculated for circularly-polarized 
photons. It was subsequently suggested® that there might be 
considerable interest in the form they would take for elliptically 
polarized photons. In the case of linearly polarized photons the 
differential cross sections given by this “plane wave approxima 
tion” are found to differ quite markedly from the results given by 
Sauter,® who included lowest order corrections from the con- 
tinuum Coulomb function, Since the actual physical situation lies 
somewhere between the extremes represented by these two ap- 
proaches, it seemed worthwhile to include a brief description of 
the ways in which they differ. 

In order to generalize our expressions to the case of photons of 
an arbitrary degree of elliptical polarization, we shall describe 
the photon’s polarization by the three real and positive numbers 
apr, 4, and 4, by writing the polarization vector as 


(B-1) 


9 
e=ape’er+azer, 


with er , = (e,+ie,)/V2 if the photon travels up the z axis. The 
photon’s polarization state is described by only two independent 
constants because of the normalization, az*+a,?=1; in terms of 
the polarization ellipse, they are (ap?—4a, 7), the eccentricity, and 
6, its orientation angle about the propagation direction, 


A. Photoelectric Effect 


Since it is most convenient experimentally not to distinguish 
between R and L electrons, we shall sum the cross section over 
electron spin states. For circularly-polarized photons, as we saw 
above, 


da /dQ=darr/d2t+dop,/dQ=dorr/dQ+do.,/dQ2, (B-2) 


and the result is independent of the sense of the photon’s polariza- 

tion. In the general case, keeping only the lowest order in (2/137), 

the cross section for the two K-shell electrons is (setting k= H—m, 

pz =p sind cos¢) 

dox . Zz a 

a. 

da * (137) ese 

 (2(1—2apay)m(E+m) sin*0+EF (EL B cos@) 

+8apapm(E-+m) sin’? cos*(y—5)}. (B-3) 


ja —B cos0)~* 


m) (1 


Two interesting conclusions can be drawn from this expression. 
(1) As in the case of pure circular polarization, the cross section is 
independent of the sense of polarization. From a measurement of 
the symmetric product (agaz,) we can determine only |az?—a,?\, 
i.e., the degree of circular polarization, but not its sign, (2) Even 
the measurement of (apa,) depends on the existence of the 
azimuthal term. If the beam comes from an unpolarized source 
so that 4, the orientation of the polarization ellipse, is averaged 
over, the (aga,) terms disappear, and we are left with just 
Eq. (B-2), which contains no information about the photon 
polarization. If, however, 6 is a constant of the beam (meaning 
that a plane of polarization exists, in the limiting case of plane 
polarization), a measurement of the azimuthal asymmetry of the 
photoelectron intensity enables one to determine it. This could 
conceivably be of some use in experiments involving polarized 
y emitters (e.g., a B-decay daughter nucleus if the parent was 
polarized), for it provides a method of measuring the degree of 
polarization of the source 

For the special case ag=a,=1/V2, we get the cross section for 
plane polarized photons 
dox Z> (mp 
tox, 2 ( 
dQ (137)*\ Esk 

X(E(E- 


ya B cosé)~* 


m)(1—£8 cosd) +4m(E+m) sin’ cos*(y—6)}. (B-4) 


5T am indebted to Professor V. L 
discussion on this point 
*F, Sauter, Ann. Physik 11, 454 (1931). 


Telegdi for a stimulating 
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Although Archibald’ has apparently discussed Eq. (B-4) pre 
viously, it appears that the only other published calculation of the 
relativistic photoeffect is that given by Sauter.* As Sommerfeld*® 
showed explicitly, Sauter’s calculation differs from our “plane 
wave approximation” by assuming that the outgoing electron 
sees a pure Coulomb field and including to first order in (2/137) 
It should be 
noted that this modifies our calculation by terms of the same order 
in (7/137) as we have already kept, so that, insofar as the electron 
sees a pure Coulomb field, Sauter’s calculation provides the more 
Since the actual field seen how 


the corresponding correction to its wave function 


consistent expansion in (2/137) 
ever, is a screened Coulomb field, it is not clear offhand whether 
the plane wave approximation or the Sauter approximation is the 
more realistic one. Although they agree in the low-energy limit, 
the differential cross sections are very different at high energies, 
0 and @=, while the plane 
wave approximation is not, and Sauter’s predicts that at high 


In particular, Sauter’s is zero at 0 


energies the maximum photoelectron intensity is normal to the 
photon polarization plane, while the plane wave approximation 
predicts it to be in the polarization plane at all energies, These 
differences have been noticed by other workers, and although 
recent experiments seem to indicate that the electron intensity is 
not zero in the forward and backward directions,® they give con 
flicting results on the azimuthal distribution.” 
The total cross section is 
4 Z® (mp 
a (i 


3 " (137) (B 5) 


iT 312 +-mE + 4m). 


Peculiarly enough, this agrees with Sauter in both the low and 
high-energy limits, but is larger at intermediate energies ;' its 
maximum ratio to Sauter’s cross section is 1.5 at k=m. 


B. One-Quantum Annihilation of Positrons 


An exactly analogous argument gives the annihilation cross 
section for an unpolarized positron beam 


Zz es 
( = ya B cos) ~*{ FE (E. +m) (1-6 cosA) 


(137)*\E*h*p 


Saraym(E—m) sin” cos?(y—4) 


2(1—2apar)m(E—~—m) sin}. (B-6) 
For linearly-polarized light, (y—4) is the angle between the 
polarization vector and the (pk) plane; because of the negative 
coefficient of cos*(y—-6), the cross section is largest when the 
polarization vector is normal to the (pk) plane. In both the high- 
and low-energy limits the dominating term is (+m) (1—£ cos@), 
so that there is no ¢ dependence in either limit 


The total cross section is 


4n Zz‘ m 
OoK= ' ( Jor 


2 , 
ro - ; mI +-4m?*) 
3” (137)*\ gap 


(B-7) 


! 


in disagreement with Heitler’s'' nonrelativistic ex 


12 


Again this is 
pression, and Bhabha and Hulme’s" relativistic one, which was 
based on Sauter’s calculation 

It is clear from these comparisons that screening may have a 
and would seem to be 


very marked effect on these calculations 


worthy of a more detailed investigation 


TW. J. Archibald (unpublished) ; see reference in W. McMaster 
and F. Hereford, Phys. Rev. 95, 723 (1954) 

* A. Sommerfeld, Alombau und S pektrallinien (Friedrich Vieweg 
& Sohn, Braunschweig, 1939), Vol. II, p. 482 

’S. Hultberg and T. Novakov, Nuclear Phys. 4, 120 (1957), and 
references contained therein 

 W. McMaster and Hereford, Phys. Rev. 95, 723 (1954); 
D. Brini et al., Nuovo cimento 1, 98 (1957) 

"W. Heitler, Ouantum Theory of Radiation (Oxford University 
Press, New York, 1954), second edition, p. 273, Eq. (16) 

"H.R. Hulme and H, J. Bhabha, Proc. Roy. Soc. (London) 
146, 723 (1934). 
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The long-range particles from pile-neutron fission of U** were studied with a high-resolution magnetic 
spectrograph. The particles were detected with a CsI(T1) crystal scintillator; differential pulse-height 
analysis was used. Scintillation pulse height vs 1p data show that the particles have the same value of e/m 
as alpha particles. The range-energy relationship for the particles in aluminum was studied; this showed 
that the particles have the same value of me’ as alpha particles. Since the long-range particles have the same 
é/m value and the same mé* value as alpha particles, they have the same values of ¢ and m; this confirms 
that they are alpha particles as was indicated by previous studies. The energy distribution of the particles 


as determined here is 


in good agreement with previous determinations by other methods. An extensive 


search revealed no fine structure in the energy distribution. The shape of the energy distribution indicates 


that the particles are formed at the instant of fission 


INTRODUCTION 


HE liquid drop model of the nucleus predicts! that 
fission of a heavy nucleus into three fragments is 
dynamically possible. Emission of light nuclei of long 
range from the slow-neutron fission of U™® was observed 
by Alvarez’ in 1943, Since these first observations there 
has been a considerable amount of work devoted to the 
study of the light nuclei from fission.?~’ ‘The previous 
studies employed either ionization chambers or photo- 
graphic energy distribution of the 
particles has been determined by each method.®’ These 
studies have given strong evidence that all the long 
range particles are alpha particles. 

‘There are some obvious advantages to studying the 
long-range particles by magnetic analysis. The mo- 
mentum distribution of the particles corresponds di- 
rectly to the 1p distribution ; thus the energy resolution 
is much better than in either of the previously used 
methods. If there were fine structure in the energy 
distribution it would be revealed by the higher reso- 
lution. If a few microns of gas pressure is maintained 
in the magnetic deflection chamber, the Hp distribution 
of the particles does not overlap that of the fission 
absorbers is 


emulsions; the 


fragments; thus separation without 


achieved, 


EXPERIMENTAL 


‘The high-resolution magnetic fission-fragment spec- 
trograph previously® described was used for the studies 
reported here. The spectrograph consists of a 40°, 
single-focusing wedge magnet mounted just outside the 


* Operated for the U. 5. Atomic Energy Commission by Union 
Carbide Nuclear Company 
1'N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939); R. D 


Phys. Rev. 59, 466 (1941) 

Alvarez, quoted by Farwell, Segré, and Wiegand, Phys 
Rev. 71, 327 (1947) 

'P. Demers, Phys. Rev. 70, 974 (1946) 

4Wollan, Moak, and Sawyer, Phys. Rev. 72, 447 (1947 

6 1,. Marshall, Phys. Rev. 75, 1339 (1949 

“EE. W. Titterton, Nature 168, 590 (1951) 

7K. W. Allen and J. T. Dewan, Phys. Rev, 80, 181 (1950) 

* Cohen, Cohen, and Coley, Phys. Rev. 104, 1046 (1956) 
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ORNL graphite reactor. The entrance arm is a 16-ft 
tube situated in a reactor hole with its far end extending 
nearly to the center of the reactor core. In the far end 
is mounted a 150-yg/cm’ plating of U¥® and a thin 
plating of Po”. The thermal neutron flux at the 
uranium plating is about 5X10" neutrons/cm? sec; 
thus, fission fragments are produced at a rate in excess 
of 10° per secnd, of which about 1 in 10° is emitted in 
the right direction to travel down the entrance arm 
and enter the magnetic deflection chamber. Those 
particles characterized by a certain range of Hp are 
focused at the focal plane which is six feet beyond the 
magnet. 

Scintillation detection of the long-range particles was 
used for these studies. The detector consisted of a 
0,007-in. thick CsI(Tl) crystal and a DuMont 6292 
photomultiplier tube. The crystal was cemented to the 
inside end of a Lucite light pipe which passes through 
a flange at the focal plane. The crystal is thick enough 
to stop the long-range particles and thin enough to 
prevent the background of gamma and beta rays from 
producing pulses comparable in size to those of the 
particles being studied. The pulses resulting from the 
arrival of the long-range particles at the crystal were 
amplified and analyzed in three single-channel pulse- 
height analyzers in parallel. 

A preliminary search for the long range particles 
was made with the system filled with air to a pressure 
of 3 mm Hg, which is enough to stop all the fission 
fragments. This search revealed particles with Hp 
values ranging from 3.7 to 7.4X10° gauss cm. For 
alpha particles this corresponds to an energy range of 
6.6 to 26.5 Mev. 

Measurements were made to determine whether the 
particles observed in the preliminary search are indeed 
alpha particles. Scintillation pulse heights were deter- 
mined at several points along the Hp distribution and 
these are plotted as a function of energy (as determined 
from Hp values) in Fig. 1. The pulse height of Po*” 
alphas was also determined and is included in the graph 
of Fig. 1; it is the lowest energy data point shown. 
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LONG-RANGE 
Because of the very low counting rates, pulse-height 
data were not obtained at the high-energy end of the 
distribution. 

Aluminum foils of known thicknesses were placed in 
the path of the particles near the crystal. From the 
energy vs range-in-aluminum data,’ the changes in 
energy of alpha particles due to the absorbers were 
known. The scintillation pulse heights of the particles 
of reduced energies were determined and the results 
included in the graph of Fig. 1. The dotted lines show 
the shifts in energy due to the absorbers. Since these 
measurements show the long-range particles to have 
both the same value of e?/m and the same value of me* 
(e and m are the charge and mass) as alpha particles, 
the particles have the same charge and mass as alpha 
particles and therefore must be alpha particles. 

Detailed data were obtained to determine the energy 
distribution of the long range alpha particles. Integral 
pulse counts of two-hours duration were obtained at 


intervals of approximately 1 Mev between 5 and 30 


Mev. The counting rate at the peak of the energy 
distribution was about 700 counts in two hours. Proper 
discrimination settings, as determined from the pulse- 
height distribution data obtained earlier, eliminated 
background over most of the distribution. For the lower 
part of the energy distribution, it was necessary to 
obtain complete pulse-height distribution curves to 
determine the integral counting rate. The data at higher 
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Fic. 1. Scintillation pulse heights of long-range alpha particles 
from fission of uranium-235 as a function of energy. (Dotted lines 
show the reduction in energy due to aluminum absorbers in the 
path of particles. The lowest energy point is for the Po* alphas.) 


* Aron, Hoffman, and Williams, Atomic 
Report AECU-663, 1951 (unpublished) 
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Fic, 2, Energy distribution of long-range alpha particles from 
pile neutron fission of uranium-235. (B and C are the distributions 
determined by Allen and Dewan! and by Titterton,® respectively.) 


energies were also checked at several points in this 
manner. 

The energy distribution was initially determined with 
the 150-ug/cm? plating of U“® serving as the source of 
particles. ‘Three months later a more elaborate slit 
system and a new source ten times as thick as the first 
were installed and the energy distribution was deter 
mined with a particle beam that was five times as 
intense. The two sets of data are in excellent agreement. 

A background of tritons prevented the study of the 
long-range alpha particles of energies smaller than 6.6 
Mev. The 


sLi®(n,a),H® reactions. A concentration of a few parts 


tritons are presumably formed from 
per million of lithium in the aluminum entrance arm 


accounts for the presence of the tritons 


RESULTS 


The energy distribution as determined by this study 
is shown in Fig, 2. The distributions B and C were 
determined by Allen and Dewan’ and by Titterton,® 
respectively. 

Allen and Dewan determined the distribution by a 
proportional counting method which had a range 
the 


distribution from the lengths of the particle tracks in 


resolution of 4 cm of air. Titterton determined 
photographic emulsions. The measurement of less than 
a thousand tracks was used to determine the distri 
bution. There is excellent agreement between the results 
of the three methods for the position of the peak and 
for the high-energy part of the distribution. There is 
some difference in the determinations of the low-energy 





FULMER 


/ 
/ 
/ 
/ 
! 


nN 
y 
! 
6 


ALPHA PART E ENERGY (Mey) 


Fic. 3, Coulomb barrier penetration factors for emission of alpha 
particles from a compound nucleus as functions of particle energy 
(The slopes rather than the aniplitudes of the theoretical curves 
are to be compared with the experimental curve 


part of the distribution, The resolution of the magnetic 
analysis technique is more accurate than either of the 
other methods used. This probably accounts for the 
variation of the low-energy part of the distribution as 
determined by the different methods. 

The shape of the energy distribution demonstrates 
that the long-range particles are formed at the instant 
of fission rather than being emitted from an excited 
compound nucleus as suggested by Feather.'’ From the 
reciprocity theorem for nuclear reactions, the Coulomb 
barrier penetration factors for the escape of an alpha 
particle from a compound nucleus are approximately 
equal to the cross sections for the formation of the 
compound nucleus. These factors are plotted in Fig. 3 
for three Z values that cover the range of possible 


” N. Feather, Nature 159, 607 (1947 


AND 8B, 


COHEN 


nuclei that might emit an alpha particle either before 
or after fission." 

The solid line curve in Fig. 3 is the barrier penetration 
factor as a function of particle energy that applies to 
the energy distribution in Fig. 2. This curve is plotted 
as follows: It is assumed that the part of the energy 
distribution with the greatest negative slope corre- 
sponds to a Maxwell distribution of alpha particles for 
a nuclear temperature of 1.4 Mev. A straight line is 
drawn tangent to this part of the energy distribution. 
The ratios of the intensity that exists for lower energies 
to the corresponding intensities indicated by the 
straight line are used to plot the solid curve. It is seen 
that the variations of the barrier penetration factors as 
functions of particle energy for all available nuclei are 
too great to satisfy the energy distribution of the long- 
range particles, and thus the particles are formed at 
the instant of fission. This is in agreement with the 
angular distribution of the particles with respect to the 
primary fission fragments as observed by Titterton.® 

The frequency of emission of the long-range alpha 
particles was estimated by numerical integration of the 
Hp distributions of the particles and of the fission frag- 
ments. The Hp distributions of the fission fragments 
were determined, with the same crystal detector and 
with various gases in the system. After corrections were 
made for variation of counting geometry as a function 
of Hp, and after the counts were normalized to the same 
counting periods, the integrations indicated that a long- 
range particle occurs in one of each 310 fissions. Previous 
estimates of the frequency of occurrence of the long- 
range alpha particles range from 1 in 550 to 1 in 250 
fissions. The reason for the large variation of the esti- 
mates is not clear, but as suggested by Allen and 
Dewan’ it may be due to different energy distributions 
of the neutrons causing the fissions. 
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The excited states of Cu®, Cu®, Ni®, and Ni® have been investigated through studies of the proton and 
alpha-particle groups emitted from isotopically enriched targets of copper, A 6.51-Mev proton beam from 
an electrostatic accelerator and a high-resolution magnetic spectrograph were used in the investigation 
The regions of excitation studied were from the ground state to 3.5 Mev in the case of Cu®, 3.1 Mev for 
Cu®, 3.7 Mev for Ni®, and 3.5 Mev for Ni®. The Q value for the Cu®(p,a) Ni® reaction is 3.7534-0.008 Mev 


and for the Cu"®(p,a) Ni® reaction, 4.341+0.008 Mev. 


N the present paper, we report on some of the results 

obtained from studies of the charged-particle groups 
emitted from copper targets bombarded with protons. 
These targets were prepared from isotopically enriched 
copper metal obtained from Oak Ridge. The individual 
targets consisted of a thin layer of the metal deposited 
by vacuum evaporation onto a Formvar film which was 
mounted in a ring-shaped holder. This holder was in 
turn mounted in the target chamber in such a manner 
that it could be translated simultaneously in both a 
vertical and horizontal direction so as to reduce the 
bombardment received by a particular area on the 
target. 

The proton and alpha-particle groups emitted from 
the targets were analyzed with the broad-range mag- 
netic spectrograph. For all the exposures, the energy 
of the incident proton beam was 6.51 Mev. ‘The condi- 
tions under which the various exposures were made are 
listed in Table I, which also contains an isotopic analysis 
of the targets employed. 

Typical proton spectra are shown in Figs. 1 and 2, 
which were obtained from the Cu® and Cu targets, 


TABLE I. Exposure data and target analysis 


I xposure 


Target Angle microcoulombs 


Natural Cu 90° 1000, 100, 10 
(p,p’) ‘u% 130 1000, 100, 10 
(p,p") ‘ys 0) 1000, 100, 10 
(p,p") y 50 1000, 100, 10 
(p,p") ‘ue 130 1000, 100, 10 
(p,p’) > 90 1000, 104, 10 
(p “ue 50 2000, 100, 10 
p, ' 9” 2000, 200, 10 
(p,a) ‘ue 50 2000, 250, 5 
(pa) 6s 130 1500, 75, 

(p,a) ye 0) 2000, 210 


Reaction 


(p,p’) 


( 


Target anal 
Cu, 


Natural Cu target 69 
Cu® target 99.4 
Cu® target 1.8 


the joint program 
Atomic Energy 


* This work has been sponsored in part by 
of the Office of Naval Research and the U. S 
Commission. 

t On leave from the National University of Mexico 

t Now at Harvard University, Cambridge, Massachusetts 


respectively. The groups from copper were distinguished 
from those associated with other nuclei in the targets 
by the characteristic change in energy with angle of 
observation. In the figures, the groups from copper are 
labeled with numbers which were also used in ‘Table II 
to identify the excited states that are associated with 
the proton groups. In ‘Table II, the energies listed are 
the average values obtained from all the data. In each 
case, the experimental error given, which is based on an 
estimate of the possible effects of systematic and of 
random errors, is at least twice as large as the deviation 
of any of the individual measurements from the average 
value listed. In Table II, a few of the levels are marked 
with an asterisk. In these cases, the associated proton 
groups had widths that 
would be expected for a single level with the present 
experimental conditions, and it is probable that these 


were somewhat larger than 


groups consist of more than one « omponent 

The results obtained in this investigation on the 
excited states of Cu™ and Cu® are given in the energy- 
and Cu” 


Excited states in Cu®™ 


TABLE II 


Cye 


Cua u%*(p, p’ 
Ey (Mev) Ky (Mev 


19(p,p! 
Mev Level 


0.7704-0.004 
1.11440.004 
1.4824-0.004 
1.625 4-0.004 
1.725+4-0.006 
2,093 40.00% 
2.105 -4-0.008 
2.2134-0.008 
2.280-4-0.008 
0.008 
0.008 
0.008 
0.008 
0.00% 
0.008 
0.008 
0.00% 
0.008 
0.008 
$.056-4+-0,008 
3.078 4-0.010 


2.805 40,008 
2.831 40.008 
2.8564-0.008 
2.869 4-0.008 
2.888 4-0.008 
2.958 +0.008 
2.97440.008 

? 

t 

t 

t 

t 


0.6608 
0.961 
1.327 
1.412 
1.547 
1.862 
2.012 


0.005 24 
0.005 25 
0.005 26 
0.005 27 
0.005 28 
0.005 
0.005 att] 
2.063 +0.005 3] 
2.082 -4-0,005 32 
093 40.006 33 
2104.0.006 44 
337 4+-0.006 35 
105 4-0.006 6 
497 4+0.006 37 t 
504-+-0.006 38 } 
510+0.006 39 2944 
§354+0.006 40 3114-0.008 
54340010 41 $70 .4-0.008 
673 4-0.008 42 404 +-0.008 
t 
$ 
+ 
+ 


3.032 40.008 
3.042 40.008 
3.099 40.008 
3.129+4-0.008 
3.183 40.008 
3.208 +-0.008 
$.2254-0.008 
3.249 4+-0.008 
0.008 


hr hm bh he bh 


17 
18 
10* 
20 
21 
22 
23 


6944+0,008 43 4174-0.008 
71640.008 44 431 4-0.008 
761 +4-0.008 45 458 +0.00% 
778+4-0.008 46 4764-0.008 


ho DO NS RO NO DO DO 


rm NM 


xiated proton groups had 
ngle level 


* For levels marked with an asterisk the ase 
widths that were mewhat larger than would be expected for a 


with the present experimental conditions 
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INELASTIC SCATTERING FROM Cu ISOTOPES 
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8 


level diagrams of Fig. 3. In Fig. 3, there is apparent for g 
oe — T 


low excitation energies an interesting correspondence 
between the level schemes of the two isotopes. A some- 
what similar situation was also observed in connection 
with the level schemes of Ni® and Ni® (Fig. 6). In the 
case of Cu®, the present results are in general agreement 
with those summarized by the Nuclear Data Group! for 
the region between the ground state and an excitation 
energy of 1.9 Mev. The first five levels have also been 
observed through inelastic proton scattering by Wind- 
ham et al.,? and their results are in excellent agreement 
with those reported here. In Cu®, the first, second, and 
fourth levels have been observed in previous inelastic 
scattering studies.’ In the present work, the group 
associated with the third state is the most intense in 
the spectrum of inelastically scattered protons from 
Cu®, and it is somewhat surprising that it was not 
observed in the earlier work. There is, however, some 
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Fic. 3. Excited states of Cu® and Cu® 





1 Nuclear Level Schemes, compiled by Way, King, McGinnis, and 
van Lieshout, Atomic Energy Commission Report TID-5300 
(U. S. Government Printing Office, Washington, D. C., 1955) 

2? Windham, Gossett, Phillips, and Schiffer, Phys. Rev. 103, 
1321 (1956). 

* Young, Phillips, and Spencer, Bull. Am. Phys. Soc. Ser. I, 
2, 104 (1957). 
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dIdLS UM SW Wd SVHdW 40 U3GWN additional evidence for a level at this position from 
% a r studies of the gamma radiation from the decay of Ni®. 
In the natural copper exposure, it was observed that 
the intensities of the inelastically scattered groups from 
Cu®® were, for the same target thickness and bombard- 
ment, on the average only about one fourth those of the 
inelastically scattered groups from Cu®™, Over the 
limited angular range investigated, the inelastically 
scattered groups from both isotopes were essentially 
isotropic. 

For the studies of the (p,a) reactions, the expected 
ground-state 0 values were calculated from the masses,‘ 
and the spectrograph field was adjusted so that the 
ground-state group would be recorded near the high- 
energy end of the plates. ‘The spectra recorded in the 
exposures taken at 90 degrees with respect to the beam 
are shown in Figs. 4 and 5. As in the case of the in- 
elastic proton scattering studies, the intensities of the 
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groups from Cu” are much less than are those from 
Cu®, The proton groups that were also recorded during 
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Fic. 6. Excited states in Ni® and in Ni®. 


* Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
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TABLE 


Oo =3.753 +-0.008 Mev 


Cu®(p,a)Ni® 


MITs 


1.3294 
2.160 
2.287 


2.506 


0.008 
0.008 
t- 0.008 
0.008 
0.008 
0.010 


2.159+0.005 
_2.504+0.005 


3.120+-0.005 
3.184+4-0.005 
3.191+0.005 
3.268+0.005 
$.316+0.005 
3.391 +0.005 
3.587 +4-0.005 
3.618-+0.005 

t 

t 


0.010 


0.010 
0.015 
0.010 
$+(.010 
0.015 
+0.012 
0.015 


3.6704-0.005 
3.732+0.007 


® See reference 5 
» See reference 6 


the exposures for the (p,a) reactions are shown in in 
serts in Figs. 4 and 5. In Fig. 4, it will be seen that 
alpha-particle group (10) was coincident with the 
elastically scattered protons from Cu™. This alpha- 
particle group was observed, however, in the other (p,q) 
exposure and also in the made in the 
Cu™(p,p’)Cu® work. 

On the assumption that the highest energy alpha- 


exposures 


particle group observed from the Cu™ target corre 
sponded to the ground-state transition in Cu™(p,a)Ni®, 
the excited states in Ni™ listed in Table ITI have been 
calculated. Also in Table III are the excited 
states found in Ni® from inelastic proton scattering 
studies at M.I.T.° and at The Rice Institute.?*®* The 
M.1.T. results on Ni® extend to higher excitation en- 
ergies than was covered in the present investigation, 
and the additional states found from the (p,p’) reaction 
are not listed in Table III. Except for levels (7) and 
(8), which are not resolved in the (p,a) work, there is 
excellent correspondence between the different meas- 


listed 


urements, and this correspondence insures that the 


ground-state group was correctly identified. Also listed 
in Table III are the excited states in Ni® calculated 


5C, H. Paris and W. W Phys. Soc. Ser 
II, 2, 61 (1957 

® Spencer, Phillips, and Young, Bull. Am. Phys. Soc. Ser. IT, 
2. 105 (1957) 


suechner, Bull. Am 


SCATTERING 


Rice» 


1.33340.005 1.329+-0.005 
2.161+0.005 
2.285+0.005 2.286+0,004 


2.6244.0.005 2.628 +0.006 


FROM Cu ISOTOPES 


III. Excited states in Ni® and Ni®, 


Ni®@ 
Oo =4,.341 40,008 Mi 
Cu" (p,a)Ni®@ 


Ni®(p p’yNi*® 
Ricet 


1.171-4-0.008 
2.053 40.010 
2.303-40.008 
2.336-4+0.008 
2.897 +0.010 
3.061 40.008 
$.16640.008 
3.262+4-0.008 
3.372 40.008 
3.473 40.008 
3.524+4-0,008 


1.171+40.004 
2.047 +-0.004 
2. 304-40.005 


from the results of the (p,a) exposures on the Cu® 
target. The first three of these levels have also been 
observed at The Rice Institute® in inelastic proton scat 
tering studies from Ni™. Here also the excellent corre 
spondence shows that the ground-state group was 
correctly identified. The energy levels of Ni® and Ni® 
excited in the (p,a) reactions are shown in the level 
diagrams of Vig. 6. 

I'rom these measurements, the ground-state O value 
for the Cu™(p,a)Ni™ reaction is calculated to be 3.753 
t0).008 Mev, and that for the Cu®(p,a)Ni® reaction 
is 4.341+0.008 Mev. The first of these is 21 kev lowe 
than the value calculated from recent mass-spectro 
graphic values for the masses* of Cu™ and Ni®, while 
the second is 1 kev lower than the values obtained from 
the masses* of Cu® and Ni®, 
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Nuclear binding energies of heavy nuclei are calculated from a general two-body interaction by using 
jj coupling shell-model wave functions for the nucleons. The formula obtained can be made to fit experi- 


mental data with a high accuracy 


ECENT calculations by Talmi and co-workers! 

have revealed a very good agreement between 
shell-model predictions and experimental data concern- 
ing binding energies of light nuclei. As neither the 
interaction nucleons nor their radial wave 
functions are known, a procedure was adopted which 
did not involve the detailed knowledge of these quan- 
tities. Only the following assumptions were made: 


between 


I. The wave function describing the nucleus is a 
shell-model wave function, the single-particle wave 
functions entering the complete wave function being 
independent of the number of nucleons in the shell. 

II, The residual interaction between nucleons is a 
two-body charge-independent interaction (this may 
include central forces, any mutual spin-orbit interaction, 
tensor forces, etc.). 


Thus, the states were characterized by the con- 
figuration, the total angular momentum (sometimes 
briefly referred to as total spin) J, the total isotopic 
spin 7, and by additional quantum numbers of the 
generalized seniority.’ 

The application of the shell model requires the calcu- 
tion of the expectation value of the two-body inter- 
action among nucleons in one shell. This expectation 
value can be expressed as a linear combination of the 
energies in a two-nucleon configuration, using a method 
due to Racah.* Thus, consider any two-body operator 
t,;. In a configuration of m equivalent nucleons in the 
state 7, coupled to total angular momentum J, the 
expectation value will be: 


(prt | tiy| 7") = 4n(n—1) ("J | he! j"J), (1) 
where the equality holds because of the equivalence of 
the nucleons. This expectation value can be further 
simplified by noting that ‘2. operates on particles 1 
and 2 only and that therefore 

Cj" tre 7") =S a(S iad) (PS ia\ tia| P12), (2) 
Jia 


'T. Talmi and R. Thieberger, Phys. Rev. 103, 718 (1956). 

*S, Goldstein and I. Talmi, Phys. Rev. 105, 995 (1957). 

*G. Racah, “Group Theory and Spectroscopy,” mimoegraphed 
lecture notes, Princeton, 1951 (unpublished ) 

‘B. H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952). 

*G. Racah, Farkas Memorial Volume (Research Council of 
Israel, Jerusalem, 1952) 


where the positive coefficients a(Jj2,J) depend only on 
the nature of the state | j"/) and not on the operators 
t;;, and are simply related to the fractional parentage 
coefficients. 

Since the number J of states in a configuration 7 is 
finite, it is possible to find NV independent operators 
bij, tj, «+t? such that for a given j and every 
Ji. one will have 


N 
(PJ i2\ Vie! PS 12) = ¥ ar ( 7?J 12) bie | PJ), (3) 


kel 


where V1» is the two-body interaction and the a’s are 
constants which depend on V, j, and the special choice 
of t,;. Using (1), (2), and (3), one now finds 


(GJ | Visi") 
<7 


n(n—1) 
=- 7 iB a(S oJ) (PS 12! Vie! 72S 12) 


2 Jia 
=Dar(jJ Lbs | jr). (4) 
k | 


Thus if the arbitrary operators ¢,;) could be chosen 
simple enough so that their expectation values could be 
easily evaluated, formula (4) will yield the expectation 
values for the interaction V ;; for any number of particles 
in any state expressed in terms of at most .V parameters 
a,. These parameters then fully represent the inter- 
action V,,; for the specific shell. The number of such 
known simple operators is not too big, though. One 
such operator is, for instance, /;.= (ji-Jx) which satisfies 


GID Ged) |G) =3L J +1) —nj (G+). 
i<j 


Another operator is the ‘““Majorana-operator,”’ M2, 
which has the eigenvalue 1 for space symmetrical states 
and the eigenvalue — 1 for space antisymmetrical states. 
The eigenvalue M, of the Majorana operator >) i .iM ix 
can be calculated, and has the expression® 

M =}n(16—n)—}[ P(P+4)+P’(P’+2)+P""]. (4a) 

To illustrate the method we take here an example in 

LS coupling. If two nucleons belonging to a p shell 


®L. Rosenfeld, Nuclear Forces (North-Holland 
Company, Amsterdam, 1948), (10.36-6) 
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interact by spin-independent forces, their interaction 
energy can assume only three values, according to the 
three possible values of their resultant momentum. 
Therefore, by a convenient choice of the three con- 
stants a, b, and ¢, it is possible to express their inter- 
action energy by the formula 


(V (a+bM 1o+c(h-b) 


Here Mj. is the Majorana-operator mentioned above 
and (1,-1,) is the scalar product of the angular momenta 
of the two nucleons. In this case one obtains for the 
interaction energy of » p-shell nucleons 

(V)= (> a+bMij+ c(1,;- 1) 
ce] 


=4n(n—1)a+bM + 4c[ L(L+1)—nli(l+1) |, 


where M is the expression (4a). 

As long as the number of levels in the configuration 
/’ does not exceed the number of known simple opera 
tors, this method can be used directly. However, the 
method described above cannot be applied directly to 
those cases where the number of levels exceeds the 
number of operators available. The method has then 
to be modified and we have to consider the average 
energies of groups of states which belong to the same 
eigenvalues of the known operators. It can be shown®’ 
by group-theoretical methods that, upon taking these 
averages, the same procedure as before can be used. 

Fortunately, inasmuch as ground states are char- 
acterized by seniority 1, they are the only members of 
their group (i.e., the only state which belongs to the 
same eigenvalues of the known operators) and therefore 
the energies of ground states can be obtained directly 
with Racah’s method. Thus for the configuration 7” 
they were given by'® 
E(j"J) La’ +[7(T+1)— fn |b’ 
2n(j+1)\c'. (5) 


nA'+}n(n 
+[ g(W) 


Here A is the single nucleon energy (its kinetic energy 
and its interaction with the closed shells), while the 
other terms express the mutual interaction. 7 is the 
isotopic spin and the quantity g(W) is the eigenvalue of 
Casimir’s operator’. This last term essentially repre- 
sents the pairing energy in even-even and odd-even 
nuclei; its meaning for odd-odd nuclei is less simple. 

A slightly different approach is needed in order to 
get an equation similar to (5) for the heavy nuclei. In 
this case the protons and neutrons fill in different shells 
and the isotopic spin formalism loses its value. There- 
fore it is better to consider proton shells and neutron 
shells separately. If one of the shells is closed, the 
handling of the second shell is simple. It is really a 
special case of Eq. (5), when one has nucleons of one 
kind only (7'=4n). If neither the proton nor the neu- 
tron shells are closed, the situation is not so clear, since 
there is the question of the coupling scheme 


’G. Racah, Phys. Rev. 76, 1352 (1949) 
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It is customary to assume in these cases that the 
neutrons and the protons should be coupled to their 
lowest state each and the two groups then coupled to 
each other. This treatment may be justified by noting 
that the excitation of either protons alone or neutrons 
alone (for instance in even-even nuclei) requires con 
siderably more energy than that required for a change 
in the relative orientation of the protons as a whole 
with respect to the neutrons as a whole (for instance in 
odd-odd nuclei). 

If there are now p protons and # neutrons in the 
unfilled shells of protons (j,) and neutrons (j,) re 
spectively, we can decompose the energy of this system 
in the following way 


E= E(j J p)tE (jn "J EV ine(f pt rr jn"t ny (6) 
Here £(7,”/,) is the zeroth-order energy of p protons 
in the shell 7, plus the interaction energy of these 
protons with each other when coupled to a total angular 
momentum J,; #(j,"J,) has a similar meaning; and 
Vint(Jp’J py Jn"J nf) is the interaction energy between 
the protons coupled to J, and the neutrons coupled to 
J, ina state of total angular momentum J 

Suppose now we consider a set of isotopes of the same 
element and let us first choose an element with even Z, 
so that p is even and fixed. By shifting the zero point 
of the energy, we can get rid of the first term in (6) 
For the second term, we can use the same method which 
was used to derive (5), except that the isotopic spin in 
this case does not add any new information since all 
nucleons in the state 7, are of the same type. We then 
obtain 
l)a+[ g(W)—2n(j+1) |e’, (7) 


E(jn"J,)=nA'+4n(n 


where a= a’+ 4b’. The last term in (6) can also be easily 


evaluated. If p is even, then, for the lowest state, J, =0 
, 


and hence®* 


p 7 my,: pnt 


where Vo is independent of J/(=J,), porn 

Summing up these elements, we obtain for the bind 
ing energies of a set of isotopes of even Z as a function 
of the number of neutrons in the unfilled shell an ex 


pression of the form 


E=nA"'+hn(n—lja+[ eV 2n(j+1) lc, (9 


can be. still 


1'+ pVo. This 


simplified if we note the simple structure of g(W) for 


where A” expression 


states of lowest seniority (zero or one for even or odd n, 


respec tively ) Thus 


| Q) for n even (seniority equals 7eTo) 


g(W) 
2(j+1) for n odd (seniority equals one) 


* A. de-Shalit, Phys. Rev. 105, 1528 (1957 
+N. Zeldes, Nuclear Phys, 2, 1 (1956 
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Introducing the notation 


0 for n even 
y(n) 
1 for n odd, 


we finally find for the energies of the isotopes of an 
even-Z element as a function of n the expression 


E=nA+4n(n—1)a+y(n)D, (10) 


with the following relation between the coefficients 
[compare with Eq. (5) }: 


1=A'+pVo—2(jt+ lc, a=a'+hb', D=2(j+1)c’. 

If we consider the isotopes of an odd-Z element we 
can no longer replace V jx, by the simple expression (8), 
this expression being correct only if m happens to be 
even. However, if m is odd one knows’ that the average 
A Vinet(Jp?J py Jn"J n,J) over all possible J’s (with fixed 
J, and J,) is again equal to pnVo; since the ground 
state of such an odd-odd nucleus necessarily lies below 


this average, we can write generally 


Vine Jp? Sp; Jn"S nyt) =npVoty(n)y(pie, 


where ¢ has the same sign as V9, and although it may de- 
pend on n and p, Way’s” rule shows that such a de- 
pendence is very weak. Thus the expression (10) holds 
true also for isotopes of an odd-Z element except that 
in such cases D should be interpreted as 


Difor odd Z)=2(j+1)c'+« 


In some cases two subshells 7; and 72 are being filled 
j: fills in with pairs and the odd nu- 
cleon fills in jy. Such an effect, mentioned by Mayer 
and Jensen," is explained by big differences in pairing 
energy for 7; and #2. For example, in Sn we have for 
the even isotopes pairs of neutrons in /,4/2 whereas for 
the odd isotopes the odd neutron is in the dy state." In 
such a case we would have for the energies of an even 


simultaneously 


number of neutrons the expression 


E(even)=nA + 4n(n—1)a 
as before, and for the energies of an odd number (n+ 1) 
of neutrons 


E(odd) = nA+4n(n—1)a+B+nce, 

where B is the interaction of the odd nucleon with the 
core plus its kinetic energy, and ¢ is its interaction with 
the even nucleons (for instance in the case of Sn, the 
hyy/2 nucleons). These formulas can still be written in 
the form of the formula (10), provided D is interpreted 
as B—A, and ¢ is equal to a 


°K. Way, in Proceedings of the Conference held at the Max Planck 
institute Mains, edited by H. Hintenberger (Pergamon Press, 
London, 1956) 

"MM. G. Mayer unt H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York 
1955), p. 69 
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It is experimentally known that for a given number 
of odd neutrons and for states j,; and 7 of the type 
discussed above, the energies corresponding to the 
configuration 7;°"*! and j;°"j2 (for example in Sn the 
configuration Ay,/°"*' and hy,/"d,) differ by a very 
small amount compared to the binding energies we are 
discussing. This would mean that the value of D, 
according to its usual definition, would be close to 
B—A and the value of ¢ close to the value of a for 


(n+1)A+4n(n+1)a+D =nA+4n(n—1)a+B+ne. 
This implies that 
A+D=B, a~c. 


The results of the calculations show that the value of 
D obtained in such cases does not differ from the D’s 
obtained in ordinary cases, thus bringing out the con- 
sistency between our assumptions and our results. 

Instead of considering a set of isotopes, one could of 
course consider a set of isotones (fixed m and varying Z). 
Similar considerations will yield in these cases also an 
expression of the type (10). This is true even if we add 
the Coulomb correction, because this interaction can be 
represented, too, by three parameters” : 


BZ+4Z(Z—1)at+[}Z]b. 


Here 6 represents the Coulomb interaction with the 
closed shells, a is the Coulomb interaction between Z 
equivalent protons, and [4Z ]=4Z or 4(Z—1), which- 
ever is integral. The last term represents the pairing 
energy resulting from the fact that two protons have a 
larger probability of being found close together if their 
spins are oppositely directed. The Coulomb forces 
between protons oppose this tendency (but, of course, 
are too weak to prevent pairing). We can combine the 
Coulomb equation with Eq. (10) and obtain again an 
expression of the same form with a new meaning for the 
coefficients. 

If we specify the interaction, the coefficients A, a, 
and D can be calculated in terms of radial integrals of 
the potentials’ (the Slater integrals). However, in 
order not to invvoduce special assumptions about the 
form of the potentials involved we keep these coefhi- 
cients as free parameters, and check the consistency of 
experimental data with a three-term expression of the 
type (10). This may perhaps give better agreement 
than any conventional first order perturbation calcula- 
tion, as contributions from higher order may enter. 
We shall return to this point later. 

To check the agreement of our assumptions with the 
data, we take all available binding energies of ground 
states where the number of one type of nucleons is 
held fixed and the other allowed to change (a set of 
isotopes or isotones). We then fit the data to the linear 
combination (10), determining the coefficients by a 
least-squares fit. 


2B. C. Carlson and I. Talmi, Phys. Rev. 96, 436 (1954) 
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laste I. Example of experimental and calculated 
binding energies (B.E.) (in Mev). 


B.E 
Exp 


12.89 


18.08 
26.98 


B.E 
Nucleus 


Pb?!" 
Ph?!2 


Phe 


Cak 


12.90 
18.09 
26.98 


Nucleus Exp Cak 
sal relative to I'* 
17.0 
26.5 
33.6 
429 
49.7 
58.7 
65.3 
74.1 
80.4 
$8.9 
95.0 
109.2 


['* 
[25 
[26 
[27 
[ 
[29 
['* 
[4 
[42 
[4 
[44 
j'#6 


26.8 
33.6 
43.0 
49.6 
58.8 
65.3 
73.8 
80.1 
88.7 
95.5 
107.0 


son relative to Sn! 
7.9 
17.2 
24.4 
33.6 
40.4 
49.7 
55.8 
64.5 
70.5 
79.0 
84.6 


Snit6 
Sn 
Sn" 
Sn'* 
Sn!# 
on™ 
Sn 
Sn'® 
Sn !23 
Sn 
Sn" 


soPb relative to Pb™* 
Pb™ 3.87 3.86 
Pb?!° 9.11 9.10 


The experimental values of the binding energies were 
taken from several articles." In order to 
obtain the energy associated with the nucleons in the 
unfilled shell, we subtracted from the binding energy of 
every nucleus the binding energy of the nucleus in which 
the unfilled shell is empty. The comparison with the 
experimental data was done separately for neutron 
configurations and configurations. Each of 
these groups was then divided according to the shell 
being filled, and for each of these subgroups a different 
set of parameters was determined by the least-squares 
fit. We disregarded cases in which the experimental 
material was scarce or where the experimental errors 


review 


proton 


were large. 

The agreement is in many cases excellent; the root- 
mean-square deviation is always less than 1% of the 
width of the energy range considered. The rms devia- 
tion is defined in the usual way as [>> ..;"42/(V—R) }!, 
where the A; are differences between the experimental 
and calculated energies, .V is the number of data 
appearing in the least-squares fit, and & is the number 
of parameters. This agreement actually means that the 
rms deviation is almost always within the experimental 
errors. 

We have thus demonstrated the success of a formula 
which is based on the shell model. The shell model 
allows for a change in the parameters whenever one 


passes from one subshell to another; however, our 
results show that the parameters do not change appreci 


ably, i.e., within the experimental errors they remain 


the same. A change in the parameters enters only when 
we pass from one major shell to the other, i.e., when 


we pass the magic numbers: 50, 82, 126. Even such 


8A. H. Wapstra, Physica 21, 385 (1955) 

4 J. R. Huizenga, Physica 21, 410 (1955) 

‘6 Nuclear Level Schemes, A=40-——A=92, compiled by Way, 
King, McGinnis, and van Lieshout, U. S. Energy Commission 
Report TID-5300 (U.S. Government Printing Office, Washing 
ton, D. C., 1955 
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TABLE IT. Energy parameters of the present model 
(in Mev) for isotopes 


rhe binding energies of the isotopes of each element are calcu 
lated with respect to the isotope with lowest neutron number as 
specified in each group of elements. Thus the binding energies of 
the Ge isotopes with 30= N= 40 are calculated with respect to 
32Ge,0" whereas those of the Ge isotopes with 40= NV = S50 are 


calculated with respect to »2.Geqo” 


Kms deviation 
in BLE 


Mev gy 


9 56 
10.11 
10.60 
10.91 
10.96 


1 
1? 


126 


aPb 
sali 
uPo 


a At 


4.561 
4.955 
5.406 
5.528 


+ 0.008 
+ 0.044 
0.018 
+ 0.066 


0.026 
0.092 
0.075 
0.049 


+ 0.004 
10,025 
+ 0,008 
0.030 


0.70 


$0.02 


0.368 40.077 
0.817 40.045 
0.562 40.145 


O.O18 
0.094 
0.058 
O15 


0.08 
0.50 
0.16 
0.70 


“submagic” numbers as 38 or 40 do not show up by 
causing a marked change in the parameters 

In ‘Table I are given some cases of calculated results, 
which are of special interest. For the Pb isotopes with 
N> 126, the experimental errors are especially small, 
and one can see in this table, that the rms deviation was 
especially small too, Another example given in Table | 
is iodine, which illustrates the good agreement so long 
as one stays within a major shell despite the fact that 
a number of different subshells are involved in these 
nuclei; when one passes the major shell (see the example 
of I in Table I) the agreement deteriorates 

In the case of the Sn isotopes the formula we used is 
strictly valid only if all the neutrons fill successively 
the Ay,/2 subshell and the odd nucleon goes into the dy 
subshell. However, the experimental ground-state spins 
show that for Sn!!® and Sn!!’ the odd nucleon goes into 
the s, state. This would suggest that our treatment is 
not justified; however, one knows that the dy level in 
these nuclei lies fairly close to the ground: state," (0.3 
Mev for Sn''* and 0.2 Mev for Sn"’), and since the rms 
deviation is +0.2 Mev one sees that it does not make 


any difference whether one compares the theory with 
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the exact state to which it should be applied or to the 
actual ground state. Of course in cases like the Sn iso- 
topes, for every one of which the d, level is known, there 
is no point in comparing the calculations with the 
ground state instead of doing so with the actual d, 
state to which they refer. However, in other cases, the 
position of the level to which the calculation refers 
may not be known exactly, but nevertheless it can be 
assumed with great confidence that it lies close enough 
to the ground state, and the binding energy of the 
ground state can be used for comparison with the 
theory so long as one is satisfied with an agreement to 
within 200-300 kev. 

In Table I] are summarized the results concerning 
the neutron configurations. As was mentioned before, 
when for a fixed number of protons, the number of 
neutrons changes within a shell, the parameters are left 
practically unaffected. We have therefore grouped 
together all isotopes of the same element which had 
their neutrons in one of the following ranges: 28 <.\ 

10, 40<N <50, 50 N <82, 82<0N<126, V>126, 
and fitted a set of parameters for each such group. Thus, 
for instance, the parameters of Pb (.V > 126) appearing 
in Table I] were obtained by a least-squares fit of Eq 
(10) using the experimental binding energies quoted 
in ‘Tabie I, 

The situation with regard to the proton configurations 
is quite similar; the main differences are that the num 
ber of experimental data is smaller and the agreement 
between the experimental binding energies and the 
calculated ones is, on the whole, poorer, But the over-all 
picture remains the same, and so are the conclusions 
which may be drawn from the results; the best values 
of the coefficients for the various shells and the rms 
deviation in the B.E. are given in Table II. 

Since the parameters which have been determined are 
relatively simple functionals of the wave functions be 


Pasie ILL. Energy parameters of the present model 
(in Mev) for isotones 


Ihe binding energies of the isotones, for each NV, are calculated 
vith respect to the isotone with lowest proton number as specified 


in each group of elements 


Kms deviation in B.I 
Mev 


0.19 
0.33 
0.19 


0.02 
0.13 
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longing to the different shells, it is interesting to see 
whether they exhibit any regularities. To do so we have 
first to determine the standard errors on the param- 
eters.'® we can see from this that, even in cases of small 
experimental and theoretical errors, some of the pa- 
rameters are not determined to a very high accuracy. 
However, it is still possible to obtain a general picture. 
In particular, the different values of A can be better 
understood. A, by its definition, represents the inter- 
action energy of, say, a neutron in the shell considered 
with all the closed shells of both protons and neutrons, 
as well as with the Z protons in the last shell which is 
not necessarily filled. It is thus very reasonable to 
assume that as a function of Z, A is given to a good 
approximation by 


A=A,+A2Z. 


a, D, and ¢ are smaller corrections to the energy and 
thus their dependence on Z can be neglected. With 
these approximations, one is now led to an expression 
for the binding energies of nuclei with both Z and n 
variable, of the form 


AE=n(A,+AZ)+4n(n—1)a 


+[4n]D+y(n)y(Z)e, (11) 


where AF stands for the binding energy of the nucleus 
(Zo+Z, Notn) relative to that of (Zo+Z, No) (and 
hence the asymmetry between Z and n). 

Table IV contains the results of applying Eq. (11) 
to nuclei with Z>82, V>126. The good agreement 
justifies our assumption on A. 

It is also gratifying to observe that the values of | D 
obtained for odd Z (Table II) are systematically lower 
than those of even Z. Since we have taken the binding 
energy to be positive, D, representing the amouni by 
which odd-A nuclei are less stable than even-A nuclei, 
is negative, and ¢€ is positive. Since, as was shown, 
D(for odd Z)=D(for even Z)+«, the observed sys- 
tematics in the values of D are explained, at least 
qualitatively. 


TaBLe IV. Example of experimental and calculated B.E. (in 
Mev), using Eq. (11). (s2Pb relative to Pb™*, 43 Bi relative to Bi, 
uPo relative to Po, ,,At relative to At®".) 


B.I BF 
Nucleus Exp Cak Nucleu kxp Cak 


3.88 
9.20 
12.97 Po?! 
18.16 Po? 20.80 20.64 
16.90 Po™® 24.89 24.91 
4.41 Po?'® 30.69 30.61 
9.82 Po? 40.39 40.36 
14.11 At® 15.98 15.97 
19.40 At 21.89 21.88 
23.58 At®é 26.48 26.68 
At?’ 32.46 32.47 
0.06 D=148 «=0,22 


‘ 


4.55 4.50 
10.57 10.43 
14.89 14.82 


Po?! 
Po?! 


Pb™ 3.87 
Phy 9.11 
PL! 12.89 
Pb? 18.08 
Ph? 16.98 
Bi?” 4.67 
Bi?! 9.78 
Bie? 14.16 
Bi?"4 19.34 
Bie" 23.47 


495=3.88 A,=0.31 a= 


16H. Cramér, The Elements of Probability Theory (John Wiley 
and Sons, Inc., New York, 1955), p. 239 
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We have shown above that a formula of the form 
(10) or even (11), with properly chosen parameters, 
can be made to fit experimental data over a wide range 
with a high accuracy. Similar results'? were previously 
obtained for the light elements with an even more 
detailed expression which exhibited the dependence of 
binding energies on isotopic spin. 

Although these expressions were derived for the shell 
model, their simplicity does not allow one to believe 
that they are peculiar to the shell model alone. Also, 
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the fact that only relatively small changes in the pa 
rameters occur as long as one remains within a major 
shell, may indicate that the expression obtained is a 
result of the observed grouping of nucleons into shells, 
rather than being due to the detailed structure of the 
shell model. To investigate this point further, it is 
necessary to see to what extent can the parameters be 
derived from the shell-model wave functions and a 
given two-body interaction. Further work along these 
lines is being done here. 
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An investigation of r~+>) elastic scattering, made in a liquid propane bubble chamber, is reported 
Identification of events is made on the basis of kinematics. The problem of contamination by pion scattering 
from protons bound in carbon is considered in some detail; it is shown that the latter requires a correction 
of only 4+2.5% of the total number of events. The angular distribution is presented. It shows a large dif 
fraction peak at small angles and an approximately isotropic plateau over the backward hemisphere. The 
forward peak is fitted to a black-sphere diffraction pattern with a radius of (1.084-0.06) K 10~" cm. The total 


elastic cross section is found to be o,=10.1+0.80 mb. 


INTRODUCTION 


W E report here some results of the elastic scattering 
of 1.3-Bev (kinetic energy) negative pions ob- 
tained in an exposure of a propane bubble chamber, 
previously analyzed to study strange particle pro- 
duction.? 

The study of rp scattering in the Bev range has been 
in progress for some years now, using the hydrogen 
diffusion cloud chamber.?~* Our results are not quali- 
tatively different, but are more extensive. From an 
experimental point of view, perhaps of greatest interest 
is the demonstration made in some detail in this paper, 
that the elastic hydrogen events may be differentiated 
quite clearly from other events found in the chamber. 
The pion beam is collimated, shielded, and magnetically 
analyzed as shown in Fig. 1. The resulting spread in 
beam energy deduced from trajectories plotted through 
the collimation system,’ is + 1%. The absolute value of 
the pion beam momentum is 1.433+0.015 Bev/c. This 

* This research was supported by the Atomic Energy Commis 
sion and the Office of Naval Research 

t Now at Brandeis University, Boston 

t Now at Duke University, Durham 

§ Now at Brookhaven National Laboratory, 
Island, New York 

! Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956) 

? Eisberg, Fowler, Lea, Shephard, 
Whittemore, Phys. Rev. 97, 797 (1955) 
'W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955) 

‘W. D. Walker (to be published) 

®° We would like to thank R. Sternheimer for calculating these 
trajectories for us 


Massachusetts 
North Carolina 


Upton, Long 


Shutt, Thorndike, and 


is determined, as explained in (1), from a study of two 
unstable-particle production events which were ob 
tained in the same exposure. 

The liquid propane bubble chamber has previously 
been described®’; it is 64 in. in diameter and 4 in. in 
depth. The density of expanded propane is 0.429 
g/cm; the partial density of hydrogen is 0.078 g/cm* 
There is no magnetic field. 
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hic. 1. Experimental setup showing w-beam trajectory collimators 
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® Leitner, Samios, Schwartz, and Steinberger, Nevis Cyclotron 
Report No, R-105, Nevis No. 10 (unpublished) 

’ J. Leitner, Nevis Cyclotron Report No. R-140, Nevis No. 2 
(unpublished ) 
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Fic. 2. Bubble chamber photograph of a typical elastic scattering event 


Altogether, 14 300 stereoscopic pictures were taken 
with an average of 14 tracks per pictyre. The pictures 
are examined for two-prong stars produced by beam 
tracks. Scanning is done by looking along each track for 
interactions 
After the events are located, the coordinates of the 


All pictures are rough-scanned twice 


vertex and the angles between the tracks in both stereo 
views are measured with an accuracy of the order of 
+0.3°. The space angles, and other quantities necessary 
for the analysis of the event, are then computed elec- 


tronically. A typical w~-p elastic scattering event is 
shown in Fig, 2. 
Il. SELECTION OF THE EVENTS 
A two-prong star, in order to be classified as an 
elastic hydrogen event, must satisfy the following 
criteria within the limits of error of the measurements 
1. It must be coplanar. As a measure of coplanarity 


we employ the triple scalar product (C) of the three 


unit vectors defined by the two-prong star. The pre- 





-p ELASTIC SCA1 


COPLANARITY OF 1001 w.F 


TWO- PRONG STARS 
(BACKGROUND) 


COPLANARITY OF 100 


NUMBER OF EVENTS 


COPLANARITY 


Fic. 3. Values of the triple scalar product, C, for 1001 rp events 
(solid line) and 1001 two-prong stars (background) 


cision of this measurement depends not only on the 
lengths of the tracks, but also on the orientation of the 
plane of event. The dependence of C upon these effects 
is discussed in detail in reference 7. Figure 3 shows 
the values of the triple scalar product (C) of all those 
events accepted as “coplanar,” as well as a represen- 
tative sample of rejected events. 

2. The angular correlation of the recoil proton and 
scattered pion must be consistent with the kinematics 
for the process. We show in Fig. 4, the kinematic curve 
in the laboratory system for 1.44-Bev (total energy) 
pions, together with two curves which show the probable 
error of measurement, along with those events which 
have been accepted as elastic r-p’s. The probable error 
in the space angle is shown as +1.5°; this results from 
a +0.3° average error in the projected-angle measure- 
ment. Approximately 92% of the accepted events lie 
within the acceptance region shown in Fig. 4. 

3. The ranges of any stoppings in the liquid must be 
consistent with those expected from the r-p kinematics. 


ey 


Fic. 4. A portion ot 
the angular correlation 
plot of elastic #-p 
events. The solid line is 
the kinematic curve for 
incoming pions of 1.44 
Bev (total energy). The 
dotted envelope covers 
the region of probable 
error, +1.5° wide 
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This criterion, the most sensitive of the four, is applied 
to an appreciable number of the cases (30%) since the 
diffraction scatterings show a short low-energy proton 
recoil. [A proton track of 3 in. in our chamber corre- 
sponds to a proton energy of 68 Mev and a pion 
scattering angle of 30° in the center-of-mass (c.m.) 
system. | 

4. The bubble densities and multiple scatterings of 
the tracks must be consistent with those expected from 
the known energies and momenta. This criterion is 
applied qualitatively. 

In all, ~3000 stars were measured, calculated, and 
analyzed. Of these, 1027 were selected as satisfying the 
above criteria. 


III. CONTRIBUTION OF THE CARBON EVENTS 


The selection criteria are such that all events con 
sistent with being elastic hydrogen events are accepted, 
provided only that they are detected. All detected 
hydrogen events are therefore presumably accepted, 
but in addition we accept some carbon events which 
accidentally happen to satisfy the criteria. Below we 
make an attempt to estimate the number of such events 
from protons bound in carbon, and this number will be 
subtracted from the total number of events 

To this end, we have plotted in Fig. 5, the angular 
correlation of those 562 events which are coplanar but 
do not satisfy one or more of the remaining acceptance 
criteria. For the sake of definiteness, the smaller of the 
two scattering angles is plotted against the larger. On 
the same figure we have also plotted four lines which 
delineate three areas: A central region B which cor 
responds to the region in which 92% of the accepted 
events were found, and the adjacent regions A and C 
drawn so that the combined area of A and C is equal 
to that of B. 

Firstly, we point out that it is clear from Fig. 5 that 
the background events are not particularly peaked in 
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Fic. 5. Angular cor 
relation of coplanar 
(C<0.06) two-prong 
star background events 
Dashed lines correspond 
to acceptance region B 
(see Fig. 4). Solid lines 
encompass an additional 
region (A+C) whose 
area is equal to that of 
B 


+ 





eevee es 








eres owe ee oe eee 
18) 10 20 30 


®, DEGREES 


the vicinity of the w-p scattering curve. The carbon 
background which is included in our results can there- 
fore be estimated by subtracting the carbon events in 
the acceptance region (B) from those in the adjacent 
(A+C) 


because the acceptance region is not well defined. The 


region This is not completely well defined 
allowed deviation in the kinematics of any particular 
event depends on the measureability of that event. We 
have arbitrarily taken a region which contains a rather 
large fraction (92%) of the events. In this way we 
The 


erroneously included carbon events is then probably 


believe the error is overestimated. number of 


somewhat smaller than 


105 —66 = 39+ {[ (105)?+ (66)? }#} = 394 12, 


40 50 60 


and the percentage correction is 39/1029= (4+2.5)%. 
The indicated error is taken larger than the statistical 
error to include the uncertainty in the width of the 
acceptance strip. It is clear that the error due to the 
inclusion of carbon events will be small. 


IV. FIDUCIAL REGION AND SCANNING 
EFFICIENCY 


The spatial positions of the vertices of 1027 accepted 
events were measured. The distribution in depth is 
shown in Fig. 6 and the distribution in the plane of 
the chamber is shown in Fig. 7. We chose, for the 
fiducial region, a right circular cylinder 7.5 cm in depth 
and 12 cm in diameter. The axis of this cylinder is 
parallel to the axis of the chamber, but displaced 4 cm 
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Fic. 6. Depth dis 
tribution of 1027 
elastic mp events 
(solid line), and 1027 
beam tracks (dashed 
line) 
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(in the direction of beam) from the geometric center of 
the chamber; see Fig. 7. Within this region the detection 
probability seems uniform, Eight hundred fifty of the 
1027 accepted events are within the fiducial region; all 
results will be based on these 850 events. 

Even within this region, however, we do not find all 
events. The detection efficiency depends upon both the 
scattering angle and the dip angle. Events with a large 
dip angle are harder to recognize and so are those in 
which the proton recoil is very short, i.e., the scattering 
angle is too small. For center-of-mass scattering angles 
greater than 15°, however, the detection efficiency 
should be near unity for events whose planes are rea 
sonably parallel to the chamber plane. 

In Fig. 8, we have plotted the number of events within 
a certain range of the (pion) scattering angle as a func 
tion of the azimuthal angle. This gives the following 
estimates for the ratio of the detection efficiency to its 
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Plot of the vertices of 1027 elastic rp events in the chamber plane. The arrow indicating beam direction should be reversed 





388 CHRETIEN, LEITNER, SAMIOS, 








OF EVENTS 
r 
, 


NUMBER OF EVENTS 
NUMBER 


° 


NUMBER OF EVENTS 


CROSS-SECTION VIEW 
OF CHAMBER 


Fic. 8. Plots of the number of observed events vs the azimuthal 
angle as a function of the laboratory scattering angle 7, for the 
accepted wp elastic events, found in the fiducial region 


value for small azimuthal angle 
Center-of-mass 


scattering angle 10°-15° 15°-30° W 
0.86 0.97 


150 
1.00 


150°-180 


Efficiency 0.925 


For the small azimuthal angles the absolute efficiency 
was found by comparison of several independent scan- 
nings, to be 0.934 0.04. 


V. RESULTS 


The cross section is proportional to the number of 
events divided by the total track length. The track 
length is determined by measuring in every 50th picture 
the projected track length within the fiducial region 
and multiplying by 50. The total pion path length found 
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Uncorrected angular distribution of the 850 elastic rp 
scatterings in the fiducial region 
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in this way is L=2.25X10° cm+2%,. It is necessary to 
subtract the muon and electron track lengths from L. 
The muon contamination is estimated to be (4+3)% 
from the work of Cool, et al.* For the estimation of the 
electron background we rely on the experiments of 
Lindenbaum and Yuan.’ According to their results, the 
electron contamination can be neglected at this energy. 
The corrected total track length is 2.16 10° cm. 

A histogram of the 850 observed events is given in 
Fig. 9 as a function of the center-of-mass scattering 
angle and this is converted to the differential cross 
section of Fig. 10, using the track length discussed 
above, the scanning efficiencies discussed in V, the 
correction for carbon contamination discussed in ITI, 
and the density of expanded propane at 60°C (p=0.429 
g/cm*). 

The cross section at 0° cannot be determined here 
as discussed above ; however, it can be determined quite 
independently from the measurement of the total cross 
sections and the elastic r~-p and m*-p cross sections at 
all energies, with the help of the dispersion relations. 
From the total cross section of 30+3 mb" at this 
energy, we get for the imaginary part of the forward 
coherent scattering amplitude: Im/,(0)=o7/4A 

(0.85340.09) KX 10-" cm. From the dispersion rela- 
tions," Sternheimer” gets for the real part of the 
forward coherent scattering amplitude: 


Re f,(0) = —0.3 10~-" cm 
Thus, 
(da/dQ) coherent(0°) = 8.2+ 1.6 mb 


At 0° the spin-flip cross section vanishes, and hence the 
forward coherent cross section is equal to the forward 
elastic cross section. The latter point at 0° has also been 
plotted in the results shown in Fig. 10. 

The total elastic cross section can be obtained by 
integrating the curve of Fig. 10. This gives o.\(4~-p) 

10.1+0.8 mb. The major contribution (0.6 mb) to 
the total error arises from the uncertainties in the 
scanning efficiency correction.” 


VI. DISCUSSION OF RESULTS 


The angular distribution of Fig. 10 is peaked in the 
forward direction, falls to a low value (perhaps close to 
0) near 60° (c.m.), and then rises to a rather uniform 
level of ~0.3 mb between 90° and 180° (c.m.). The 
forward contribution is most certainly the diffraction 


* Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 (1956) 

*S. Lindenbaum (private communication) 

” Cool, Madansky, and Piccioni, Phys. Rev. 94, 736 (1954) 

" Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 
(1955) 

2 R. Sternheimer, Phys. Rev. 101, 384 (1956) 

8 This is true, if one assumes that the dispersion relations hold 
at the energy under consideration. There is some evidence, in fact, 
that deviations from the Re/f,(0°) predicted by the dispersion 
relations exist even at lower energies. [See G. Puppi and A. 
Stanghellini, Nuovo cimento 5, 1305 (1957).] If the dispersion 
relations do not hold here, a complete re-estimation of ¢,) will be 
required 
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scattering which is a consequence of the large absorp- 
tion; (Gare~ 20 mb, orotar~ 30 mb). However, the back- 
ward scattering is much too large to be attributed to 
the same cause. The analysis is further complicated by 
the fact that the model for discussing the forward peak 
and the backward plateau must probably be different, 
but their amplitudes interfere; it is probably not, 
therefore, possible to discuss the diffraction peak and 
the observed minimum without taking this interference 
into account. 

At this time we wish to extract from the data only 
the effective pion-nucleon interaction radius. Even this 
is made slightly dubious by the interference of the 
diffraction and nondiffraction scattering amplitudes, 
the latter being entirely unknown. We therefore fit 
the theoretical diffraction amplitude to two points, 
both at small angles (15° and 30° c.m.), where the 
diffraction amplitude most probably strongly dominates 
the nondiffraction amplitude. The radius of the rec- 
tangular well, R, must be (1.08+0.06)10~" cm in 
order that the observed points fit a diffraction pattern 
| Ji (kr sind) /kr sind|*, where k is 3.5810" cm~. This 
curve is shown in Fig. 10 as the solid line. We emphasize 
that no fit is expected except for the main part of the 
forward peak. 

The above value for R is considerably larger than the 
value deduced by Hofstadter ef al." from the electron- 

4 R. Hofstadter et al., Proceedings of the Sixth Annual Rochester 


Conference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Sec. 9 
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Fic. 10. Corrected differential cross section. The point at 0° is 
not measured; it is found from the total cross section and the 
x p, w*p cross sections at all energies as described in VI. The 
solid curve is a black-sphere diffraction pattern for R= 1.08 10°" 

Some representative statistical errors are shown 


proton scattering at 550 Mev, where a good fit is ob- 


tained by taking a Gaussian extension for the proton 
of rms radius 0.8X10-" cm. This smaller effective 
radius must result in a considerably broader pattern 
and cannot fit our results. This need not surprise one, 
since a priori, there is no clear connection between the 
and the meson-nucleon 


electrostatic interaction 


interaction 
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Nuclear emulsion technique has been employed to determine the energy levels in F'* with the help of an 
incident proton beam of 9.5-Mev energy from the Birmingham cyclotron. Energy levels in F have been 
obtained at 1.364-0.02, 1.554+0.01, 2.834-0.02, 3.924-0.04, 4.064-0.05, 4.574-0.02, 4.7640.05, 5.27+0.02, 
§.534-0.03 and 6.0740.02 Mev. In addition, possible levels at 4.95+-0.02 and 6.5040.09 Mev have been 


detected 


Mev. The target used by them was PbF» condensed on 
gold backing. 

The neutrons resulting from the O'*(d,n)F™ reaction 
were studied by Seale, who obtained levels at 0.2, 0.9, 


INTRODUCTION 


N exposure utilizing a gaseous sulfur-hexafluoride 
target was made at Birmingham in 1955, em 


ploying the 9.5-Mev proton beam from the 60-inch 
cyclotron. Ilford C-2 type of emulsion was used for the 
detection of the scattered protons. The plates were lent 


1.4, 1.6, 2.2, 2.75, 3.85, 4.5, 5.2, and 5.5 Mev. Freeman* 
studied the F'(n,n’) reaction and reported levels at 
0.111, 0.196, 1.24, and 1.37 Mev. A level at 6.03 Mev 


to the authors for analysis under a microscope 
has been reported by Holmgren and Butler.‘ 


Squires et al.,® studying the F'"(p,p’) reaction with 
7.31-Mev protons, reported levels at 0.111, 0.197, 1.350, 
1.462, 1.558, 2.784, 3.912, 4.002, and 4.036 Mev. 


PREVIOUS RESULTS 


A brief survey of the results obtained so far will be 
helpful before going into the details of the results 
obtained in the present investigation 

Arthur ef al.,' studying the inelastic scattering of 
$.0-Mev protons at 150° by fluorine, reported levels at 
1.37, 1.59, 2.82, 3.94, 4.06, 4.41, 4.48, 4.59, and 4.76 


PRESENT WORK 


In the present exposure the scattering camera® was 
filled with sulfur-hexafluoride gas at 5.27 cm pressure 
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Fic. 1. Histogram of 
the tracks observed at 
6= 120°. The abscissa in 
dicates the range. Each 
division equals 1.245 
microns. The ordinate 
indicates the number of 
tracks. The histogram 
has been drawn at 2-di 
vision intervals 
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* Now at the Army Apprentice School, Rawalpindi, West Pakistan : 
‘Arthur, Allen, Bradner, Hausman, and McDole, Phys. Rev. 88, 1291 (1952 
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2R. L. Seale, Phys. Rev. 92, 389 (1953) 

+]. M. Freeman, Phys. Rev 99, 1446 (1955) 
4H. D. Holmgren and J. W. Butler, Phys. Rev. 99, 655 (A) (1955 

* Squires, Bockelman, and Buechner, Phys. Rev. 104, 415 (1956) 

* Burrows, Powell, and Rotblat, Proc. Roy. Soc. (London) A209, 461 
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Fic. 2, Histogram of 
the tracks observed at 
6=80°. The abscissa in 
dicates the range. Each 
division equals 1.000 
microns. The ordinate 
indicates the number of 
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at a temperature of 27.0°C. The integrated charge 
during the exposure was 4.12+0,02 microcoulombs 
Phe scattering gap was 0.35 mm wide. 

The method of analysis of the plates under the 
microscope has been described in detail by Burrows, 
Powell, and Rotblat.® The scanning of the plates was 
done in this laboratory under a Reichert microscope 
A mechanical turntable was designed in this laboratory 
to facilitate the setting of the plates on the stage of 
the microscope. 

The energy levels were obtained at eight angles of 
scattering, namely, 70°, 80°, 100°, 110°, 120°, 130°, 
140°, and 150°. Two typical histograms at 80° and 120 
are shown in Figs. 1 and 2 

Levels at 1.36+0.02, 1.55+0.01, 2.83+4-0.02, 
+ 0.04, 4.06+-0.05, 4.574+0.02, 4.76+0.05, 5.27+0.02, 
5.53+0.03, and 6.07+0.02 Mev have been identified as 
energy 


3.92 


belonging to I’. Figure 3 shows the levels 
obtained in the present investigation along with those 
quoted by Ajzenberg and Lauritsen.’ 

All of these levels have been mentioned by Ajzenberg 
and Lauritsen except the one at 6.07 Mev. They further 
list the levels at 5.2 and 5.5 Mev as doubtful ones, 
which have been confirmed in the present investigation 

The levels at 0.11 0.19 Mev’® could not be 
obtained since the proton groups due to these levels 
could not be separated from the elastic group of protons 

No evidence was found for the levels at 0.9 and 
2.2 Mev.’ The tracks belonging to 4.41- and 4.48-Mev 
levels could not be resolved into two distinct groups; 
nevertheless scattered tracks were obtained which could 


and 


be ascribed to these levels 

The level at 6.07 Mev 
different angles and the shift in range of the group of 
Modern Phys. 24. 321 


has been observed at six 


’F. Ajzenberg and I. Lauritsen, Revs 


1952) 


150 200 250 


protons with angle enabled the authors to attribute 


this level to F'*. This confirms the finding of Holmgren 
and Butlert who reported a level at 6.03 Mev. In addi 
tion, an isolated group of protons was found (Figs. 1 
and 2) whose shift in range with angle corresponded to 


the level in S*®” at 3.814+0.03 Mev 


+ Vrresolved tracks... 
0 e Ground State 





Level scheme for F™ nucleu Scheme on the left 


Scheme on the right 
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The present investigation also reveals possible levels 
at 4.954-0.02 and 6.504-0.09 Mev in F”. The groups 
belonging to these levels however, were not sufficiently 
well defined to allow their identification through the 
shift in range with angle. Each of these levels was 
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The Rice Institute magnetic-lens pair spectrometer has been used to detect y radiation from the 
F"(pa)O'* reaction. The y-ray transition from the 8,88-Mev level in O'* to the ground state and the 
cascade y from this level to the 6.13-Mev state have been observed. Relative intensities of these y rays 
and the 7.12-Mev » ray are given. Gamma-ray spectra from Be*+d were observed at 1.5-, 2.0-, 3.2-, and 
4.0-Mev deuteron energies. Relative intensities of the 2,90-, 3.38-, 4.45-, and 5.99-Mevy y radiation were 
determined, Excitation curves were obtained for the 3.38- and 5.99-Mev y rays from Be”* between deuteron 
energies of 1.0 and 5,6 Mev. The relative intensities of the 3.58- and 2.86-Mev radiations from the 3.58-Mev 
level in B”* were measured using the B’(p,p’)B”* reaction, Other y radiation with energies of 0.43 Mev 
from B"(pa)Be’, 0.72, 1,023, and 1438 Mev from B”(p,p’)B"*, and 2.134 Mev from B"(p,p’)B"* was 


observed 


INTRODUCTION 


HE magnetic-lens pair spectrometer used in the 

work reported in this paper is described in other 
papers.’” Measurements of y-ray energies with this 
spectrometer from the F"’+p and Be’+d reactions 
have been reported on previously.'? In the present 
experiments the spectrometer was used with a higher 
transmission and a lower energy resolution of 7%, 
Under these conditions the background due to chance 
coincidences and scattered radiation is materially 
reduced in comparison to the number of true coinci- 
dences and so weaker y radiation may be observed. 


F"*(pa)O'™* 


Recent work by several groups*~’ shows the existence 
of a state in O"* at 8.88 Mev. Wilkinson e/ al.,* observed 
cascade y rays from this state to the 6.14-, 6.91-, and 
7,12-Mev levels but did not detect the ground-state 
transition, Hornyak and Sherr’ observed inelastically 
scattered protons from the 8.88-Mev state in the 
reaction O'*(p,p’)O'™. Alpha particles to the 8.88-Mev 


t Supported in part by the U, 5. Atomic Energy Commission 

' Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955) 

* Ranken, Bonner, and McCrary (to be published). 

* Bent, Bonner, McCrary, Ranken, and Sippel, Phys. Rev. 99, 
710 (1955) 

‘ Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1955). 

*W. F. Hornyak and R. Sherr, Phys. Rev. 100, 1409 (1955). 

* Squires, Bockelman, and Buechner, Phys. Rev. 164, 413 
(1956). 

’ a Phillips, and Spencer, Phys. Rev, 108, 72 (1957) 


level in the reaction F"(pa)O'™* have been observed 
by Squires ef al.,° and Young ef al.’ The + radiation 
from F"+p has been studied previously in this labo- 
ratory’ and the results indicated no lines between 7.5 
and 11.0 Mev with an intensity greater than 10% that 
of the 7-Mev radiation. 

Because weaker radiation could be detected with the 
higher transmission of the present instrument, a search 
was made for the 8.88-Mev y ray which had not been 
observed. Since the spectrometer is much more sensitive 
to nuclear pairs than to y rays, a proton energy was 
used at which the ratio of y intensity to nuclear pair 
intensity was highest, in order to keep the y-ray 
counting rate as high as possible in comparison with the 
background counting rate contributed by the nuclear 
pairs from the 6.053 state of O'*. From the y-ray and 
nuclear pair excitation curves’ it was found that a 
suitable bombarding energy was 4.25 Mev, taking into 
account the necessity of a high bombarding energy in 
order to strongly populate the 8.88-Mev level which is 
formed in the reaction F"(p,a)O'™ with a Q value of 
—0.752 Mev. The target used was 1.58 mg/cm* CaF, 
evaporated on a 11.8-mg/cm’ Ag foil. The experimental 
results are shown in Fig. 1. The spectrum has been 
corrected for background effects in the regions of the 
2.80-, 7.10-, and 8.91-Mev peaks. At the 2.80-Mev 
peak a background counting rate (chance plus zero 
field true coincidences) equal to 11% of the actual 
counting rate has been subtracted from the original 
data. A background rate of 6% of the counting rate at 





GAMMA 


the 7.1-Mev peak and of 70% of the counting rate at 
the 8.91-Mev peak has been subtracted. In addition 
to the very intense peak due to nuclear pairs, peaks 
were found at 2.80+0.04 Mev, 7.10+0.04 Mev, and 
8.91+0.05 Mev (uncorrected for Doppler effects). The 
Dopp!ter-corrected energies of the y rays and their 
relative intensities are given in Table I. Since the 
2.79-Mev ¥ ray is considerably more intense than the 
8.88-Mev radiation the life time of the 8.88-Mev state 
will be approximately the time for emission of the 
2.79-Mev radiation. The calculated value of this lifetime 
is 10- second based on the single-particle-model 
transition probability. Since the radiating nucleus loses 
little of its velocity in this time, the full Doppler 
correction to the y-ray energies has been made. 

In order to de-excite by y radiation rather than by 
a-particle emission the spin and parity of the 8.88-Mev 
state must be 14+, 2—, 3+-, ---. The first possibility 
would result in low multipole radiation to the 0+ 
ground state and higher multipole radiation to the 
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Fic. 1. Internal and nuclear pair spectrum from excited states 
of O'* produced by the bombardment of a 1.58-mg/cm? CaF; 
target with 4.25-Mev protons 


6.14-Mev 3— state. This would result in the ground 
state transition being more intense than the cascade. 
This leaves only 2— or 3+ as plausible assignments to 
the level. 

Wilkinson et ai.,* were not able to detect the 8.88-Mev 
y ray but reported that with 4.1-Mev protons the y ray 
was less than 15% as intense as the 2.8-Mev cascade. 
In the present experiment the ratio of the number of 
8.88- to 2.79-Mev ’s was found to be 0.09+-0.04. The 
theoretical y-ray branching ratios for a 2— and for a 
3+ assignment to the 8.88-Mev level, using the single 
particle model, are given in Table I. The experimental 
results agree with the 2— assignment and disagree 
with the 3+ assignment by a factor of 10*. The results 
are also in good agreement with branching ratio calcu- 
lations made by Flowers and Elliott* using the inter- 
mediate coupling theory based on an assignment of 2— 
to the 8.88-Mev level. A conservative conclusion is 
that the state at 8.88 Mev is a 2— level. 


* B. H. Flowers and J. P. Elliott (private communication) 
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Doppler corrected energies and relative intensities of 
y rays from the F"(p,)O' reaction 


Tasie | 


Theoretical 
intensity 
if 8.88 Mev 
state is 


Relative 
Relative apec 
peak Type trometer Relative 
height radiation efficiency intensity / s+ 


2.79 5.8 W1 or El 


7.08 100 Fl 
8.48 2.0 V2 or E3 


energy 
(Mev) 


0.26 1.00 
1.00 4.5 


1,05 0.09 0.07 


Be’ (d,p)Be'"*, 0 = 4.59 Mev; Be’(d,n)B'", 
Q = 4.36 Mev 


Previous y-ray spectra from the bombardment of 
beryllium by deuterons were obtained by Bent ef al.,* 
who observed y radiation above 4 Mev. With the 
greater efficiency of the spectrometer used in the present 
experiments, it was possible to study lower energy 7 
radiation as well as that above 4 Mev, 

Spectra were obtained at deuteron energies of 1,5, 
2.0, 3.2, and 4.0 Mev using a 25.3 mg/cm’ Be metal 
disk as a target. This target is sufficiently thick to 
stop the deuterons of all energies used. Results of the 
experiments are shown in Fig. 2. These curves have 
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Fic. 2. Internal pair spectra from excited state of BY and Be" 
from the bombardment of a 25.3-mg/cm* Be’ target with deuterons 
of 1.5, 2.0, 3.2, and 4.0 Mev 





594 McCRARY, 


Tasie Il. Energies and relative intensities of y rays from the 
bombardment of Be’ with deuterons. 


Relative 
spectrometer 
efficiency 


Relative 
peak 
height 


12.7 M1 


12.9 £2 
14 M1 


Deuteron 
Relative 
intensity 


Type 
radiation 


19.6 V1 
264 £2 
2.6 Vi 


71 M1 
143 E2 
24 Mi 


i 


150 7 220 
252 a 252 
37 : 28 
79 

144 64 


* The epin of the 5.96 level in Be is not known and other type + 
transitions besides M1 and F1 are poasible 


been corrected for chance and zero field counting rates 
which amounted to 25% of the total counting rate at 
the 3.40-Mev peak and 10% of the 6.04-Mev peak on 
the HKy=4-Mev curve. Table II gives the relative 
intensities of the y radiation taken at the different 
bombarding energies. 

The mean y-ray energies, the Doppler corrected 
energies, and the assignment of the radiations are 
shown in Table III 

Figure 3 shows the energy level diagrams of Be’ and 
8B". Spin assignments of the 4,77-, 5.11-, and 5.16-Mev 
levels in B” are due to Hanna and Meyer-Schiitz 
meister.’ Life time calculations indicate that Doppler 
corrections should be made on the 2.92-, 4.48-, and 
6.04-Mev y rays as indicated in the second column of 
Table III. The mean life of the 3.37-Mev level in Be", 
which decays by #2 radiation, has a calculated value 
of 10°" second on the single-particle model. On this 
basis no Doppler shift should be found. The measured 
y-ray energy of 3.4040.03 Mev indicates that there 


ante IIL, Energies and assignments of y rays from the 
bombardment of Be’ with deuterons 


Assignment 
(level energies 
in Mev } 


UU neorrected Doppler 
energy corrected energy 
(Mev) (Mev) 


B* (3,58-90.72 
B” (5.16-+2.15 
Be” (3.37) 
B® (5.16-90.72 
Be” (5.96) 


2.92 +0.03* 2.90 +0.03 
$40 +003 
448 +0.05 


6.035+0.04 


4.38 +0.03 
445 +0.05 
5.985+-0.04 


* At the higher deuteron energies used there is also a possible contribution 
due to the 6.26 Mev -+3.37 Mev cascade in Be'* 


*S. S. Hanna and L. Meyer-Schiitzmeister, Bull. Am. Phys 
Soc, Ser. I], 2, 180 (1957). Level assignments are those given 
orally and differ from those suggested in the abstract 
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may be a Doppler shift which is only possible if the 
life time of the state is approximately 5 times shorter 
than that predicted on the single particle model. An 
enhancement in the £2 transition probability of an 
even larger amount is possible where collective motions 
are important. 

Since the 2.92-Mev peak is approximately half way 
between the expected y rays at 3.01 and 2.86 Mev 
(5.16- to 2.15-Mev cascade and 3.58- to 0.72-Mev 
cascade, respectively), it could be due to either of these 
or to the unresolved peak resulting from the presence 
of both y rays. y radiation of 3.58 Mev produces a 
noticeable broadening on the high side of the 3.40-Mev 
y-ray peak and indicates the presence of some ground 


4 
7.37 
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B 
Fic. 3. Energy level diagrams for Be” and B” showing the + 
transitions observed in the present experiments. (Energies in 
Mev.) 
! 


state y radiation from the 3.58-Mev level in B”. The 
5.16-Mev 7 from B" was not resolved in the present 
experiment and it appears to be considerably weaker 
than the cascade y ray of 4.48 Mev. This agrees with 
the result of Wilkinson and Jones" that the 5,16-+0.72 
Mev cascade in B" is about 5 times stronger than the 
5.16-Mev ground state transition. The y radiations 
from Be*’+d have also been studied by Rasmussen, 
Hornyak, and Lauritsen’; Chao, Lauritsen, and 
Rasmussen”; and Shafroth and Hanna.” The earlier 


“ D. H. Wilkinson and G, A. Jones, Phys. Rev. 91, 1575 (1953). 

" Rasmussen, Hornyak, and Lauritsen, Phys. Rev. 76, 581 
(1949) 

*® Chao, Lauritsen, and Rasmussen, Phys. Rev. 76, 582 (1949). 

"S. M. Shafroth and S. S. Hanna, Phys. Rev. 95, 86 (1954) 
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experiments were all made with deuterons of 1.5 Mev 
or less. Relative intensities given in references 11 and 
12, taken at 1.2- and 1.5-Mev deuteron energy respec- 
tively, are in fairly good agreement with the present 
1.5-Mev results. At higher bombarding energies the 
6-Mev radiation, which results from the (d,p) reaction 
with a Q value of —1.37 Mev, increases rapidly in 
intensity. There is also some increase in the strength of 
the 3.4-Mev radiation [ (d,p) reaction | as compared with 
the sum of the contributions from the 2.86- and 3.01-Mev 
y rays [ (dn) reaction | with increasing deuteron energy. 
The relative change in intensities with increasing deu- 
teron energy is opposite to that expected from the strip- 
ping theory where the effect of the barrier penetration on 
the (d,n) reaction results in a greater increase in cross 
section than in the case of the (d,p) reaction. From the 
statistical point of view there are only two levels in Be" 
that are populated with 1.5-Mev deuterons while at a 
deuteron energy of 4 Mev there are seven or more levels 
which compete. In contrast, at a deuteron energy of 1.5 
Mev there are nine levels in B"’ which are populated and 
this number increases to eighteen levels with 4-Mev 
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Fic. 4. Excitation functions of the 3.37-Mev and 5.96-Mev ¥ rays 
from the Be*’(d,p) Be®* reaction 


deuterons. On the basis of this statistical argument 
the relative intensities of the 3.4- and 2,92-Mev y 
radiation should have changed in the opposite way to 
that observed. 

Excitation functions of the 3.37- and 5.96-Mev y 
radiation from the (d,p) reaction in Be’ were measured 
in another experiment using a thin beryllium target 
(0.62 mg/cm*). The results are given in Fig. 4. The Q 
values for the two groups of protons that give rise to 
these y rays are +1.22 and —1.37 Mev. The yield of 
5.96-Mev ¥ rays rises rapidly above the threshold at 
1.37 Mev and then becomes nearly constant above 3 
Mev. The yield of 3.37-Mev y radiation shows a broad 
resonance at 1.3 Mev and a possible resonance at about 
1.8 Mev. The intensity increases rapidly at approxi- 
mately 2.6 Mev and becomes nearly constant above 
4 Mev. Cavanan" has observed a broad resonance at 
2.1 Mev in the yield of long range protons from the 
reaction Be*(d,p)Be". The slight indication of a reso- 
nance around 1.8 Mev in the present work may be due 


Cavanan, Phys. Rev. 87, 136 (1952 
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Fic. 5. Internal pair spectrum from excited states of B” from 
the bombardment of a 15-mg/cm*, 96% B” target with 4.9-Mev 
protons 


to the same level in the compound nucleus. The results 
of earlier experiments of Evans, Malich, and Risser'* 
indicate a broad resonance at about 1 Mev in the yield 
of y radiation and neutrons from the deuteron bom 
bardment of Be* 


B’( p,p’ )BY* 


In order to obtain better information about the y-ray 
branching ratios from the states in B'’, measurements 
were made of the relative intensities of y rays occurring 
in the reaction B"(p,p’)B"*, In this experiment it was 
possible to excite each level individually and observe 
rather weak transitions since the background was low 

Protons with an energy of 4.9 Mev were used to 
populate the 3.58-Mev level in B”. The resulting 
y spectrum was observed in the y-ray energy range of 
2.6 to 3.8 Mev. The target consisted of 96% B"”, 15 
mg/cm* thick, pressed on 22.5 mg/cm? nickel (0,001 in.) 
Figure 5 shows the results of the experiment, corrected 
for chance and zero field counting rates. Table IV gives 
the y-ray energies and relative intensities, A Dopplet 
correction of 20 kev has been applied: to both y rays 
The cascade y ray is approximately three times as 
intense as the 3.58-Mev radiation to the ground state 
Since both of the radiations are of the M1 type, the 
higher energy transition should be stronger by a factor 
of two because of the F* relation. The results indicate a 
ante IV 


Energies, relative intensities, and 
y rays from the reaction B’(p,p’)B!* 


assignment ol 


Theoretical 
exper relative 
mental intensities 
relative a/K a/K 
intensity “iO =45 


Doppler 
corrected 
energy 


(Mev) 


[ype 
radiation \ssigninent 
B*” (3.58-+0.72) 2.9 0.67 0.5 
BY (3,58) I | i 


2.87 40,04 Mi 
3.564-0.05 M1 


* Evans, Malich, and Risser, Phys. Rev. 75, 1161 (1949 
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F1G. 6. Photoelectron spectrum from the bombardment of a 
49 mg/cm’, 96° B” target with 2.11-Mev protons (14-mg/cm* 
Au radiator) 


hindrance factor of six for the 3.58-Mev ground state 
transition relative to the cascade transition. 

The intermediate coupling theory of Kurath'* has 
been quite successful for calcuiating the energy levels 
for nuclei in the region of filling the 1p shell. The theory 
has been extended further"? to calculate the branching 
ratios for the 5.16-, 3.58-, and 2.15-Mev levels in B". 
Branching ratios have been calculated for two values of 
the parameter a/K (the relative strength of the spin- 
orbit coupling) which lie in the region where the calcu- 
lated level scheme resembles the experimental one, viz., 
a/K = 3.0 and 4.5. The theoretical values for the relative 
intensity of the 3.58-90,72 and 3.580 Mev y rays are 
given in Table IV along with the experimental values. 
The agreement between the experimental and theo- 
retical results is not good. 

The y rays from the 2.15- and 1.74-Mev levels in B’® 
are not energetic enough to be observed with the pair 
spectrometer. In order to study the y radiation from 
these states, the pair detection system was replaced by 
a single scintillation counter and the instrument was 
used as a §-ray spectrometer to observe photoelectrons 
produced in a heavy metal radiator. This arrangement 
of the spectrometer gave a momentum resolution of 
2.3% for the internal conversion electrons associated 
with the 1.066-Mev y ray from a Bi*” source. 

The y-ray spectrum arising from the bombardment 
of a 49-mg/cm*, 96% B"” target with 2.11-Mev protons 
was observed in the energy region of 0.25 to 0.85 Mev. 
The radiator was a gold foil with a thickness of 14 
mg/cm*, At this proton energy it is possible to excite 
only the 0.72-Mev and 1,74-Mev levels in B". The 
spectrum is shown in Fig. 6. The peak at 0.43 Mev is 
assigned to the 0.43-Mev level in Be’ which is produced 
in the reaction B"(p,a) Be’ with a Q value of 1.148 Mev. 


“1. Kurath, Phys. Rev. 101, 216 (1956) 
DP. Kurath, Phys. Rev. 106, 975 (1957) 
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The 0.72-Mev ¥ ray from B” is weaker than the 0.43- 
Mev ¥ ray from Be’ by a factor of 32. This ratio was 
obtained from the L conversion line of the 0.43-Mev 
radiation, since there was considerable loss of counts 
from the lower energy K conversion electrons. 

y-ray spectra were also obtained for proton energies 
of 3.58 and 4.5 Mev. These measurements were made 
with an 18-mg/cm’ thick B” target (96% B"”) pressed 
onto a thorium radiator 37 mg/cm’ in thickness. At a 
proton energy of 3.58 Mev it is possible to excite only 
the 0.72-, 1.74-, and 2.15-Mev levels in B”. Figure 7 
shows the y radiations which were observed. The energy 
scale has been adjusted so that the K peaks represent 
the full y-ray energy. The 1.368+0.001 Mev y ray" 
from the Al*"(pa)Mg”™ reaction was used to calibrate 
the spectrometer. Measurements of the life time of the 
1.368-Mev state in Mg” indicate no Doppler shift 
occurs. At 3.58-Mev bombarding energy, y rays were 
cbserved with energies of 1.02, 1.43, and 2.14 Mev. 
The 1.02-Mev line is assigned to the 1.74—-»0.72 Mev 
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Fic, 7. Photo-electron spectra from the bombardment of an 
18-mg/cm*, 96% B” target with 3.58- and 4.5-Mev protons and 
of a 15-mg/cm* natural boron target with 3.58-Mev protons 
(37-mg/cm? Th radiator) 

A, Hedgran and D. Lind, Arkiv Fysik 5, 177 (1952) 

"C.F, Coleman, Phil. Mag. 46, 1135 (1955) 
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transition and the 1.43-Mev y is assigned to the 
2.15-90.72 Mev transition. 

The presence of the strong peak at 2.15 Mev suggests 
that a good value of the relative intensities of the 
2.15-90.72 and 2.150 Mev transitions should be 
readily obtainable. However, the first excited state of 
B" occurs at 2.14 Mev. The possibility that 4% of B", 
in the nominally B"” target, might account for part of 
the observed intensity of the 2.14-Mev vy ray was 
tested by bombarding a natural boron (81.2% B") 
target with protons of 3.58-Mev energy. The thorium 
radiator thickness was again 37 mg/cm’ and target 
thickness was 15 mg/cm’. The results of this experiment 
are also shown in Fig. 7. The intensity of the 2.14-Mev 
radiation from B" was such that essentially all of the 
2.14-Mev peak obtained with the 96% B" target can 
be ascribed to the residual 4% of B". The nature of the 
experiment is such that the only safe conclusion that 
can be drawn is that the intensity of the 2,15--0 Mev 
transition in B" is probably less than the intensity of 
the 2.15-»0.72 Mev transition. This rough estimate 
does not conflict with that of Ajzenberg and Lauritsen.” 
Their estimate is based on the work of Shafroth and 
Hanna," who studied the By raysusing the Be’(d,n) B”” 
reaction, where it is possible to get 1.43-Mev ¥ radiation 
from two separate cascades (3.58-92.15 and 2.15-90.72 
Mev). 

The y-ray spectrum obtained from the B"(p,p’)B* 
reaction when the bombarding proton energy was 
increased to 4.5 Mev is shown at the top of Fig. 7. 
The target and radiator are the same ones used to 
obtain the spectrum at 3.58 Mev. The intensities of 
the 1.02- and the 1.43-Mev y rays have both increased 
by a factor of 8. The peak which is observed at 1.78 
Mev is from silicon which is present as an impurity in 
the B” target in the amount of 1%. The ease with which 
small amounts of B", and particularly of silicon, are 
detected is further indication of the small value of the 
B"(p,p’)B* cross section. 

No y radiation from the 1.74 level of B” to the 
ground state was observed. This fact places an upper 
limit of 7% on the intensity of the ground state tran- 
sition relative to the 1.74-0.72 Mev transition. 


sed F. Ajzenberg and T. Lauritsen, Revs. Modern Phys, 27, 104 
(1955) 
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rasie V. Energies of 7 rays from a 96% B®” target and 
from a natural boron target 


Observed 
energy 
(Mev) 


1.0234-0,005 
1.4384-0.005 
2.134-+-0,005 


y-Tay energy 
if full 
Doppler 
shift 
applies 
(Mev) 


1.018 
1.430 
2.122 


Energy 
difference 
of levels 

involved in 
transition** 


1.0224-0,007 
1.4354-0.007 
2.13840.014 


\esignment 


BY 1,74-90,72 
BY 2.15--+0,72 
BY 2.1490 


Type 
of 

radi 

ation 


M1 
M1 
Wi 


2.88 +0.01 2.86 2,866-4-0.007 B” 3,580.72 1 


* See reference 21 
» See reference 23 


At a proton energy of 4.5 Mev it is possible to excite 
the 3.58-Mev level. The y-ray peak at 2.88 Mev shown 
on the top curve of Fig. 7 corresponds to the 3,.58-»0.72 
Mev cascade, At higher energies a weak Compton peak 
from the 3.58-Mev y ray was observed but is not shown 
in Fig. 7. 

The energies of the y rays obtained from B" and B" 
are listed in Table V. It can be seen that the agreement 
of the energy values of the two lower energy y's from 
B” with the energy differences of the levels involved 
(as measured by Bockleman ef al.”) is better when no 
Doppler correction is applied. The calculated transition 
probabilities for these y rays (computed on the basis 
of the single-particle model) indicate lifetimes no less 
than an order of magnitude shorter than the slowing- 
down time for the B* nuclei, so that it is not clear 
whether a Doppler shift occurs. A comparison of the 
experimental energy of the 2.88-Mev y radiation with 
the known difference in the energy levels in B"” indicates 
a Doppler shift, which is also expected on the basis of 
the calculated transition probability. For the case of 
the 2.12-Mev 7 ray from B" the Doppler shift has been 
measured” and hence there is little doubt but that it 
should be applied, despite the better agreement of the 
energy of the uncorrected ¥ radiation with the excitation 
energy of B'.™ 
Rev. 


* Bockleman, Browne, Buechner, and Sperduto, Phys 
92, 665 (1953). 

“1. H. Wilkinson, Phys. Rev. 105, 666 (1957), 

™Van Patter, Beuchner, and Sperduto, Phys. Rev. 82, 248 
(1951) 
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Sources of Se’ and Ge"’ have been investigated by delayed-coincidence techniques for short-lived isomeric 
levels in the daughter nuclei As’* and As’’, respectively. The 0.305-Mev level of As” has a half-life of 17 
milliseconds and is depopulated by a 0.025-Mey M2 transition (90%) in competition with a 0.305-Mev E3 
transition (10%). The 0.475-Mevy level of As” has a half-life of 116 microseconds and is depopulated by a 
0,.210-Mev M2 transition. An upper limit of 2% of the isomeric decays was placed on the intensity of any 
possible 0.475-Mev ground-state transition. In the beta decay of Ge” to As’’, gamma rays of the following 
energies were found to feed the metastable state: 0.153, 0.709, 1.08, and 1.50 Mev and probably also 0.92 
and 1,96 Mev. The data obtained have been incorporated in a recently proposed decay scheme of Ge”’. The 
previously discovered isomeric transition in As”, as well as those in As’ and As”, are probably all M2 


transitions between 9/24 and 5/2 


INTRODUCTION 


HE level structure of As’® has been studied by 

measurement of the radiations from the decay 
of Ge” and of Se”! * and from Coulomb excitation.’ 
The level scheme! which appeared to fit these data best 
failed to account for the absence of coincidences’ 
between the 97-kev gamma ray and other gamma rays 
appearing in the decay of Se’*. However, this obser- 
vation could be explained if the proposed 305-kev level 
was assumed to be metastable.’ DeBenedetti and 
McGowan‘ looked for isomerism in the microsecond 
range but found none in the Se” decay. Vegors and 
Axel’ observed a gamma activity (283215 kev) with 
a half-life of 1243 msec, produced by high-energy 
x-ray irradiation of arsenic; however, the mode of 
activation did not permit an assignment of the energy 
of the isomeric state or of the arsenic isotope responsible, 
Subsequently, the 305-kev level of As’* was shown to 
be isomeric* with a half-life of 18+ 1.5 msec, as observed 
by delayed-coincidence techniques in the decay of Se’®. 
Further work’ on the x-ray excitation of arsenic has 
shown that the same activity was being observed in 
both cases. The As’® isomer has also been excited by 
inelastic scattering of neutrons, and a half-life of 214-2 
msec was reported.”* 


1 Work performed under the auspices of the UL. 5. Atomix 
Energy Commission 
'A. W. Schardt and J. P. Welker, Phys. Rev 
Refer especially to note added in proof, p, 819 
*Lu, Kelly, and Wiedenbeck, Phys. Rev. 97, 139 (1955); also 
W.H. Kelly and M, L. Wiedenbeck, Phys. Rev. 102, 1130 (1956) 
*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
1956) 
‘Ss 
194%) 
*S. H. Vegors, Jr 
101, 1067 (1956) 
*A. W. Schardi, Bull. Am. Phys. Soc. Ser 
'S. H, Vegors, Jr. (private communication) 
*E. C. Campbell and P. H. Stelson, Oak Ridge 
Laboratory Report ORNL-2076, (unpublished), p. 32 
* Note added in proof.--This value of the half-life has been re 
vised to 1842 msec; P. H. Stetson and E. C. Campbell, Oak 
Ridge National Laboratory, Report ORNL 2302 (unpublished 
p. 25 


99, 810 (1955) 


DeBenedetti and F. K. McGowan, Phys. Rev. 74, 728 


and P, Axel, Phys. Rev, 100, 1238(A) (1955 


II, 1, 85 (1956 


National 


levels, with transition probabilities of 0.9, 1, and 0.6%, respectively, 
of the shell-model single proton transition probability 


The existence of isomerism in’ As” and in As” raised 
the possibility that a similar situation could exist in 
As’’. The results of a recent investigation” of the decay 
of Ge” indicated the existence of a metastable level ; 
no coincidences were found between gamma rays 
feeding the 475-kev level and those following its decay. 
The work reported here was undertaken to clarify the 
level scheme of As” and to check with improved 
techniques the earlier results on As’*”". In particular, 
an attempt was made to establish the mode of formation 
and decay of the metastable states. Delayed-coincidence 
techniques in conjunction with scintillation counting 
and pulse-height analysis were employed using Se” 
and Ge” as sources of the isomers. This approach has 
the advantage that existing information on the decay 
schemes of these nuclei is an aid in identifying the 
isomeric levels, On the other hand, accidental coin- 
cidences are a problem because the half-lives are 
relatively long. 

EXPERIMENTAL EQUIPMENT 


For delayed coincidence work in the 100-ysec to 10- 
msec region, it is especially important to optimize the 
ratio of the coincidence rate to the accidental rate. 
This means that there must be high detection efficiency, 
discrimination against radiations not connected with 
the isomeric state, and low natural background. These 
requirements were met by placing the radioactive source 
at the center of a well-type Nal(Tl) crystal (2j in. high 
and 24 in. in diameter) and by selecting the desired 
gamma rays with single-channel analyzers bracketing 
the respective photopeaks. In this arrangement, the 
gamma ray leading to the isomer, as well as the radi- 
ation by which it decays, was detected in the same 
crystal. Since the two events were not simultaneous, 
they could be identified by pulse-height analysis. The 
natural background was reduced by enclosing the 
crystal and photomultiplier in a 4-in. lead shield lined 
with 4 in. of iron to absorb the lead K x-rays. 


*R. W. Hayward and D. D, Hoppes, Phys. Rev. 101, 93 (1956) 
“” Burson, Jordan, and LeBlanc, Phys. Rev. 96, 1555 (1954) 
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Fic. 1, Block diagram of delayed coin 
cidence circuits. Diagram A-—Arrange 
ment for measuring isomeric half-life and 
the scintillation pulse-height spectrum of 
the gamma rays leaving the isomeric 
state. Diagram B-—Arrangement for 
measuring the pulse-height spectrum of 
the gamma rays feeding the isomeric 
state 
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To provide a complete picture of the formation and 
decay of the isomeric state, it was necessary to measure 
the isomeric half-life and to observe the scintillation 
spectra of the gamma rays feeding the isomer as well 
as of those by which it decayed. These observations 
were made with the electronic equipment" shown in 
diagram form in Fig. 1. The pulses from the photo- 
multiplier were amplified and fed into one 100-channel 
and two single-channel pulse-height analyzers. The 
channel of Analyzer No. 1 was set to include pulses 
predominantly due to gamma rays leading to the 
isomeric state; similarly, Analyzer No. 2 was set to 
discriminate in favor of pulses produced by the isomeric 
decay. 

In the half-life measurement, the first time gate of 


" The time-delay analyzer and the special gating circuits were 
designed and put into operation by J. P. Glore, and are described 
in the Los Alamos Scientific Laboratory Report, LA~2152. 
Another report will describe the Los Alamos Model 2A, 100 
channel analyzer. With the exception of these circuits, standard 
amplifiers, analyzers, etc., could be used. The whole system was 
stable to better than 1% over periods of a week with regard to 
both pulse height and gate length 








B 


the 9-channel time-delay analyzer was opened by the 
‘= pulse from Analyzer No. 1 (Diagram A, Fig. 1). 
Any subsequent pulse from Analyzer No, 2 within the 
range of the time-delay analyzer was then recorded in 
the appropriate time channel. The lengths of the time 
channels were calibrated with a 100-kc crystal oscillator, 
This calibration was checked by triggering the time 
delay analyzer with a pulser and feeding pulses of a 
known repetition rate into the other input; thus it was 
shown that the nine channels were equal in length and 
stable to +0.5% for several days 

In the determination of the background of the 
different time channels it was necessary to take into 
account 4 nonrandom component. This effect arose in 
the following manner: the fact that the = 0 pulse from 
Analyzer No. 1 triggered the time-delay analyzer im 
plied that no similar pulse had occurred since the end 
of the last cycle. Consequently, the population of the 
isomeric state just before (= 0 was, on the average, less 
than in the random case, roughly by that fraction of 
the events forming the isomer which was being de- 
tected, As a result, the part of the random background 
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Fic, 2, Decay scheme of Se", Level and transition energies are 
given in Mev. Transitions involving the isomeric state at 0.305 
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due to gamma rays following the isomeric decay was 
reduced in the first time channel. The background 
increased towards its random value in later channels 
because Analyzer No. 1 pulses occurring during a cycle 
of the time-delay analyzer did not retrigger it. The 
difference between the actual and random background 
was estimated for the As’” data; it amounted to 7% 
in time-channel 1 and 0.5% in channel 9. This change 
in background had less than a 0.5% effect on the final 
isomeric half-life. The true random background of the 
time-delay analyzer data was determined by supplying 
the ‘= 0 pulses from a pulser rather than Analyzer No. 
1 and counting Analyzer No. 2 pulses in the different 
channels for the same number of (= 0 pulses as in the 
original experiment. In cases where source decay during 
the experiment was appreciable, a close approximation 
to the actual background during the experiment was 
obtained by averaging the background as measured 
before and after the experiment. This procedure was 
exact to the degree that the counting rates of Analyzers 
No. 1 and No, 2 decayed exponentially and that source 
decay during the background measurements could be 
neglected. The errors resulting from these approxi- 
mations were calculated for the As’’™ data because 
normally the experiment lasted one half-life of Ge”. 
The discrepancy was less than 1.5% of the random 
background. 

The spectrum of gamma rays by which the isomer 
decays was recorded by a 100-channel pulse-height 
analyzer with delayed coincidence gating (Diagram A, 
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Fig. 1). This analyzer was normally blocked by the 
delayed-gate generator. Pulses from Analyzer No. 1 
(gamma rays feeding isomer) triggered this unit. After 
a given time delay, it in turn generated a gate pulse 
which unblocked the 100-channel pulse-height analyzer. 
Only for the duration of this gate were pulses from the 
scintillator recorded. The pulse-height spectrum ob- 
served in this way was due to delayed gamma rays 
superimposed on accidental background. The gamma 
rays associated with the isomer could be distinguished 
from the others by observing the change of the 100- 
channel analyzer spectrum with change in time delay 
between the /=0 pulse and the unblocking pulse. The 
isomeric half-life could be determined also from this 
data, but this method is in general less accurate than 
the time-delay analyzer method. 

The gamma rays feeding the isomeric state were 
investigated with the gating arrangement shown in 
Diagram B, Fig. 1. At the time when a gamma ray was 
detected in the scintillator, it was not yet known 
whether it led to the metastable state; this identifi- 
cation could be made only after the detection of the 
gamma ray by which the isomeric state decayed, and 
hence all photomultiplier pulses had to be analyzed for 
pulse height. This information was recorded in the 
100-channel analyzer memory only if a pulse from 
Analyzer No. 2 occurred within a specified time 
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Fic, 3. Pulse-height spectrum of a Se” source at the center of a 
well-type NalI(Ti) crystal. Solid curves, ungated spectra nor- 
malized to give accidental background under gated spectra. 
Curve a—15-msec delayed coincidence spectrum superimposed on 
accidental background displaying gamma rays feeding the isomeric 
state. Curve b—Gated spectrum displaying gamma rays due to 
isomeric decay. 
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interval. For the duration of this process, the 100- 
channel analyzer input was blocked in order to prevent 
a second pulse from destroying the pulse-height 
information which was temporarily stored in the pulse- 
height scaler. At the end of each cycle, the “store” 
pulse generator was reset to ready it for the next count. 
Pulses which fell into the channel of Analyzer No. 2 
were prevented from recording themselves by requiring 
a minimum delay of 5 usec between the original pulse 
and the delayed coincidence pulse from Analyzer No. 2. 
This delay was just a little longer than the time between 
input and output pulses of the single-channel analyzer. 
Accidental coincidences were determined as before by 
triggering the delayed coincidence circuit with a pulser. 


As’*” (17.0 msec) 


According to the decay scheme of Se’® (reference 1), 
as shown in Fig. 2, delayed coincidences are to be ex- 
pected between the 97- and 280-kev gamma rays. With 
the techniques of this experiment, the 25-kev transition 
cannot be observed, and the 305-kev gamma ray is so 
weak relative to the 280-kev gamma ray that it cannot 
be identified separately. Se’® decays to the 402-kev 
level of As’, and with a highly efficient crystal only 
full-energy pulses will appear, regardless of whether the 
level is depopulated by one gamma ray or by a gamma- 
gamma cascade ; however, if a metastable state prevents 
prompt coincidences the individual gamma-ray energies 
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Fic. 4. Gamma-ray decay curves of As’*” and As’’™ (accidental 
coincidence background has been subtracted). The As”” curve is 
to be read on the right and upper scales; the As’’™ curve is to be 
read on the left and lower scales. 
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Tasie I. Comparative lifetimes of the isomeric transitions 
in As”, As", and As” 


(2) (4) 
kxperimental gamma-ray transition 
Partial probability® ee 
half-life Theoretical transition probability 
(sec) R2 M2 RS Ms 


4x10 9x10" 3K10 3xle 
2x10 1x10? 2K10 4x10 
3x10 6x10" 2K10" 3x10" 
2x 10 6xio* 4x1 4x10 


Tran 
sition 
Iso- energy 
tope (kev) 


As™ 359* 
As® 25 
As™ 305 
As” 210 


6.0 K10°*% 
19 x10" 
0.19 

1.16 10™ 


* These values are taken from R. W. Hayward and D. D. Hoppes, 


reference 9 

» The theoretical single-proton transition probabilities were calculated 
with the formulas given by 8. A. Moazkowski, reference 15, The experi 
mental half-lives were corrected for internal conversion, When available 
the experimental conversion coefficients were used; otherwise, the theo 
retical conversion coefficients were employed [Rose, Goertzel, and Swift 
(privately circulated tables)}. The theoretical conversion coefficients of a 
25-kev transition are 390, 165, 5100, and 3700 for #2, M2, EA, and M4 
multipolarity assignments, respectively 


are detected. As can be seen from the ungated spectrum 
of Se’® (curve shown as a solid line in Fig. 3) a large 
fraction of the counts occurred at 415 kev.” With a 
15-msec delayed-coincidence requirement, spectra were 
taken both of the gamma rays feeding the isomer and 
of those following its decay (Fig. 3). As expected, only 
the 97- and 280-kev transitions were found. If the 
15-msec gate was delayed with respect to the 97-kev 
transition, the coincidence peak at 280 kev decreased ; 
for a 70-msec delay, it was barely discernible above the 
accidental background. 

The half-life of As’*” was measured with both 8- and 
4-msec channels of the time-delay analyzer. The sum 
of all 8-msec data is shown in Fig. 4. The background, 
amounting to about 23% of the total number of counts 
in the first time channel, has been subtracted. The best 
value of the half-life is 17.040,7 msec. The quoted 
uncertainty corresponds to a possible 10% error in the 
subtracted background. In Table I are given the partial 
half-lives of the 25- and 305-kev transitions, together 
with the ratios of the experimental transition proba- 
bility to the theoretical transition probability of a shell 
model calculation.” For the 25-kev transition, only an 
M2 assignment results in a reasonable ratio. Both 23 
and M3 assignments to the 305-kev gamma rays give 
reasonable transition probabilities, but M3 can be 
ruled out on the basis of the K-conversion coefficient.’ 
These multipolarities fix the spins of the 305- and 280- 
kev levels as 9/2+ and §—, respectively, 

The above results remove the difficulty originally 
associated with the level scheme of Fig. 2. Additional 
confirmation has come from the study of gamma rays 
produced by inelastic scattering of neutrons on arsenic." 
In this work, no 97-, 121-, or 136-kev gamma rays were 


"The sum peak does not appear exactly at the sum of the 
transition energies because of the nonlinear response of the 
Nal(Tl) crystal. Kefer to D. Engelkemeir, Rev. Sci. Instr. 27, 
589 (1956) 

"S.A. Moszkowski, Bela~ and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New Yor 
1955), Chap. 13. 

4D.A Lind and R. B. Day (private communication) 
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Vic, 5, Gated scintillation spectrum of gamma rays in the Ge"’ 
decay which feed As’’™ (accidental coincidence background has 


been subtracted). @ source surrounded by }-in. Lucite beta 


absorber. @ source surrounded by tin absorber to reduce 153-kev 
peak. Insert, low-energy region taken with Ge” source in Lucite 
absorber 


found until the neutron energy was sufficient to excite 
the 402-kev level. By subtracting pulse-height spectra 
of gamma rays excited with neutrons having energies 
just below and just above 402 kev, it was possible to 
show that the spectrum of gamma rays, by which the 
402-kev level decays, is indistinguishable from the 
scin ‘lation spectrum of a Se’ source. Although the 
previously proposed level scheme! has been confirmed, 
the spin assignments'* have to be changed in view of 
the new results. The half-life of the 402-kev level can 
now be bracketed between 1 10~" sec’ and 2x 10°" 
sec,'* corresponding to a partial half-life of the 97-kev 
transition falling between 1X 10~* sec and 2X 10~* sec. 
The experimental K-conversion coefficient' and the 
relatively short half-life indicate that the 97-kev 
transition is £2. This multipolarity, together with the 
9/24 character of the 305-kev level, requires a spin 
and parity of §+ for the 402-kev level. With such an 
assignment, the conversion coefficients' of the 402-, 
136-, and 121-kev gamma rays have to be explained 
on the basis of E1—M2 mixtures. Although such mix- 


“Frang Metzger (private communication). An unsuccessful 
attempt to excite the 402-kev level with fluorescent radiation 
made it possible to place a lower limit of 1X 10°" sec on the half 
life 

Robert B. Day (private communication). No delayed gamma 
rays were found in the millimicrosecond region from an arseni 
sample excited by a pulsed neutron beam 
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tures would normally not be expected, they are con- 
sistent with the partial half-lives of these transitions. 
The spin and parity of the 265-kev level is then deter- 
mined as §— on the basis of the log ft value of the beta 
branching in the Ge’* decay, the character of the 402- 
kev level, and the multipolarity of the 136-kev transi- 
tion. The isotropic directional correlation of the (136, 
265)-kev cascade’? and the anisotropic fluorescence 
gamma-ray angular distribution'® can be interpreted 
on the basis of the above spin assignments if proper 
multipolarity mixing of the gamma rays is assumed. 
However, the required £2 admixture to the 265-kev 
gamma ray is larger than might be expected from the 
half-life, ~1.510°™ sec,'® of this level. 


As” (116 ysec) 


The Ge” decay scheme proposed by Burson and co- 
workers” indicates that the 0.475-Mev level in As”’ is 
fed by 0.709- and 1,08-Mev gamma rays and decays by 
a 0,210-, 0.265-Mev gamma-gamma cascade. However, 
these investigators found no prompt coincidences (1.6- 
usec rvsolving time) between the two groups of gamma 
rays. In the work reported here, the isomeric nature of 
the 0.475-Mev level was confirmed. The half-life of this 
state was measured with the single-channel Analyzer 
No. 1 covering the photopeak of either the 0.71- or the 
1.08-Mev quanta and with Analyzer No. 2 set to count 
both the 0.210- and 0.265-Mev photopeaks. Similar 
results were obtained in both cases. Figure 4 shows 
data taken with 40-ysec time gates; a time-independent 
background amounting to about 12% of the counts in 
the first time channel has been subtracted from the 
number of counts in each channel. The best value of 
the isomeric half-life is 116-4 ysec; the quoted uncer- 
tainty corresponds to a possible 10% error in the sub- 
tracted background. 

Spectra were taken of the quanta feeding the 475-kev 
level (Fig. 5) and of those by which it decays (Fig. 6), 
by requiring 110-usec delayed coincidences. In the 
spectrum of quanta feeding the isomer (Fig. 5) photo- 
peaks are found at 15345, 7094-7, 1080+-10, 1500415, 
and 1960+ 30 kev; in addition, a weak peak at 920440 
kev appears to be hidden in the valley between the 709- 
and 1080-kev peaks. Some of these photopeaks could 
be due to coincidence addition in the NaI(T1) crystal 
since many gamma-gamma coincidences” occur in the 
decay of Ge” (refer to Fig. 7). By observing the same 
delayed-coincidence spectrum (Fig. 5) with a tin 
absorber surrounding the source, it was shown that 
none of the observed peaks was due to coincidence 
addition with the 0.153-Mev gamma ray, because the 
absorber would have reduced the intensity of the 
addition peaks by a factor of 3 relative to the 0.709- 
Mev photopeak. Coincidence addition is also to be 
expected between the 0.709- and 0.800-Mev and 
between the 0.92- and 1.080-Mev gamma rays (Fig. 7). 
The intensity of the addition peaks at 1.5 and 2.0 Mev 
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was calculated by use of the absolute crystal efficiency’ 
and the relative gamma-ray intensities (Table II, 
column 2) as observed in the ungated Ge” spectrum. 
This calculation showed that roughly one half of the 
counts at 1.50 and at 1.96 Mev are due to coincidence 
addition. The relative gamma-ray intensities deduced 
in this way are given in column 3, Table II, 

In Fig. 6 is shown the scintillation spectrum of the 
gamma rays which follow the isomeric level ; photopeaks 
at 0.210 and 0.265 Mev, plus the addition peak at 0.485 
Mev (reference 12), are easily identified. A true 0.475 
Mev gamma ray corresponding to a ground-state decay 
of the isomer was looked for by measurement of the 
spectrum with the source placed inside a cylindrical 
lead absorber of 0.24-cm wall thickness. Within experi- 
mental uncertainties, the very much reduced peak at 
0.48 Mev (Curve b, Fig. 6) can still be accounted for on 
the basis of coincidence addition’; an upper limit on 


‘I The absolute detection efficiency for sources at the center of 
the NaI(Tl) crystal was determined by coincidence counting, and 
the absorption of the lead absorber was determined for several 
gamma-ray energies. The intensity of the expected addition peak 
could then be calculated 


300 
ENERGY (kev) 


Fic. 6. Gated scintillation spectrum of As’’” decay (background has been subtracted), Curve a 


Source in }-in 


Source in 0.24-cm lead absorber to reduce the addition peak of the 210- plus 265-kev 


the intensity of crossover transitions was estimated to 
be 2% of the isomeric decays 

As far as possible, the relative gamma-ray intensities 
(Table Il) were determined by analyzing the gamma 
ray spectrum following the Ge” decay as observed with 
a 3X3 in. NaI(TI) crystal.’* The relative intensities are 
in some cases rather uncertain because the gamma rays 
are only partially resolved from one another, Although 
Burson and co-workers” assumed the existence of two 
gamma rays, 1.46 and 1.54 Mev, only one gamma ray 
of 1.50 Mev is necessary to explain the relative intensi- 
ties as observed in the normal spectrum (Table II, 
Column 2) and in the delayed coincidence spectrum 
(Table II, Column 3), Therefore, the 1.46- and 1,54 
Mev ground state transitions tentatively assigned by 
Burson ef al. were omitted from the decay scheme 
proposed here (Fig. 7). The 0.92- and 1,96-Mev tran 
sitions were entered as dashed lines, since these gamma 
rays were too weak for positive identification. There is 


* The author is greatly indebted to N. H. Lazar for his graphe 
of intrinsic efficiency os gamma-ray energy of a Nal(TI 
4 in. in diameter by 3 in. high 


crystal 
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Tasie I. Ge’? gamma-ray energies and transition intensities 
y 


(1) (2) ) (4) 
Relative gamma-ray intensity 
Delayed 
coincidence 
spectrum 


15345 0.1340.05 1.0 
21041 35° 
21543 +2 28 
2654-1) 57 

568 + 5 +03 18 

41645 +04 28 

56345 +03 2 

6324-8 +03 12 

70947 +03 1.3 40.2 10 
00415 +0.3 0.3 +0.1 * 
917410 +02 0.2 +01 6 and 1.6 
1080.4 10 1.00 we 
1193415 
1366420 
1500415 
174040 
1960 +40) 
2025440 
2320440 


Transition 
intensity, 
percentage of Ge” 
disintegration» 


Transition 
eonergy* 
(kev) 


Normal 
epectrum 


0.5240.15 
0.5140.10 
0.154-0.04 
0.064003 
0.3540.10 


0.09 40.02 


6.06 
ONO) os 


0.02 40.02 


* The energies given were derived from those of Burson ef al. (reference 
10) plus present data 

» Taking into account the decay echeme of Fig. 7, the total disintegration 
rate of Ge’! was taken to be equal to the sum of the intensities of the 265., 
416., 632., 2025-, and 2520-kev gamma raye 

* The gamma-ray intensity has been corrected with the theoretical M2 
conversion coefficient of 0.08 

4 This peak consists of 2 different gamma rays (Pig. 7 


also some question as to the number of levels at about 
2.37 Mev. The direct ground-state transition has an 
energy of 2.3240.04 Mev, whereas the cascades add 
up to 2.3740.03 and 2.424-0.03 Mev, respectively. In 
view of the energy uncertainties, there is no definite 
evidence indicating whether one or two levels are 
involved. 

On the basis of the decay scheme of Fig. 7 
relative gamma-ray intensities (Table II, Columns 2 
and 3), absolute intensities for both the gamma transi- 
tions (Table I1, Column 4) and the beta groups (Fig. 7) 
can be calculated. The intensities of the beta groups 
agree within experimental errors with those observed 
by Smith,” provided beta groups with close end-point 
energies are added together, because they were not 
resolved. The energy of the unresolved beta groups 
feeding the 0.475- and 0,632-Mev levels in As” was 
measured by Smith to be 2,196 Mev. Since from the 
present work the calculated relative intensities of these 
groups are as 15 to 27, an approximate Ge’’—As”’ 
energy difference was determined by adding 2.196 Mev 
to the weighted average of 0.475 and 0.632 Mev, that 
is 0.575 Mev. Thus the beta energies and log /t values 
given in Fig. 7 were calculated by using an energy 
difference of 2.77 Mev. 

According to the proposed decay scheme (Fig. 7), 
the 210-kev transition determines the isomeric half-life. 
That this gamma ray is not /1 or M1 is confirmed by 
the relatively large conversion coefficient as determined 
from a comparison of the relative intensities of the 


and the 


” Alan B. Smith, Phys. Rev. 86, 98 (1952) 
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internal conversion lines” with those of the gamma rays 
(Table II). A comparison of the isomeric half-life with 
the theoretical values for different multipole assign- 
ments (Table I) shows that the 210-kev gamma ray is 
most probably an M2 transition. The absence of a 
direct transition to the }— ground state of As” indi- 
cates that the spin of the isomeric state is at least 9/2. 
In view of the similarity with the isomeric states in 
As” (reference 9) and As”*, the spins and parities of the 
475- and 265-kev levels of As”’ are most probably 9/2+ 
and §—, respectively. From the experimental £3 
ground-state transition probability measured for As’, 
one would expect that about 1% of the As’™ disinte- 
grations go directly to the ground state, a value con- 
sistent with the experimental upper limit of 2%. With 
the limited information available, the spins and parities 
of the other levels cannot be assigned. However, the 
log ft values of the Ge” beta groups would indicate 
spins of §, 4, or 9/2 for the As”’ levels reached. 


DISCUSSION 


The level schemes of both As’® and As” are rather 
complex; yet the first few levels of these nuclei are in 
many respects similar (Fig. 8). It is plausible that the 
levels connected by dashed lines in Fig. 8 correspond 
to nuclear configurations which differ only by the 
presence of an additional neutron pair in the case of 
As”. This similarity manifests itself in the following 
ways: the 402-kev level in As” and the 632-kev level 
in As’’ decay each by four different gamma rays; the 
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F16, 7, Proposed decay scheme of Ge’’. Level and transition 
energies are given in Mev. The numbers associated with the beta 
groups represent transition energy, branching ratio, and log /ft 
value, respectively 
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reduced half-lives of the isomeric transitions are almost 
identical ; and the log ft values of the beta decay of the 
p, states in Ge”* and Ge”’ to the 265- and 215-kev levels, 
respectively, are 5.6 and 5.7. No level corresponding to 
the 199-kev level of As” has been found in As’’; such 
a level could have been missed in the Ge’ decay because 
in this case the beta transition selection rules favor 
higher spin states. 

Two nuclear models appear promising for an ex- 
planation of the observed level schemes. In this mass 
range it is expected that the last odd nucleon may 
polarize the core.” The odd parity states could then be 
explained by a p; or /; proton coupled to the deformed 
core, and the even parity states by a similar coupling 
of a go/2 proton. The large number of levels in As” that 
can be Coulomb-excited,’ the large £2 transition proba- 
bilities, and the inhibited £1 transition probabilities 
should be explainable by this model, provided it is 
possible to identify the levels and to calculate the 
parameters involved. The single-particle shell model 
cannot account for the observed levels; however, with 
configuration mixing and the inclusion of interactions 
between equivalent particles, this situation may be 
changed. Configuration mixing may be significant in 
this region of the periodic table because the energy 
separations between the p;, /;, py, and gy/2 states are 
relatively small.” Near closed shells, this model has 
been able to account for beta- and gamma-ray tran- 
sition probabilities which were either unusually large 
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Fic. 8. Comparison of As’ and As” level schemes. Transition 
intensities are given in percentage of the 402- and 632-kev level 
decays, respectively. 
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*® Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956). Refer to discussion on p. 539. 
"Pp. F. A, Klinkenberg, Revs. Modern Phys. 24, 63 (1952) 
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or unusually small.” It remains to be seen whether an 
equally satisfactory explanation can be given for the 
transition probabilities occurring in the germanium and 
selenium decays. 

In the case of As’* and As” the gy,» level should occur 
at an even lower energy than predicted by the shell 
model, because the odd gy). proton is stabilized by the 
paired gy. neutrons.” One might also expect to find 
even-parity states formed by several equivalent go;2 pro 
tons, because the anomalous magnetic moment of As’* 
already requires a pair of gy; protons in the ground 
state configuration.” For several equivalent go, 
neutrons, §+ (Ge™, Se”) and $+ (Se”, Kr") states 
are known to occur," and thus it appears likely that the 
$+ level in As’ is the equivalent proton configuration 
hese general arguments show that the proposed level 
assignments for As” are not unreasonable, but an 
understanding of the configurations involved must 
await a detailed analysis and an explanation of the 
experimental transition probabilities of the different 
beta and gamma transitions, 

The isomeric transitions of the arsenic isotopes of 
mass numbers 73, 75, and 77 can be classified as M2 
transitions between 9/2+ and §— levels. By compari- 
son with other M2 transitions,” they form a very 
homogeneous group with a transition probability 
between 0.6% and 1% of that of the single proton 
(Table I). The same type of isomerism would be ex 
pected to occur in at least some of the odd bromine 
and rubidium isotopes, since the above arguments on 
level spacings may be expected to apply also to them 
It is possible that in some of these isotopes the $+ or 
i+ level, presumably formed by coupling between 
equivalent gx protons, falls below the 9/2-+ level, In 
this case, isomerism would be found only if the j+ 
level occurs below the §— level. Starting with yttrium, 
both the p; and fy subshells are filled and the well 
known island of py— go/2 isomerism starts.”* This 9/2+- 
to }— transition has already been found™ in Rb”; it, 
too, has a transition probability of 0.9% of that of a 
single proton. Short-lived isomers have been found also 
in bromine,” but available information is insufficient 
to determine whether they fall into this group 
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Inelastic Scattering of 4-Mev Protons and Deuterons from Separated 
Isotopes of Dy’, Dy'”, Yb'", and Yb'” 
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The inelastic scattering of protons and deuterons from the odd isotopes of Dy and Yb has been measured 
at energies around 4 Mev in a heavy-particle spectrometer at a scattering angle of 145°. Isotopically pure 
targets were prepared in an electromagnetic isotope separator. Inelastic groups corresponding to the two 
lowest rotational states were observed in Dy" at 44 kev and 102 kev, in Dy at 74 kev and 170 kev, in Yb'™ 
at 67 kev and 76 kev, and in Yb'” at 78 kev and 181 kev. The reduced electric quadrupole transition proba 


bilities for these levels were determined 


INTRODUCTION 


HEN a heavy element is bombarded with low 

energy particles, the only inelastic events corre 
spond to Coulomb excitation of low-lying nuclear 
levels.’ In spite of the preponderance of elastic scatter 
ing it is possible to observe the groups of inelastically 
scattered particles in magnetic spectrometers of high 
resolution.’ 

This method of detection has several advantages as 
compared with other techniques used in Coulomb 
excitation experiments: The level order is directly 
established; the inelastic cross sections are easily ob 
tained by comparison with the Rutherford scattering, 
and it is possible to use minute quantities of the target 
material, In the experiments reported here, only about 
15 wg of each isotope were used for the target 

Until recently the Coulomb excitation of the odd 
isotopes of dysprosium and ytterbium has been studied 
only by means of natural elements.' Separated targets 
of these isotopes have been produced in the isotope 
separator at this Institute and their low-lying levels 
have been studied by means of the inelastic scattering 
technique 


APPARATUS 


Protons and deuterons were accelerated in a 4-Mev 
electrostatic generator. Energy analysis was performed 
in a 90° deflecting magnet of 50-cm radius. The settings 
of the entrance slit (0.8 mm) and the exit slit (0.3 mm) 


' See Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 28, 432 (1956) 
*B. Elbek and C. K, Bockelman, Phys. Rev 105, 657 (1957 


were such that the energy spread in the analyzed beam 
at 4 Mev was less than 6 kev. The analyzed beam 
current reaching the target was around 0.1 micro- 
ampere. 

After energy analysis the beam was made to strike 
the target in the heavy-particle spectrometer used for 
the detection of the scattered particles. This spec- 
trometer is of the uniform-field type described by 
Hafner, Donoghue, and Snyder,’ and others.‘ It has a 
maximum radius of 36 cm and a minimum radius of 
20 cm. A range of energies covering more than a factor of 
3 is thus simultaneously recorded on photographic plates 
extending 40 cm along the focal line. The photographic 
plates used are Ilford C2 with an emulsion thickness of 
25 or 50 yu. By means of a screw, the plateholder can be 
shifted laterally in the spectrograph, so that three 
different exposures can be made on the same set of 
plates without breaking the vacuum. The number of 
tracks in the plates is counted in a microscope as a 
function of the distance along the plates. 


The spectrograph field is measured by means of a 


nuclear-induction magnetometer. Calibration of the 
spectrograph was carried out in a way similar to that 
described by Browne and Buechner,’ using the known 
momenta of Bi*!’ and Po*" alpha particles. 

A more complete description of the present installa- 
tion will be given elsewhere. 


* Hafner, Donoghue, and Snyder, Brookhaven National Labo- 
ratory (privately circulated report) 

*D. J. Prowse and W. M. Gibson, J. Sci, Instr. 33, 129 (1956) 

°C. P. Browne and W, W, Buechner, Rev. Sci. Instr. 27, 899 
(1955) 
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TARGETS 


All targets for the investigation were prepared in the 
electromagnetic isotope separator.’ For the separation 
of the rare earth elements the furnace of the ion source’ 
was charged with the water-free chloride of the element. 

The chlorides were prepared by dissolving the rare 
earth oxide in hydrochloric acid, evaporating to dryness 
in an excess of ammonium chloride, and fuming at 600°. 

One charging of the ion source required about 100 mg 
of the chloride. For operation of the ion source the 
furnace temperature was approximately 800°C. At this 
temperature the pressure in the discharge chamber is 
estimated to be 0.01 mm Hg. The separated-beam 
current was of the order of 30 microamperes, and the 
total efficiency in the separation was about 1%. 
A higher yield could be obtained, but only at the 
expense of resolution. Two different types of targets 
were employed. In some cases the separated beams 
were allowed to impinge directly onto a 0.2-mm 
aluminum foil. The atoms are then deposited in a thin 
surface layer of the aluminum. This layer is sufficiently 
thin to 4-Mev protons to make an excellent target in 
the heavy-particle spectrometer. The layer thickness is 
about 20 ug Al/cm? as determined from the line profile 
of elastically scattered protons. This corresponds to an 
energy loss of 3 kev for protons scattered in the back- 
ward direction. 

These targets are easily prepared, but there are some 
disadvantages inherent in the use of a thick backing. 
To obtain a low background it is necessary to use 
highly pure aluminum, since common impurities such 
as iron, copper, and zinc will give rise to elastic scatter- 
ing from the backing with a recoil energy loss that 
brings the particles into a region on the photographic 
plate where many of the inelastic groups are expected. 
When a thick backing is employed there will be an 
elastic scattering edge, and the region from this point 
toward decreasing particle energy is more or less 
obscured. Even with the very purest aluminum avail 
able to us (99.99%) this effect was troublesome when 
weak groups were to be observed. 

We also had difficulties with the deterioration of the 
targets. As the proton beam is completely stopped in 
the backing, up to 1 watt is dissipated in the very small 
target spot. This is sufficient to melt the aluminum, and 
thereby badly damage the target. 

Both these difficulties can be avoided by using very 
thin backings. To this purpose Formvar is in many 
respects an ideal material in heavy-particle spec 
trometry, but it is not very resistant to the beam, 
unless covered by a proper metal layer. A metal- 
covered Formvar foil can stand the proton beam well, 


*J. Koch, National Bureau of Standards Circular No. 522 


Washington, 1956, p. 165 

’Q, Almén and K. O. Nielsen (to be published 
(to be published) 

"We are indebted to B. Skytte 
preparations 


K. O. Nielsen 


jensen for making these 
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Fic. 1. Arrangement 
for collecting the sepa 
rated isotopes sputtered 
from an aluminum foil 





FRAME WITH FORMVAR 


but not the beam in the isotope separator, which is 
completely stopped even in a very thin foil. 

To obtain a deposit of the separated isotope on a 
Formvar backing, the following technique was em- 
ployed. The foil was first strengthened by vacuum 
evaporation of a thin aluminum layer; then, the 
sputtering technique illustrated in Fig. 1 was used 
The separated beams impinge under an oblique angle 
on pieces of the above-mentioned pure aluminum foil. 
The separated material will sputter from the bombarded 
surface during the bombardment and finally be caught 
on the aluminized Formvar target which faces the beam 
spot, but is protected from the direct beam, Some 
aluminum will also sputter along with the separated 
material, Preliminary measurements indicate that about 
5 aluminum atoms are deposited for each atom of the 
rare earth material. This, of course, gives an unwanted 
contribution to the target thickness, A detailed investi 
gation of this method of target preparation is now 
under way, using heavy-particle spectrometry as an 
analyzing tool, 

The amount of each isotope collected was of the order 
of 30 wg. At least 50% was deposited on the Formvar 
target within an area of 5X5 mm. As the dimensions of 
the beam spot in the heavy-particle spectrometer are 
only }3 mm, a slight nonuniformity of the scattered 
material is unimportant. 

rhe purity of the separated isotopes was not directly 
determined, Judging from earlier experience with the 


isotope separator, the abundant isotopes should contain 


less than 1% of the neighboring isotopes 


EXPERIMENTAL PROCEDURE 


kach target was given an exposure of about 2000 
microcoulombs in the heavy particle spectrometer 
Since the elastic peak from such an exposure is much 
too intense to be counted, a short exposure of about 
20 microcoulombs was made before and after each long 
run. These exposures were taken on the two adjacent 
zones on the same set of plates under exactly the same 
conditions as the long exposure. 

Normalization was accomplished by means of the 
beam integrator. If significant changes in the beam 
conditions or the target had occurred during exposure, 
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this would be shown in the intensities of the two 
normalization peaks. 

All exposures for the present experiment were taken 
at 145° with respect to the beam, as this maximum 
obtainable angle gives the best ratio between the 
inelastic groups and the background of accidentally 
scattered particles. Apart from the already mentioned 
scattering from impurities in the target, this back- 
ground originates mostly in scattering from slit edges 
in the analyzer and the spectrograph. The total number 
of tracks in the background amounts to less than 1% of 
the number of tracks in the elastic peak. Nevertheless, 
this background is the most serious limitation to the 
sensitivity of the method. For the deuteron exposures 
the absolute background seems systematically to be 
somewhat lower than for the proton exposures. 

The bombarding energy chosen varied between 3.5 
and 4.3 Mev, being accurately determined for each 
exposure from the position of several elastic peaks on 
the plate. 

In exposures with deuterons the targets on thick 
backing could not be used because of a heavy back- 
ground from the Al(d,p) reaction. In the case of thin 
backings, the protons occur in sharp groups, which are 
not so troublesome. It was possible to count the elas- 
tically scattered deuterons in the presence of a rather 
heavy proton group at the same momentum, as the 
deuteron tracks are then shorter and denser than the 
tracks of protons. 

Normally the plates were only surveyed down to the 
abaminum elastic peak. This allows inelastic groups 
with an energy up to 400 kev to be observed in the 
proton exposures of rare earths, and up to twice that 
value in the exposures with deuterons. The elastic 
groups from contaminants such as Fe, Cu, Zn, Cl, 
and S found in this region could be identified as being 
elastic or shifted away from an inconvenient position 
by energy or angle shifts, but the most powerful method 
of identification proved to be the successive bombard- 
ment by both protons and deuterons. All energy losses 
due to recoil effects then change by a factor of two, 
whereas all inelastic losses remain unaltered. 

After a preliminary scanning of the plates, the regions 
around the inelastic groups were carefully recounted. 
The intensity of the groups was then determined by 
integrating the number of tracks counted in 0.14-mm 
wide strips across the peak. In the same way the back- 
ground was determined from a number of strips to 
either side of the group in question. The inelastic groups 
each contained between 100 and 1000 tracks, whereas 
the background to be subtracted varied between 20 
and 200 tracks 


RESULTS 


Assuming the validity of the Rutherford scattering 
law for the elastic scattering, the cross section for 
inelastic scattering was determined from the ratio 
between the inelastic and elastic groups. From the 
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inelastic cross section the value of the reduced transition 
probability for £2 excitation’ B(£2) was readily ob- 
tained from the expression for the differential cross 
section for Coulomb excitation : 

m*o 7" 
= ———B(E2)f 2(6,t), 
de Z/eh' 


ZZ {1 I 
fet. 1 
h vy v; 


where v, and vy, are the initial and final relative velocities 
of the projectile, respectively, m is its reduced mass, 
Z, and Z, are the atomic numbers of the projectile and 
nucleus, respectively, and @ is the scattering angle. The 
function {(6,£) has been calculated by Alder and 
Winther in the classical approximation.’ The quantum- 
mechanical function f for the total cross section depends 
on the additional parameter n= Z,Z,/hv;. The difference 
between the classical and quantum-mechanical total 
function is a few percent for the bombarding conditions 
in the present experiment (n=5-8). One could not 
know @ priori whether the differential cross section 
would show a larger deviation from the classical value, 
although measurements did not indicate any large 
difference for n= 5.’ For the reliability of the transition 
probabilities derived from the differential cross sections, 
it is therefore important that the quantum-mechanical 
angular distribution in the limit of zero energy loss 
(¢=0) has now been evaluated for different values of n 
between 0 and 8." The calculations show that the 
difference between the classical and the quantum- 
mechanical distribution is less than 2% for n=4, in 
good agreement with the difference between the corre- 
sponding total cross-section functions. In the evaluation 
of the transition probabilities, we have therefore felt it 
justified to use the classical values /(0,£) and afterwards 
to apply a correction as calculated for the integrated 
function.’ 

The level schemes for the nuclei investigated are 
shown in Fig. 2. The spin sequences are based on the 
rotational description. The values of the transition 
probabilities and the energies are collected in Table I. 
The individual cases are discussed below. 


do ze 


Dysprosium-161 


The spectrum of deuterons scattered from Dy" is 
shown in Fig. 3. The two groups labeled (1) and (2) 
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Fic, 2. Levels in the odd isotopes of Dy and Yb as 
observed by inelastic scattering 

















* J. Bang (private communication). We are indebted to J. Bang 
for the permission to use his results prior to publication 
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were identified as inelastic by comparison with the 
spectrum of scattered protons and also from exposures 
at other energies. The values for the energies and 
transition probabilities given in Table I are the averages 
of 7 exposures, including both protons and deuterons. 
There was no systematic difference between the values 
obtained with the two kinds of particles. The fluctu- 
ations in energy were +2 kev, and the fluctuations in 
B( E2)~10% for the first group and ~20% for the 
second group, corresponding to the statistical fluctu- 
ations. Similar remarks apply to the other isotopes 
investigated. 

The ratio between the energies of the two states is 
2.28, in agreement with the expectation 2.29 for the 
two lowest members of a rotational band based on a 
§ state. Also the intrinsic quadrupole moment deter- 
mined from the values of B(£2) is in approximate 
agreement with the values for nuclei in this region. The 
ratio B,/B,=0.27 is a little too low compared with the 
rotational prediction 0.35, but not definitely outside the 
limits of error. It is therefore concluded that the two 
states are the normal! rotational states observed in odd 
nuclei in this region.’° The energies in the band are 
surprisingly low as compared with neighboring nuclei, 
and imply a moment of inertia for Dy'®' about 1.6 times 
larger than that of a corresponding even-even nucleus. 
A significant increase of the moment of inertia as one 
goes from an even-even to an odd-A nucleus seems a 
systematic occurrence, but usually the effect is con- 
siderably smaller, being on the average only some 20%, 
The additional moment of inertia of the odd-A nuclei 
has been ascribed to Coriolis effects in the motion of the 
last odd particle.’ It is interesting to note that the 
effect in Dy’ is similar to that of the Np”? ground 
state," in which the odd proton appears to occupy the 
same binding state as the last neutron in Dy'®'. The 
especially large moment of inertia for these nuclei has 
been attributed to the high angular momentum com- 
ponents in the wave function"? of the last particle."'” 


TABLE I. Coulomb excitation results for the odd isotopes of Dy 
and Yb obtained by detection of inelastically scattered particles 
The energies E; and EF, of the first and the second excited state, 
respectively, are given in kev. The corresponding values of the 
reduced electric-quadrupole-transition probability B(22) are 
given in units of &X 10~" em, Qo denotes the intrinsic quadrupole 
moment derived from the transition probability B,, the unit 
being 10°* cm?* 


Bi/ By Os 


am 7 
Q27 7 
149 8 
0.31 7 


Nucleus le Ky Ke Eis/ Et By 


Dy 5/2 44 102 2.28 2.54 
Dy® $/2 74 170 2.2% 2.52 
Yb™ 1/2 67 76 2.48 
Yb'” 5/2 78 181 2.86 


2 
2 


2.32 


” These levels have also been found by N. P. Heydenburg and 
G. F. Pieper, using ~-ray detection, Phys. Rev. 107, 1297 (1957) 

" Hollander, Smith, and Rasmussen, Phys. Rev. 102, 1372 
(1956) 

2S. G. Nilsson, Kgl 
Medd. 29, No. 16 (1956) 

41). Bés and B. Mottelson (private communication) 
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Fic, 3. Groups of deuterons scattered from a target containing 
Dy", The groups labeled (1) and (2) correspond to the 44- and 
102-kev levels in Dy'™, The region around 32 cm on the plates is 
obscured because of a joint at this point 


The peak in the spectrum labeled Y™ is the elastic 
group due to an yttrium contamination in the target. 
This contamination originates in a small Y content in 
the charging material used in the isotope separator. 
Because of formation of YCl,* ions in the ion source 
the mass numbers 159, 161, and 163 will be contami- 
nated with Y. 


Dysprosium-163 


In proton exposures, the above-mentioned Y con 
tamination would partly obscure the first group at 
74 kev for all reasonable choices of angle and energy 
This group has therefore only been studied in bombard 
ments with deuterons. The numbers given in the table 
are the averages of three exposures. Although the 
ground-state spin of Dy'® is also §, the excitation 
energies are very different from those in Dy"*', because 
of the different intrinsic structure of the states, These 
states in Dy'™ have also been seen by Heydenburg and 
Pieper at 74 and 166 kev." 


Ytterbium-171 


This nucleus is known to possess spin 4, and one 
therefore expects an anomalous rotational spectrum! 


h’ h’ 
[1(1+1)~K(K+1) }+a—[14 (—1)/*4(74+-4) ] 
24 24 


Here, / is the total angular momentum, the quantum 
number K equals 4, while 4 denotes the moment of 
inertia and a the decoupling parameter. In agreement 
with this expectation, we found two low-lying inelastic 
groups corresponding to excitation energies of 67 and 
76 kev. As the groups were not completely resolved 
(Fig. 4), the intensities of the two groups were deter 
mined by fitting the shape of the doublet with a sum of 
two groups, using the line profile of the elastic group. 
The intensity ratio determined was 1,49 as a mean of 
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hia, 4 Groups ol protons scattered from a target containing 
Yb'", The doublet labeled (1) and (2) corresponds to the 67- and 
76-kev levels in Yb'” 


5 exposures using protons only. This result is in good 
agreement with the predicted value of 1.50. In contrast 
to the case for nuclei with spin #4, the level with the 
highest spin is here most strongly populated in Coulomb 
excitation. This is the basis for the spin assignments 
of Fig, 2 

From the measured energies one calculates the de 
coupling parameter a=0.86 and the value of 6h*/2s 

72 kev. The experimental value of a can be compared 
with the value a~0,91 obtained from the wave func 
tions of reference 12 


i7i 


It is interesting to compare the spectrum of Yb 
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with that of Tm’ which also has spin 4.“ The value of 
6h?/24 is about the same for both nuclei, but the 
different sign of the decoupling parameter makes the 
spectra appear very different. 


Ytterbium-173 


Two inelastic groups corresponding to levels at 78 
and 181 kev were observed. A level at 180 kev had 
earlier been reported by Temmer and Heydenburg, 
using natural Yb.'* The ratio between the energies and 
transition probabilities corresponds to those predicted 
for a spin-§ rotational band within the stated errors. 


ACKNOWLEDGMENTS 


We wish to thank Professor Niels Bohr for the 
excellent working conditions at the Institute for Theo- 
retical Physics. We are grateful to K. J. Brostrém for 
putting the van de Graaff generator at our disposal. 
The assistance of O. Hansen, S. Holm, and O. Skilbreid 
has been of decisive importance to this work, as have 
discussions with Dr. B. Mottelson. The plates were 
carefully scanned by Miss Ruth Bastiansen and Miss 
Helle Hansen. 

The stimulus for the present type of work was 
received during a stay by one of us (B.E.) at the High 
Voltage Laboratory of the Massachusetts Institute of 
Technology, Cambridge, Massachusetts. The fruitful 
contact with Professor W. W. Buechner and the group 
working there is gratefully acknowledged. B.E. also 
wishes to thank the Carlsberg Foundation, the Rask- 
WMrsted Foundation, and Kirstine Meyers Mindelegat 
for grants. 

“ B. R. Mottelson and S, G. Nilsson, Z. Physik 141, 217 (1955) 


4G. M. Temmer and N. P, Heydenburg, Phys. Rev. 100, 150 
1956) 





PHYSICAL REVIEW VOLUME 


108, 


NUMBER 2 OCTOBER 15 
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The spontaneous fission neutron spectrum of Cf from 0.2 to 7.0 Mev has been measured. Time-of-flight 
techniques were employed to determine the lower energy portion of the spectrum while proton recoils in 
emulsions were used to study the higher energy neutrons. The r.easured neutron spectrum is, within the 


experimental! accuracy, described by the empirical relation N (2) « exp[ 


0,882 (Mev) } sinh[ 2.02 (Mey) }, 


where V(£) is the number of neutrons of energy F per unit energy interval. The experimental results are 
compared with the theoretically determined Cf fission neutron spectrum 


INTRODUCTION 


KNOWLEDGE of the fission neutron spectrum 

is fundamental to most applications of a fission 
process. Despite this fact only the spectrum of U™* has 
been measured in detail. The Pu™, U™, and Cf 
fission neutron spectra have been studied’ to varying 
degrees. In none of these measurements are the data 
reliable in the low-energy neutron range, and none of 
these measurements shows a clear maximum. 

With such limited information available it was 
decided to carry out a careful measurement of the 
spontaneous fission neutron spectrum of Cf* [ 4; (fission) 
= 66 years) |. This experiment allows accurate compari- 
son of the spontaneous Cf fission spectrum with the 
spectrum of the neutron induced fission of U™*. These 
two spectra can be related to the existing theory’ and 
some preliminary conclusions formed regarding the 
systematics of fission neutron emission. From the 
practical point of view, it appears that Cf* will soon 
be available in amounts large enough to form sizable 
fission neutron sources. A well-known fission neutron 
spectrum from such sources could be of considerable 
aid in critical studies. 


EXPERIMENTAL PROCEDURE 


The neutron distribution in the energy range 2-7 
Mev was determined with proton recoil emulsions. 
From 200 kev to 3 Mev the neutron spectrum was 
measured with time-of-flight techniques.’ In using the 
latter method we have assumed that the “prompt”’ 


t This work supported by the U. S. Atomic Energy Commission 

'L. Cranberg ef al., Phys. Rev. 103, 662 (1956). 

*N. Nereson et al., Los Alamos Scientific Laboratory Report 
LA-1078 (unpublished). 

*K. Henry and M. Haydon, Applied Nuclear Physics Division 
Annual meee, September 10, 1956, Oak Ridge National Labo 
ratory, ORNL-2081 (unpublished). 

4*E. H. Hjalmar ef al., Arkiv Fysik 10, 357 (1956). 

a B. Leachman and C. 8. Kazek, Jr., Phys. Rev. 105, 1511 
(1957). 

*R. B. Leachman, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (United 
Nations, New York, 1956), Vol. 2, Paper P/592. 

™L. Cranberg, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 2, Paper PyS77. 


neutrons are emitted within times <10~" second after 
fission. This assumption has been verified experi- 
mentally.** The Cf fission source, emitting 1.2 10° 
neutrons per minute, was volatilized onto a thin alumi- 
num planchet and mounted within a gas scintillation 
cell.” In the time-of-flight work this cell is used as the 
time marker for the fission event. The cell is of a type 
that has been used successfully at this laboratory for 
some time. The unit has a very fast rise time (in the 
order of 10~* sec) and sufficient resolution to enable 
one to clearly distinguish the fission events from the 
alpha activity of the sample. For the measurements 
the bias of the counter was so chosen that the fission 
detection efficiency was 100%, 

After leaving the fission source the neutrons traverse 
a flight path of 80 cm before striking the neutron 
detector. This detector consisted of a 1}§ in.X14 in. 
piece of Pilot B plastic scintillator mounted on a 
RCA 6342 photomultiplier tube. During some of the 
runs this neutron detector was covered with } in. of 
lead. However, this shielding was found to be unneces- 
sary and was dispensed with throughout most of the 
work, Periodically the background was determined by 
inserting a hydrogenous scattering cone between the 
source and the detector, The experimental measure- 
ments were conducted in large rooms in order to reduce 
scattering effects to a minimum. 

The time it takes a fission neutron to traverse the 
80-cm flight path is between 30-150 mysec. This time 
interval was measured in two ways. In the first method 
the signal from both detectors was displayed on a single 
trace of a Tektronix oscilloscope” and photographed. 
The film was later projected and the spacing between 
“pips” on the trace measured. A parallel, wide-band 
circuit was arranged to trigger the oscilloscope sweep 
only for pairs of pulses coincident within the time 
interval of interest, The oscilloscope’s sweep speed was 
calibrated against a crystal standard oscillator. The 


* J. S. Fraser, Phys. Rev. 88, 536 (1952) 

* Smith, Friedman, and Fields, Phys. Rev. 102, 813 (1956) 
“ C, Eggler and C. Huddleston, Nucleonics 14, No. 4 (1956) 
" Pilot Chemical Company, Waltham, Massachusetts. 

® Model 517, Tektronix Inc., Portland, Oregon 
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time resolution of this method, measured as the full 
width of the prompt-gamma peak at half-maximum, is 
5-7 mysec. In all, more than 20 000 traces were meas- 
ured, 

The preceding technique is satisfactory but tedious. 
For this reason a time to pulse-height converter was 
constructed. This unit linearily transformed time inter- 
vals in the range 0-120 mysec into voltage pulses which 
were sorted in a 256-channel pulse-height analyzer. 
Upon using the same criteria as above, the time reso- 
lution of this system was 2-3 mysec. Because of its 
ease of operation and its accuracy, this unit was used 
for most of the experimental measurements. All of the 
time-of-flight data were corrected for the energy 
dependence of the neutron detector’s efficiency. This 
efficiency was determined by comparing the response 
of the scintillator to the response of a flat “‘long”’ 
counter in a monoenergetic neutron beam from the 
Li(p,m) reaction. 

For the proton recoil method, Ilford C-2, 400-micron 
emulsions were exposed to the Cf™ source in such a 
manner that the neutrons entered the emulsions at an 
angle of 5°-10° with the emulsion surface. Furthermore 
the 1 in. x3 in. emulsion plates were arranged so that 
the neutrons made in the region scanned an angle of 
10° or less with the longitudinal plate axis. The tracks 
were measured in swaths 7.5 mm long, starting 5 mm 
from the leading edge of the plates and extending no 
more than 2 mm from the longitudinal axis. The plates 
were processed by the temperature development meth- 
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Fi, 1. The distribution in time of Cf fission neutrons as 
measured over a flight path of 80 cm 
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od” and treated with wood resin to reduce shrinkage. 
A Bausch & Lomb research microscope, fitted with a 
Leitz G.F. 10X eyepiece and a 53 Leitz oil-immersion 
objective, was used in the measurements. About 1400 
tracks were measured, the work being divided equally 
between two scanners. Good observer agreement was 
obtained. The tracks accepted for measurement fell 
within a square prism whose axis lay along the longi- 
tudinal plate axis and whose half-angle was 20°. Only 
those tracks having, in the unprocessed emulsion, a 
projected length along the prism axis of 15 microns or 
more were measured, Both ends of a track had to 
terminate at least two microns from the emulsion 
surfaces. Corrections for the probability of escape were 
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Fic. 2. Experimentally determined energy spectrum 
of Cf fission neutrons. 


made using the empirical factors obtained at the Los 
Alamos Laboratory." The tracks were grouped into 
().2-Mev intervals according to the average value of the 
cos’#, where @ is the neutron-proton angle in the 
laboratory system. 


RESULTS AND CONCLUSIONS 


Eight spectral measurements were carried out with 
the time-of-flight techniques. A typical experimental 
curve is shown in Fig. 1. The prompt gamma-ray peak 
is clearly defined followed by the broad neutron 
“hump.” Figure 2 shows one of the time-of-flight 
measurements converted to the energy scale and cor- 


* Dilworth, Occhialini, and Payne, Nature 162, 102 (1948) 
“L,. Rosen, Nucleonics 11, No. 7, 32 (1953) 





SPONTANEOUS FISSION NEUTRON 


rected for the neutron detection efficiency of the plastic 
scintillator. Also shown in Fig. 2 are the results of the 
proton recoil emulsion measurements normalized to the 
time-of-flight data. The fission neutron spectrum of 
Cf is qualitatively like that of U™*. It is well known 
that the latter is described by the empirical expres- 
sion,'*! 
N(E) « e** sinh[ (c#)!), 


where N(£) is the number of neutrons of energy E per 
unit energy (£ measured in Mev), d is 1.036/Mev, and 
c is 2.29/Mev. The same empirical expression was 
fitted to the Cf** data from this experiment. Excellent 
agreement with the measured values was obtained (see 
Fig. 2) with b= (0.88+0.05)/Mev and c= (2.04-0.2) 
Mev. This empirica! distribution for Cf is compared 
in Fig. 3 with the theoretical calculations of Leachman* 
and the experimentally determined fission neutron 
spectrum of U™*.' From Fig. 3 and from a comparison 
of the respective constants in the above empirical 
expression, it is evident that the Cf fission neutron 
spectrum is more energetic than that of U™*. Leach- 
man’s theoretical spectrum is in qualitative agreement 
with experiment, but quantitatively lacking in lower 
energy neutrons. The results of Hjalmiar ef al.’ are 
compatible with the present work over the limited 
energy range of their measurement. 

We have attempted to interpret our results on the 
basis of the continuum model of the nucleus,'*'* 
realizing that such an approach is a first approximation 
only. Initially we assume that the fission fragments of 
Cf emit, on the average, two neutrons, per fission per 
fragment” and after emission still retain enough energy 
to be described as being in a continuum of energy states. 
Under these conditions the neutron emission can be 
treated as a double “‘boiloff.’"* In addition to the 
continuum premise the following are assumed to be 
true: 


1. Neutron emission occurs from the fragments after 
fission. 

2. Neutron emission is isotropic in the fragment 
space, 

3. All fission occurs from the-most probable mode. 

4. The light and heavy fragments are equally excited. 

5. Considering all fission processes, the ratio of the 
neutron emission from the light to that from the heavy 
fragment is a linear function of the most probable 
fission mass ratio. 


By using continuum theory and the known kinetic 
energies of Cf fission fragments, the fission neutron 


4% B. Watt, Phys. Rev. 87, 1037 (1952). 

V. Weisskopf, Phys. Rev. 52, 295 (1937). 

17 J. S. Fraser, Phys. Rev. 88, 536 (1952). 

 B. T. Feld et al., U. S. Atomic Energy Commission Report, 
NYO-636 (unpublished). 

*T). A. Hicks ef al., Phys. Kev. 97, 564 (1955) 
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spectrum was calculated for a wide range of fragment 
excitation energies, temperatures, and neutron binding 
energies. The best fit with experiment was obtained 
with a nuclear temperature of 1.0 Mev, a fragment 
excitation energy of 10 Mev, and a neutron binding 
energy of 4.5 Mev. As evident from Fig. 3, the agree- 
ment with experimental data is remarkably good in 
view of the relatively coarse assumptions employed. 
A similar interpretation of the U™ spectrum by Fraser'’ 
also gives good agreement with experiment although 
the lower value of vy in the case of uranium (y~1,2 
neutrons per fragment per fission) makes the double 
neutron emission concept less valid than for Cf™. 

The greater average fission neutron energy of Cf, 
as compared to that of U™*, is partly attributable to 
the higher kinetic energy of the fission fragments.’ Also 
the excitation energies of the fission fragments from 
Cf are probably somewhat greater than those for U™ 
as evidenced by the higher value of v for Cf. This 
greater excitation energy would lead to more energetic 
neutron emission. Before a detailed interpretation of 
the phenomena can be made, much more information 
about the level structure and mass of the neutron rich 
fission fragments must be available. Until then only an 
empirical approach is possible. This experiment shows 
that the fission neutron spectrum of Cf™ is, for most 
practical applications, essentially identical to that of 
Us, 
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The neutron total cross sections of chromium and iron have been measured in the energy range from one 
to 410 kev using neutron energy spreads from about 0.3 to 0.7 kev. Variations in the cross section of chro- 
mium show the presence of many resonances; seven of them in the region between 3 and 11 kev are due to 
neutron reactions with Cr“, and many others at higher energies are attributable to Cr” and other less 
abundant isotopes. Eleven resonances are due to s-wave neutron reactions with Cr, The results are similar 
for iron, Fourteen, or possibly fifteen, resonances are due to s-wave neutron reactions with Fe”. The values 
of the strength function of Cr and Fe for a well depth of approximately 40 Mev are 1.3 and 1.5X10~, 
respectively, and for Cr it appears to be much higher. A new technique for analysis of s-wave neutron 


scattering resonances has been developed. 


INTRODUCTION 


IR the study of virtual nuclear energy levels 

associated with the variation of the neutron total 
cross section as a function of neutron energy, it is 
desirable to use neutron beams whose energy spread is 
smaller than the widths of the levels, The present paper 
presents the results of measurements made on Cr and 
Fe from one to 410 kev using techniques in which the 
neutron energy spread appears to be narrower than 
most of the resonances observed. ‘These measurements 
were made by the method! developed several years ago 
at this laboratory. In the kev region it affords an ac- 
ceptable neutron energy spread and an adequate 
counting rate. The measurements were made prin- 
cipally to study level spacing and resonance parameters. 
The cross-section data are also of interest for practical 
purposes such as reactor design. 


EXPERIMENTAL METHOD 
(A) Apparatus 


The counting equipment originally designed by 
Langsdorf* has been modified considerably. The Van 
de Graaff generator has been improved and relocated 
80 that the counting equipment is now situated on a 
grate floor which is quite transparent to neutrons, the 
neutron source now being 13.5 feet above the concrete 
floor of the basement. This aids materially in reducing 
the background. Additional shielding of the counting 
equipment further reduces the background. An im- 
proved, focusing electrostatic analyzer for protons has 
been added, 

The counting equipment consists of 86 proportional 
counters arranged in a cylinder of paraffin which, in 
turn, is encased in the large outer shield as shown in 
Fig. 1. To increase the probability of capture of scat- 
tered neutrons in the counters rather than in the 
paraffin, the counters are placed as near the central 


* Work performed under the auspices of the U. 5. Atomic 
Energy Commission. First reported as an abstract in the Bull. 
Am, Phys. Soc. Ser. II, 1, 346 (1956) 

' Hibdon, Langsdorf, and Holland, Phys. Rev. 85, 595 (1952) 

*A. L. Langsdorf, Jr., Phys. Rev. 80, 132 (1950) 


axial hole through the paraffin cylinder as possible. 
Each neutron counter has a diameter of } inch and an 
active length of 16 inches.’ They are filled to a pressure 
of 40 cm Hg with boron trifluoride gas in which the 
boron is enriched to 96% B"’. Each group of 12 or 13 
counters feeds into one of the seven amplifiers. 

The neutron collimator has been rebuilt to define the 
neutron beam by use of interchangeable inserts. The 
inserts currently in use have slits 1} inches high and 4, 
4, and } inch wide, respectively. As compared to the 
old circular aperture of 4-inch diameter (which is now 
also interchangeable with the slits), the new slits result 
in better angular resolution and an increase in counting 
rate by factors of 1.3, 2.6, and 3.8 respectively. The 
walls of the slits are tapered so that the apex of the 
collimator is at the neutron source. A counting system 
for measuring neutron cross sections by use of neutrons 
emitted at 120° with respect to the direction of the 
proton beam is also used at Duke University.‘ 


(B) Neutron Source and Resolution 


The Li’(p,m) reaction is used to produce nearly 
monoenergetic neutrons of variable energy. Protons of 
well-defined energy are produced by the electrostatic 
generator. After acceleration the protons are first 
analyzed by a 17° deflection in a magnetic field and 
then by a 90° electrostatic analyzer having a radius of 
40 inches. The energy distribution of the protons after 
passing through the analyzer is approximately tri- 
angular in shape and at half-height its width® is one 
part in 8000 for each 10 mils of opening of the entrance 
slits, the opening of the exit slits being kept equal to 


* To date 60 counters with an active length of 16 inches have 
been used in conjunction with 26 counters, with active lengths 
varying from 6 to 12 inches in the outer rings. 

‘ J. H. Gibbons, Phys. Rev. 102, 1574 (1956). Newson, Gibbons, 
Marshak, Williamson, Mobley, Toller, and Block, Phys. Rev. 
102, 1580 (1956). 

* Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949), J. E. 
Monahan, J. Appl. Phys. 24, 434 (1953). See also Argonne Na- 
tional Laboratory Physics Division Quarterly Report 5273, 
December, 1953, January and February, 1954 (unpublished), 
p. 14. 

*M. T. Burgy (private communication) 
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that of the entrance slit. The accelerator voltage is 
stabilized by a variable corona load which is driven by 
a signal produced from the proton beam currents 
impinging on the halves of the exit slits of the analyzer. 
Proton energies are chosen by potentiometer settings 
according to a calibration based on taking the Li’(p,n) 
threshold to be 1.882 Mev.® 

Thin targets of lithium metal are evaporated in 
vacuum onto the 10-mil tantalum end cap of the ro- 
tating target assembly. Throughout the evaporation 
process, the target thickness is indicated by the neutron 
counting rate resulting from a steady incident beam of 
protons. During evaporation the accelerator is operated 
to give protons having an energy close to 2.07 Mev, 
since the yield is nearly independent of energy in this 
region. The thickness of the target is then measured by 
the rise curve method’ by use of a long counter placed 
60 inches from the neutron source and at an angle of 0° 
with respect to the direction of the proton beam. 
Targets less than one kev in thickness are usually used. 
For thin targets the rise-curve method of measurement 
is subject to some uncertainty but does serve to deter- 
mine the threshold of the Li’(p,n) reaction and to 
indicate the energy spread of the neutrons, Neutron 
cross-section measurements are made by use of neutrons 
emitted at an angle of 120° with respect to the direction 
of the proton beam. At this angle the spread of energy 
of the neutrons is approximately half what it is in the 
forward direction (0°). The energy spread of the 
neutrons depends on the thickness of the lithium target, 
the energy spread of the protons after passing through 
the electrostatic analyzer, and the width of the defining 
slit of the collimator of the neutron counting equipment, 
The defining slit of the collimator of the present neutron 
counter is at a distance of 12 inches from the neutron 
source. To obtain the best possible resolution one must 
accept a decrease in the counting rate. When the widths 
of the entrance and exit slits of the analyzer are reduced 
to 30 mils, one obtains a proton beam current of about 
15 wa (or up to 20 wa under the best conditions). The 
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Schematic arrangement of collimator and shield, with 
neutron counter assembly shown inside the shield. 
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? Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 
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energy spread of the neutrons cannot be determined 
accurately but a procedure was followed that would 
provide a good indication. A number of narrow reso 
nances, among which are the 2.2-kev resonance of 
bismuth and the 27-kev resonance of fluorine, were 
studied. The width of the Bi resonance is known from 
time-of-flight measurements to be about 20 ev. The 
present measurements showed the fluorine resonance 
to have a width of 400 ev or less. The observed widths 
of these resonances at half their measured heights, as 
measured by the present method, were interpreted as 
the over-all neutron energy spread at 120° with respect 
to the direction of the proton beam. These results show 
that the energy spread is approximately half the thick 
ness of the lithium target obtained by the rise-curve 
method. Subsequent estimates of neutron energy spread 
were made on the basis of this information. The ob 
served widths of the narrow resonances of Cr® in the 
region of 3 to 11 kev, shown in Fig. 2, agree very well 
with these estimates. 

For a collimating slit that is} inch wide, the back 
ground rises from only a few percent at neutron 
energies below 100 kev to 10% at about 600 kev and 
25% at about 800 kev. Additional shielding must be 
used for energies above 600 kev 

The data at each energy are normalized by com 
parison with the count in an enriched B’F, long counter 
placed 60 inches from the neutron source at 0° with 
respect to the direction of the proton beam, Correction 
is also made for the background, which is obtained by 
removing the scattering sample from the counting 
equipment, The thickness of the transmission sample 
is changed from one measurement to another in order 
to keep the transmission near 0.5, 

The present form of the equipment facilitates three 
independent measurements of neutron cross sections 
(1) scattering cross sections, which are obtained by 
comparing the scattering from a relatively thin sample 
in the counter (with no transmission sample ahead of 
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Fic, 2. Neutron total cross section of chromium vs neutron 
energy up to 20 kev and the self-detection cross section of the 
Cr® resonance No. 1, Resonances Nos. | and 3 to 8, inclusive, are 
due to neutron reactions with Cr@ 
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the counter) with the scattering from a standard sample 
such as graphite; (2) total cross sections by flat de- 
tection, obtained by the transmission method using a 
thick scatterer made of graphite, paraffin, beryllium, 
Lucite, or other material that has no resonance struc- 
ture; and (3) total cross sections by self-detection, for 
which the transmission sample and the scatterer are 
of the same material. 

Since the self-detection technique discriminates 
against neutrons whose energy differs much from that 
of the maximum, the peak cross sections determined 
thereby come closer to the true peak values than those 
obtained by flat detection when the energy spread of 
the neutrons is comparable with or greater than the 
width of the scattering resonance, Except where stated 
otherwise, the results given in the present paper were 
obtained by flat detection using a Lucite scatterer, 


EXPERIMENTAL RESULTS 


For energies up to 88 kev the effective neutron energy 
spread was 400 ev; from 80 to 250 kev it was 500 ev; 
above 250 kev it was 700 ev. In a later set of experiments 
the effective resolution width was 300 ev for energies 
up to 26 kev for Fe, and up to 47 kev for Cr. 


(A) Chromium 


Figures 2, 3, and 4 show the neutron total cross 
section as a function of mean neutron energy from 3 to 
410 kev. Metal samples furnished through the courtesy 
of Pratt and Whitney Aircraft, Division of United 
Aircraft Corporation were used, They were prepared 
by E. L. Foster and co-workers at the Battelle Memorial] 
Institute. Their analysis shows a maximum total im- 
purity of 171 parts per million of which sulfur (100 
ppm) is the largest. Radiographs of all samples were 
furnished and show that spheroidal voids are insig- 
nificant in number and size, 

Figure 2 shows the resonance structure from 3 to 
20 kev. Below 3 kev the cross section is slightly irregular 
and decreases to about 3 barns near one kev. Measure 
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Fic, 3, Neutron total cross section of Cr showing the first two 
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Fic. 4. Neutron total cross section of Cr from 110 to 410 kev 
Numbered resonances are due to neutron reactions with Cr® 


ments made with a small sample of Cr,O, enriched in 
Cr® to 90% showed that the resonances numbered from 
1 through 8, with the exception of No. 2, belong to Cr®. 

The insert of Fig. 2 shows the results obtained when 
a few points of resonance No. 1 were measured by self 
detection, using the (Cr™),O, as the transmission sample 
and a sample of metallic chromium (9.5% Cr®™) for the 
scatterer. The highest cross section obtained (not at the 
exact peak) was 220 barns (corrected to 100%, isotope) 
and clearly is well below the theoretical maximum. The 
observed width of this resonance, shown in Fig. 2, is 
close to 300 ev. In identifying this resonance by use of 
the enriched isotope, a cross section as high as 135 
barns was observed (not at the exact peak position), 
On the basis of this information and that obtained by 
self detection, considered along with the arguments 
that immediately follow, it appears that the true width 
of this resonance is no more than 100 ev. 

Since the spin of Cr* has been shown* to be §, the 
possible J values for s-wave interaction are 1 and 2. 
The corresponding theoretical peak cross sections for 
resonance No. 1 are 240 and 390 barns, respectively. 
Since the peak cross section is evidently well above the 
highest measured value of 220 barns, the measurements 
favor the latter height, which corresponds to J=2. 
Still higher values of J, associated with higher values 
of | for the incident neutrons, are not definitely excluded. 
The available sample of (Cr™),O; was too thin to permit 
determination of the low cross sections on the low- 
energy side of the resonance with sufficient accuracy 


*B. Bleaney and K. D. Bowers, Proc. Phys. Soc. (London) 
A64, 1135 (1951); K. D. Bowers, Proc. Phys. Soc. (London) A65 
860 (1952); K. Halbach, Helv. Phys. Acta. 27, 259 (1954), 
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to establish the existence of the dip which is charac- 
teristic of resonances for which |=0. 

Figures 3 and 4 show the variation of the cross section 
from 20 to 410 kev. The more prominent resonances are 
numbered from 1 through 11 and are to be attributed 
to Cr® (83.7% abundant) since they give cross sections 
higher than could be obtained from any of the other 
isotopes, whose abundances are less than 10%. Many 
small peaks are due to resonances of the less abundant 
isotopes, The small peak near 69 kev is due to Cr®, 
since a cross section of 11 barns was obtained at 70 kev 
by measuring (Cr™) 0s. 

The asymmetrical peak at 51 kev, No. 1 of Fig. 3, is 
the first one due to Cr™. It is well resolved, and the 
deep minimum (0.8 barn at 47 kev) before the resonance 
indicates with certainty the value /=0. Since the spin 
of Cr® is zero,’ the only possible value of J is 4 so the 
peak height for s-wave interaction should be 53 barns. 
The measured peak height by self-detection is 0.8 of 
this value, in reasonable agreement with expectation. 

The deep minimum (0.8 barn) near 90 kev shows that 
the resonance of Cr® at 98 kev is also a resonance with 
l=Q and J=4. The minima on the low-energy side of 
resonance Nos. 3, 4, and 8 to 11 are sufficiently deep 
to establish s-wave interactions. Peaks, of less abundant 
isotopes, that occur near most of these minima prevent 
one from resolving them to lower values. The cluster of 
resonances, Nos. 4 to 7 inclusive, are too closely spaced 
to permit resolution of deep minima between pairs. It 
is hardly possible to attribute Nos, 5, 6, and 7 to 
interactions other than s-wave because the minimum 
on the low-energy side of No. 4 could hardly be so low 
in the presence of a noninterfering wing from one of 
these resonances of different character. This is less clear 
for No. 7, which is relatively far removed from the 
minimum of No. 4, but its width appears to be too large 
for an interaction with />0. The small peak at 396 kev 
is too high for a Cr® peak but is very narrow in com 
parison with other peaks of Cr® 
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Fic. 5. Neutron total cross section of iron os neutron energy 
(semilogarithmic plot), Resonance No. 1 is due to neutron re 
action with Fe™ and resonances Nos. 2, 3, and 4 to reactions with 
Fe*, 


* Brix, Eisinger, Lew, and Wessel, Phys. Rev. 92, 647 (1953) 
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Fic. 6. Neutron total cross section of iron os neutron energy 
from 110 to 410 kev. Numbered resonances, with the possible 
exception of No, 11, are due to neutron reactions with Fe 


(B) Iron 


Samples of Armco iron were used for these measure- 
ments. A small amount of enriched (Fe™),O, (93.06% 
Fe™) and (Fe*),0O, (99.9% Fe") were also used for 
some measurements near resonances. The results are 
shown in Figs. 5 and 6, Peak No. 1 near 7.5 kev is 
attributable to Fe™ because a value of 158 barns (cor- 
rected to 100% isotope) was measured near the peak 
energy using the enriched isotope. A small peak on the 
low-energy side, and irregularities on the high-energy 
side, are attributable to either Fe’ or Fe. Use of the 
enriched isotope also identifies the small peak at 54 kev 
as belonging to Fe*, Fourteen or possibly fifteen reso 
nances are attributable to Fe”. The first of these 
resonances, No, 2 near 29 kev, is well resolved, Its deep 
minimum of 0.7 barn at 25.5 kev and its prominent 
asymmetry assign with certainty the value /=0, Of 
the residual cross section at the minimum, 0.3 barn is 
attributable to the potential scattering of the less 
abundant isotopes. The peak height of this resonance, 
as measured by flat detection, is 55 barns. By the self 
detection technique a value of 75 barns (82 barns for 
100% isotope) was obtained. Since the spin of Fe* is 
zero, the only possible s-wave peak height is 92.6 barns 
for J=4 and g=1. The measured peak height by self- 
detection is 89% of the theoretical value. This is rea 
sonable agreement. 

By self-detection near peaks Nos. 3, 4, and 12, the 
observed cross sections were respectively 0.8, 0.8, and 
0.9 of the theoretical peak heights. On the low-energy 
side of each of the Fe” resonances, with the exception 
of Nos. 7 and 16, there is a minimum which is sufficiently 
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pronounced to establish that /=0. The presence of small 
peaks of the less abundant isotopes in the vicinity of 
these minima prevent one from observing deeper 
minima, A deep minimum which might be expected 
between Nos. 6 and 7 cannot be observed because of 
their closeness and a small peak between them. A 
number of small peaks contribute to a high cross section 
between Nos. 15 and 16, It appears to be reasonably 
certain that all of the resonances from No. 2 to No. 16, 
inclusive, are due to s-wave interaction for which 1=0 
and J}, Resonance No, 11 at 240 kev has a peak 
height too large for any isotope other than Fe”, but 
the greatest cross section observed is less than would be 
expected for a peak if it is assigned to Fe”. Too few 
points were taken in this region to establish the assign- 
ment with certainty. 

To account for the absorption cross section of iron, 
Goldstein and Kalos® have made some predictions 
concerning the existence of narrow resonances due to 
neutron interactions with />0. It is not improbable 
that some of the small peaks of Cr and Fe are due to 
p- or d-wave neutron interactions with Cr® and Fe®. 
The spread in neutron energy used in the present 
experiments was sufficiently narrow that one would 
expect to see any resonance whose width is near 100 
ev. A thorough study of these small peaks has not been 
made to distinguish such peaks from those of the less 
abundant isotopes of either Cr or Fe. 


ANALYSIS OF S-WAVE RESONANCES 


The techniques of using the Van de Graaff generator 
as a source of nearly monoenergetic neutrons have been 
improved enough that it is now possible to derive 
parameters of many of the neutron resonances in the 
kev region, even for some that are too narrow to be 
completely resolved. For a number of years a method 
has been known which takes advantage of the inter- 
ference between resonance scattering and potential 
scattering, but which uses only points in the wings of 
resonances, This method was recently discussed in a 
paper by Levin and Hughes." 

The method developed below permits the use of a 
much larger fraction of the points in the analysis of a 
resonance cf s-wave type, provided that the resonance 
is sufficiently isolated and resolved. The method is 
based on the theory of Breit and Wigner in the simpli- 
fied form which is applicable at energies above a few 
kev, at which the cross section for neutron capture 
becomes negligible in comparison with the cross section 
for scattering. Equation (1) gives a single-level Breit- 
Wigner expression for the neutron scattering cross 


” H, Goldstein and M. H. Kalos, Nuclear Development Cor 
poration of America Report NDA 2-62, January 21, 1957 
(unpublished) 

“J, S, Levin and D. J. Hughes, Phys. Rev, 101, 1328 (1956). 
See also Argonne National Laboratory, Physics Division Summary 
Report 5498, May through October, 1955 (unpublished), p. 58 

" This method was suggested by Dr. L. A. Turner. 
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section": 
O,=dgteh' gs 
1(1—2 sin%,) +41 (E—E,) sind, cosd, 
(E—E,)?-4+40 , 





where o,= 4h" >) ,(2/+1) sin’, and g’,;=(2J+1)/ 
[ (21+ 1)(2s+-1)] is the statistical weight factor due 
to the spins of the interacting particles which form the 
compound state with spin J. The sign of the term 
involving 6; corresponds to the definition given by 
Feshbach, Peaslee, and Weisskopf™ rather than the one 
of opposite sign used by Adair.” The other symbols 
have their usual meaning. 

Equation (1) can be rewritten in the more convenient 
form 

[40 cosd,+ (L—E,) sind, 
p= Omint 4a gy 
(E—E,)?+41" 


where omin is written for ¢,—4h’g, sin*;. This gmin 
can be shown to be the minimum value of the cross 
section on the low-energy side of the resonance; and 
for 1=0 it is very nearly (1—g,)o,. By expressing I, 
E,, and 6; in terms of I’,,, Z,,, and 6,,, where m designates 
the values of these quantities at the energy for which 
g, attains its maximum value ¢,, Eq. (2) may be 
rewritten in the form: 


Y =al’,,/2+6(E—E,,) tané,,,'® (3) 
where 
Fe ~T min 


4 
y=+|— — |E~Em|, (4) 
om F min (04—Omin) (E Em) 


b=[1—(I'n/2E,) tand» }*, (5) 
a=b sec’b,. (6) 


In the expression for Y, the negative sign is used for 
those energies below the minimum of the resonance 
and positive values everywhere else. In computing Y, 
the theoretical value of o.—omin and the experimental 
value of amin are used. 

At the minimum of the resonance Y becomes 0 
because ¢,=¢min at this point, but at the peak where 
E=E,, and ¢,=¢m, Y becomes indeterminate in Eq. 

“RR. K. Adair, Revs. Modern Phys. 22, 249 (1950). 

4 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 

* For the derivation of Eq. (3), note that the denominator of 
Eq. (2) is expressible as the sum of two terms, one of which is 
identical with the numerator. By definition 59=R/A and the 
quantity 44An%gs: 18 om—omin. Moreover since \*=(2.6X 108/ 
4 Ecey)) X10 cm*, it follows that \°=4,,"2,,/E. Then Eq. (2) 
can be rewritten in the form 

___(@—¢min)E/Em ___ (+ (E—E,) tanbiP (4) 
Om—Omin—(Oe—OminE/Em (40 tand,—(E—E,) F 
The neutron width appears to vary approximately as FE! so 
r=kT’./km. Also EZ, may be expressed in terms of E» by the 
well-known relation E,= £,,—41,, tand,. Within the limitation 
that tandcxsinkRokR, tand=(k/k,,) tand,. By making these 
substitutions in Eq. (A) one can obtain Eq. (3). 





NEUTRON TOTAL 





Cminrt4 iaty 


“ ° és 
f_ (atv) 


Fic. 7. Analysis of the 85-kev resonance in Fe**, Values of 
I'm = 980 ev, Emin 84.1 kev and o=3.1 barns were obtained from 
this plot as explained in the text 


(4), but Eq. (3) yields a value of (aI’,,/2). Equation 
(3) is valid within the limitation that tandc~sinkR~kR 
and that I’, varies as\/Z. Results obtained by its use 
indicate that these limitations are not serious in the 
low and medium energy regions. At higher energies, 
the resonances are generally sufficiently wide that the 
formula is no longer needed, 

Equation (3) shows that for a perfectly-resolved 
completely-isolated resonance, the plot of Y vs E would 
yield a straight line; but in practice the experimental 
points deviate from a line because of imperfect reso- 
lution and interference from other resonances. Since 
al’,,/2 is the value of Y at E= E,, and since a does not 
differ greatly from unity, a tentative value of I’,, may 
be obtained from the plot. The slope, b tané,,, of the 
line is very nearly tand,, since 6 differs only slightly 
from unity. From these preliminary values of tané,, 
and I’, a more accurate value of b may be computed 
from Eq. (5). When this more accurate value of 6 is 
substituted in the expression for the slope, an improved 
value of tanéd,, results. Then a correspondingly good 
value of a may be found from Eq. (6), after which I’,, 
may be recalculated from Eq. (3). Finally ¢, may be 
calculated by the formula which immediately follows 
Eq. (1), making use of the fact that 6=4,,. 

No resonance of Cr® or Fe is truly isolated from 
the effects of other resonances but a number are 
sufficiently isolated to obtain widths that appear to be 
within 10 to 15% of the true values. Figure 7 is a typical 
plot of the 85.5-kev resonance of Fe, Reasonable 
values of the parameters were obtained from this plot. 
The value of ¢,=3.1 barns is near the value computed 
from >> ,(2/+-1)49X’ sin’%,=3.45 barns when one uses 
bo= R/K and R=0.14A!K10-" cm. 

In cases where the level spacing is so small that an 
analysis is not feasible, the widths of resonances can 
be estimated by use of the well-known expression 


Dn (E,,—~ Ewin) $in2bo 


Widths obtained in this way depend on the value as- 
sumed for 59 and are subject to the inaccuracy of 
locating the exact position of the minimum. The 
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Taste I. Summary of data relating to resonances derived from 


neutron reactions with Cr@ and Fe. Numbers of the chromium 
resonances refer to Figs. 3 and 4. V is the well depth in Mev 


Fes 
Reso 
Dy (kev) nance &, I's 
V =20 V «40 No (kev) (ev) 


Dy (kev) 
V «20 V #40 


$9 
117 


29.2 900 
75.6 900 
85.5 980 
127,7 500 
138 800 
145 800 
162 875 
188 1000 
219 600 
272 2000 
416 4000 
1000 

388 5000 
5000 


Coc e~Ousun= 
CSCO Ss OMSeen 


~ 


Dy 


observed minimum may be shifted from its true position 
because of the energy spread of the neutrons and inter 
ference from other resonances. 

The widths of the various resonances of Cr® and 
Fe” along with the locations of the resonances are 
summarized in Table 1, 


THE LEVEL SPACING D, 


According to theory, the natural width I, of a 
neutron resonance is given by the expression"* 


r,=7','(Dy/2m), 


where D, is the basic nuclear factor approximately 
equal to the average spacing of the energy levels, and 
T,,' is the transmission coefficient, which for s-wave 
neutron interactions is given by the expression'*"” ; 

4kK Ao (Ag? +A")! 
r." 


[Kot (AeA E Pe 


4 


(k+K)? 


where Ag, the wavelength of a neutron inside the 
nucleus, may be taken as 10~” cm, for a well depth of 
20 Mev and 0.7 10~" cm for a well depth of approxi 
mately 40 Mev. 

Using the resonance widths given in Table I, D’ has 
been determined for each resonance of Cr® and Fe” 
on the assumption that all of the resonances are at- 
tributable to s-wave interactions, Average values of the 
D? for Cr® and Fe“ are 36 and 35 kev for a well depth 
of 20 Mev and 48 and 47 kev for a well depth of 40 
Mev in comparison with the observed values of 35 and 
30 kev, respectively, The level spacings for both values 
of the well depth are also included in Table I. 


From the neutron widths shown in Table I, one 


Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952 
See also J. M, Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952) 


7B. T. Feld, Experimental Nuclear Physics, edited by B. Segri 
(John Wiley and Sons, Inc., New York, 1953), Vol. I 
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obtains values of the strength function’** [,°/D of 
1.1 and 14X10~* for Cr® and Fe, respectively. The 
strength function as computed from this formula is 
valid only for slow neutrons for which k is negligible as 
compared with K. Then 7,,°~4k/K. At higher energies 
this approximate expression for T,° yields values which 
may differ from those given by Eq. (7). To find the 
strength functions at higher energies, one defines 
lr,” =I',/7,° from which one computes l,.7/D. Then, 
to convert to the same units as are used for slow 
neutrons, it is necessary to divide by the factor 1140 
or 1625 since I’,,?>~1140I,” or 1625T,", respectively, 
for well depths of 20 Mev or approximately 40 Mev. 
These factors are obtained from [,=T7,'D,/2xr. The 
strength function of Cr® obtained in this manner is 
1.4X10~ or 1.3X10~ for well depths of 20 Mev or 40 
Mev, respectively. In like manner the values are 1.7 
x 10~* and 1.5K 10~ for Fe”. Hence up to 400 kev the 
strength functions for s-wave resonances computed by 
the exact method for a well depth of 40 Mev are slightly 
greater than the ones computed by the approximate 
method ; but for a depth of 20 Mev the values obtained 
by the exact method are still higher than the ones for 
4) Mev, 

The strength function is expected" to reach a maxi- 
mum near A=55, Although the computed strength 
functions of Cr” and Fe are probably accurate to 
within 25%, they are much lower than the predicted 
values, The density of levels of Cr™ as shown in Fig. 2 
indicates that a high value of the strength function 
may be expected for this isotope. 


DISCUSSION 


There are regions in which no significant variations 
in the cross section were observed, but in some regions 
early measurements showed a number of small peaks, 
many of which were indicated by only one or two points 
and were within (or only a little greater than) the 
limits of the probable errors. It seemed unlikely that 
all of these peaks were real, Additional points at more 
closely spaced intervals in the region of some of these 
small peaks showed all of the ones reinvestigated to be 
real, Because of the occurrence of a number of these 
small peaks in the low-energy region, it was decided to 
remeasure the cross section of Cr up to 50 kev and Fe 
up to 25 kev. The results of the third measurement, for 
which a very thin Li target was used, are shown in Figs. 
2, 3, and 5, Peaks Nos. 1 through 8 of Fig. 2 and the 
peaks in the 20- to 50-kev range in Fig. 3, which were 
originally peaks indicated by only one or two points, 
are undoubtedly real. During the second measurements, 
peaks No. 1 and Nos. 3-8 in Fig. 2 were shown to be 
due to Cr®. The heights of most of these small peaks 
shown in the various figures correspond to what one 

“For additional references and a discussion, see Carter, 


Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 (1954) and also 
Feshback, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 
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would expect for the less abundant isotopes. On the 
basis of the results in the region from 3 to 11 kev in 
Fig. 2, one would expect that any of the small peaks 
would be extremely narrow if due to Cr® or Fe®. 
However, as was pointed out at the end of the experi- 
mental results, it is not improbable that some of them 
are due to p- or d-waves of Cr” or Fe. To gain some 
further information on this point, peak No. 1 of Fig. 5 
and the small peak at 54 kev were checked by use of 
the enriched isotopes Fe“, Fe, and Fe’ and both 
peaks were found to be due to Fe™. Also the small peak 
of Cr in Fig. 3 just below 70 kev was found to be due 
to Cr®, 

It does not appear to be possible, even by use of the 
least neutron energy spread currently in use, to obtain 
data at the peaks of the resonances as high as the 
theoretical heights except for the wider resonances. 
Except for these wider ones, the resonances become 
very narrow near their peaks and their wings are quite 
steep. Moreover, the neutron energy spread could not 
be expected to break off sharply at its edges. To reach 
higher values, measurements by self-detection were used 
for some of the peaks. Any errors which may occur in 
the stated widths of the resonances will tend toward 
high values. Flat-detection measurements of the wider 
resonances in the high-energy region yield total peak 
heights very close to the theoretical values. The theo- 
retical peak height, of course, depends on the value one 
uses for the potential scattering. 

Finally, account was taken of the second low-energy 
group of neutrons which arise from the formation of the 
residual nucleus Be’ in the 430-kev excited state. The 
second group of neutrons first appears at a proton 
energy of 2.378 Mev at an angle of 0° with respect to 
the proton beam direction. It begins to appear at 120° 
at a proton energy of about 2.43 Mev, at which the 
energy of the first group of neutrons is near 280 kev. 
Batchelor” has recently measured the percentage yield 
of the low-energy group of neutrons relative to the 
high-energy group at 0° with respect to the proton beam 
direction in the proton-energy range from 2.5 to 2.9 
Mev. At 2.52 Mev the yield is near 2.7% and increases 
to 8% at 2.9 Mev. Batchelor and Morrison” later 
showed that, in the center-of-mass system, the angular 
distribution of the low-energy group of neutrons is 
roughly isotropic for the lower proton energies. At 
proton energies of 2.78 and 2.88 Mev the results indi- 
cated slight anisotropy. Marion, Bonner, and Cook” 
found the intensity at the threshold of the first excited 
state to be 1.8+0.6% of that at the threshold of the 
ground state. 

The various resonances of Cr and Fe at low energies 
might be expected to produce smal! peaks at higher 
energies because of this second group of low-energy 


” R. Batchelor, Proc. Phys. Soc. (London) A68, 452 (1955). 

* R, Batche/or and G. C. Morrison, Proc. Phys. Soc. (London) 
A68, 1081 (1955). 

™ Marion, Bonner, and Cook, Phys. Rev. 100, 91 (1955). 
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neutrons. The 29.2-kev resonance of Fe would con- 
tribute at 325 kev, which coincides with a slight rise in 
the high-energy wing of resonance No. 13. The 75.6-kev 
resonance would contribute at 382 kev, which is mid- 
way in the low-energy wing of No. 15, and the 85.5-kev 
resonance contributes at 393 kev, which is in the valley 
between the first two small peaks above No. 15. The 
51-kev resonance of Cr would contribute at 353 kev, 
which is just below the minimum of No, 10 and might 
possibly account for the small variation in the cross 
section at this energy. The 98-kev resonance would 
contribute at 407 kev, which is in the peak of No. 11. 
The observed height of No. 11 is 5.7 barns compared 
with the theoretical height of 5.5 barns. Using the 
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observed height of 17 barns at the 98-kev resonance 
and assuming that the neutron beam contains 3% of 
this low-energy component, the computed cross section 
for the high-energy neutrons (407 kev) is 5.35 barns, 


which is only 0.15 barn below the theoretical value 
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Energy Level Spectrum of C’’ from the Nuclear Reaction Be’ (Li’,p)C'*t* 


P. G. Murpny 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received July 8, 1957) 


Energy levels of the nucleus C” have been measured by measuring the kinetic energies of proton groups 
produced in the bombardment of thin beryllium targets with 2-Mev lithium ions, causing the reaction 
Be’ (Li’,p)C™. The energy levels found were at 0.62, 2.48, 3.08, 4.26, 5.93, 6.58, and 8.18 Mev above the 
ground state. A continuum of particles was interpreted as due partly to Be®(Li’,pn)C™, The ground state 
and the lowest levels were compared with levels in N“*; the presence of the lowest 7’ = 4 level at 11.61 Mev 
in N“ was confirmed, Comparison with the low-lying levels in O' revealed similarity suggested by the 
analogous shell structures of the two nuclei C™ and O" 


INTRODUCTION 


; XPERIMENTAL information on the nuclear 
species C'* is scarce for two reasons. In the first 
place it has a large neutron excess for such a light 
nucleus, and secondly it has a low binding energy. 
Possible reactions for producing it are. C"(n,y)C™, 
C¥(d,p)C™, C#(t,p)C™, and Be®(Li’,p)C”. 

The first reaction has a Q-value of 1.21 Mev, the 
second has a Q of —1.007 Mev, and the third has 
0.90 Mev; thus none of these is very suitable for the 
study of excited states of C’*. Li’, however, also has a 
low binding energy, giving the last reaction a Q of 
9.10 Mev. This allows the production of several excited 
states with a moderate beam energy. 

C™(n,yv)C™ has been found to have a cross section of 
less than 10-” cm’ for thermal neutrons.’ C“(d,p)C™ 
has been used to study the ground state of C’*.’ The 


t This research supported in part by the U. S. Atomic Energy 
Commission. 

* Submitted in partial fulfillment of the requirements for the 
Ph.D. degree at the University of Chicago. 

1L. Vaffe and W. H. Stevens, Can. J. Phys. 29, 186 (1951); 
Phys. Rev. 79, 893 (1950) 

$I , Broer, Chiba, Herring, and Silverstein, Phys. Rev 


104, 1059 (1956) 


reaction C"(1,p)C"* has not been reported. Be*(Li’,p)C'* 
has been studied previously in this laboratory.’ 


APPARATUS 
(a) Lithium Ion Beam 


The production and analysis of the lithium beam 
have been described in detail previously.’ A 2-Mev 
ion beam from a van de Graaff machine fitted with a 
lithium ion source is passed through a 90°, 36-in. radius 
electrostatic analyzer, giving a beam of energy 2.00 
+0.01 Mev. This beam is then analyzed by a 224° 
deflection in a large electromagnet, giving a clear 
separation of the Li’ from Li* and impurities 


(b) Particle Detecting Cell 


The particle detecting apparatus and target chamber 
are shown in Fig. 1. The lithium ion beam strikes the 
electrically insulated target and reaction products are 
collected at 90° to the beam. Their energies can be 
reduced by insertion of aluminum-foil absorbers and 
by introduction of gas into the absorption cell. Each 

+E. Norbeck, Jr., Phys. Rev. 105, 204 (1957) 


‘P. G. Murphy, Bull. Am. Phys. Soc. Ser. II, 1, 325 (1956) 
*S. K. Allison and C. Littlejohn, Phys. Rev. 104, 959 (1956 
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hic. 1, Target chamber and detector assembly for measuring the energies of proton groups from Be*(Li’,p)C* 
and discriminating against pulses from interfering particles. 


foil was carefully weighed. The absorption cell was 
isolated from the rest of the apparatus by windows of 
(),00025-in. Mylar foil. 

After passing through the absorbers the particles 
enter a methane-filled proportional counter, This 
counter can be used in conjunction with a single-channel 
pulse-height analyzer either to detect all particles whose 
production of ions in the counter gas is above a fixed 
amount or to select only particles whose ion production 
lies in a chosen interval. Its main purpose in this 
experiment was to discriminate against § particles from 
the decay of Li* produced in the reaction Be*(Li’,Li*) Be’, 
but it was also used to discriminate against tritons and 
deuterons produced in the reactions Be*(Li’,))C" and 
Be*(Li’,d)C™. The counter was operated at 1500 volts 
with a steady flow of methane at a pressure of 5.6 cm 
of mercury. The central electrode was of 0.005-in 
diameter tungsten wire. 

After passing through the absorption cell and the 
proportional counter the reaction products strike a 
i} mm thick thallium-activated cesium iodide scintil- 
lating crystal. The crystal is viewed by a 6292 Dumont 
photomultiplier tube through a Lucite light-pipe. The 
crystal was cut with a jeweller’s saw from a block and 
polished with a damp chamois leather. The best 
resolution was 9% in energy with 9-Mev protons and 
8-Mev a particles. 


(c) Electronics 


A block diagram is shown in Fig, 2. The proportional 
counter gave a pulse about 200 microseconds long with 


a rise time of about 0.1 microsecond. It was shortened 
in a delay-line pulse shaper delivering a square pulse 4 
microseconds long. This was amplified by a Bell-Jordan 
type amplifier and analyzed in a single-channel pulse- 
height analyzer. 

The cesium iodide pulse traveled through a cathode 
follower to a Tracerlab nonoverloading linear amplifier. 
The amplified pulse was then shaped to give a square 
pulse 7 microseconds long; the shaping circuit also 
delivered a 1-microsecond gate pulse at a variable 
instant during the 7-microsecond pulse. A “‘subtractor” 
circuit subtracted a chosen voltage from the shaped 
pulses; this was followed by another stage of amplifi- 
cation (these circuits are accessories of the Tracerlab 
amplifier). This combination enabled any portion of 
the spectrum to be spread over the whole range of a 
Marconi 17-channel pulse-height analyzer. 

The gate pulse from the pulse shaper was amplified 
in a OBN6 gating tube and added to the signal pulse. 
The second grid of this tube was controlled by a 
univibrator which was in turn triggered by the output 
of the single-channel analyzer. It was thus arranged 
that a count in the proportional counter corresponding 
with the desired type of particle would cause the 6BN6 
to be cut off so that nothing would be added to the 
associated cesium iodide pulse. Pulses from the crystal 
without simultaneous proportional-counter pulses were 
made into large pulses which would register in the 
“surplus” channel of the analyzer. The gate pulse was 
also fed to a point provided on the pulse-height analyzer 
where it canceled the count in the surplus channel. 
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EXPERIMENTAL METHOD 


The apparatus was calibrated with various groups of 
protons from the reactions B"(d,p)B", Be*(d,p) Be”, 
and tritons from the reaction Be*(d,/)Be*. A 360-kev 
beam of deuterons from the Institute’s Cockcroft- 
Walton circuit was used. It was also calibrated at this 
time and during every run with two a-particle groups 
from a thin source of ThC+ThC’. It was found that 
the drift in amplification was usually imperceptible 
from day to day; the maximum overnight change was 
about 1%. Such changes were measured with the 
a-particle source and allowed for. The system was 
found to be differentially linear for protons in the 
range 1-8.5 Mev and for a particles with 3-7 Mev. 
The pulse height for protons was about twice that for 
a particles with the same energy. The triton and proton 
pulse heights were fourd to be identical at the same 
energy, contrary to reports from other laboratories.‘ 
The energies of the proton and triton groups were taken 
from Ajzenberg and Lauritsen’; the energies of the a 
particles were taken from Rutherford et al.* 

In the measurements with the lithium beam the 
proportional-counter single-channel analyzer was usu- 
ally set to accept all particles which gave a pulse at 
least as large as that given by a 4.5-Mev proton. For 
the lowest energy groups of protons there were many 
interfenng groups of tritons and deuterons in the 
spectrum. In each case the single-channel analyzer was 
set to select protons in the appropriate part of the 
spectrum. It was impossible to select only protons over 
the whole observed spectrum (1-4.5 Mev) because 
3-Mev tritons, 2-Mev deuterons, and 1-Mev protons 
all give the same size pulse in the proportional counter. 

The target was beryllium metal evaporated onto 
nickel; the thicknesses used corresponded with an 
energy loss of 85 to 135 kev by the 2-Mev lithium beam 
(40-70 micrograms per square centimeter), For some 
exploratory measurements a thick target was used. 

The total beam charge was measured with an elec- 
tronic current integrator calibrated with known currents 
from batteries. The effect of secondary electrons was 
measured by giving the target a positive bias with 
batteries. 

The background with 2 microamperes of beam was 
one count per channel per hour, This was never more 
than 10% of the counting rate at a spectrum peak, 
The runs varied in length from one to ten hours. 

Proton groups were identified by measuring the effect 
of the aluminum foil absorbers when inserted between 
the target and the counters. The energy loss for protons 
was calculated from the data collected by Whaling.’ 


* University of Pittsburgh Technical Report No. VII (unpub 
lished), p. 5. 

7F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 

* Rutherford, Wynn-Williams, Lewis, and Bowden, Proc. Roy. 
Soc. (London) A139, 617 (1933). 

*R. Fuchs and W. Whaling (private communication). 
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Fic. 2. Block diagram of the electronic circuits used in dis 
criminating against unwanted particles and displaying the pulse 
heights due to scintillations of the CsI(Tl) detector 


The lowest energy group was not identified in this way 
but by the fact that to pass this group the setting of 
the single-channel analyzer was just that necessary to 
pass deuterons with twice its energy and tritons with 
three times the energy. Such deuteron and triton 
groups were produced simultaneously by the reactions 
Be*(Li’,d)C“ and Be*(Li’,)C". 


RESULTS 


The observed spectra consisted of well-defined peaks 
on a continuous background. The continuum was 
interpreted as protons and deuterons from the reactions 
Be*(Li’,pn)C" and Be*(Li’,dn)C" with Q-values of 7.88 
Mev and 0.93 Mev respectively. Two typical spectra 
are shown in Fig, 3. The results for the peaks identified 
as protons are shown in Table I. The cross section 
values are order-of-magnitude estimates; they may be 
in error by as much as + 50%, 

The high-energy end of the continuous spectrum is 
shown in Fig. 4. The lower energy part is uncertain 
because of the uncertainties involved in the subtraction 
of the peaks and the impossibility of separating the 
protons from the deuterons. 

The positions of the peaks could be estimated to an 
accuracy of 100 kev. With the amounts of absorber 
used a change of 100 kev in the kinetic energy of the 
emerging protons corresponded with a change of about 
40 kev before entering the absorber. Thus the use of 
absorber improved the energy dispersion. Levels in C“ 
separated by 200 kev could have been resolved, 


DISCUSSION OF RESULTS 
(a) Isotopic-Spin Multiplets 


With the notation Ty~4 (number of neutrons 
—~ number of protons), C has 7';= +-4. The other mass 
15 nuclei are N'* with Ty= +4 and O" with T,= —4. 
F'*, if it existed, would have Ty= --4, 
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Fic, 3, A typical pulse-height analysis showing two proton 
groups from BeCLi, )C™ and a triton group, presumably from 
Be (Li? HC” which been filtered out by the insertion of 
additional absorber (lower curve), 


(b) Coulomb Corrections 
Peaslee” has given a quantum-mechanical calculation 
in which he shows that the difference in Coulomb 
energy between nuclei with charges Z and Z+1 should 
depend on Z and A according to 


E(Z+1, Z)=a+b[(Z+4)/A"), 


The constants a and 6 may be different for nuclei with 
Awm4N, 4N+1, 4N+2, and 4N+3 (N being the 
number of neutrons). 
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” D. C. Peaslee, Phys. Rev. 95, 717 (1954) 


Kofoed-Hansen” made a more detailed calculation, 
finding the expectation value of the operator 
DLE /ris), where rij is the distance between the ith 
and jth protons. He used simple harmonic oscillator 
well and square well eigenfunctions for the independent- 
particle model; he found that well shape had no 
appreciable effect on the result. His result was that the 
Coulomb energy correction should have the same form 
as found by Peaslee, but that the constants @¢ and b 
should have different values in the different shells. 

A plot of the Coulomb correction versus (Z+4)/(A‘) 
shows that the actual situation has features of both 
Peaslee’s and Kofoed-Hansen’s results (Fig. 5). There 
is a distinct break between shells and also it appears 
that the points for A=4N-+3 lie on one line while the 
rest lie on another line within one shell. There is only 
one exception to thisfor A <32:the mirror pairO"—N*, 
for which the correction is known to 5 kev, with 
A=4N-+-3, lies on the “normal” line. Thus the Coulomb 
correction to be used when comparing C’* with other 
mass 15 nuclei is not certain. When one uses the 
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de 


cw Proton kinetic 
excitation energy 0 ~° 
(Mev) (Mev) (Mev) (10°* em*/sterad ) 
9.04+0.05 13 
8.42 19 
6.56 6 
5.96 12 
4.78 12 
3.11 15 
2.46 21 
0.88 30 


1.3 10™" cm?*/sterad 


0 9.5140.05 
0.624-0,06 8.93 
2.484-0.05 7.19 
3.08 4.0.04 6.04 
4.2640.04 5.52 
5.93 40.04 3.93 
6.584-0.04 3.34 
8.164-0.06 1.85 


Sum: 


A=4N-+3 line, the correction for C'*—N", including 
the neutron-proton mass difference, is 2.83 Mev. The 
“normal” line gives 2.68 Mev. These corrections give 
excitation” energies for the lowest T=4 state in N' 
as 11.87 Mev and 11.72 Mev respectively. 


(c) Comparison of C’’ with N” 


Excited states of N** have been observed as reso- 
nances in the reactions N"“(n,a)B", B"(a,n)N", 
C4(d,p)C%, C#(pyy)N™, C"¥(dn)N™, and C(p,n)N™, 
and as final states in N“(dn)N™“ and C(d,n)N" 
(Ajzenberg and Lauritsen).’ See Fig. 6. 

The only ways that N“ can be produced in T=} 
states are by the C%+ or by C'*(d,n)N"™ reactions. 
The latter has not been taken to high enough energy 
to produce a 7'=4 state. The compound nucleus states 
in C“(p,n)N™ must have T= 4 to decay into the ground 
state of N™, the only state energetically possible in the 
region of excitation studied. Therefore the only infor- 
mation on 7'=# states in N“ comes from a study of 


"©. Kofoed-Hansen, Nuclear Phys. 2, 441 (1956). 
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resonances in C'(p,y)N™. Such a state should not be 
a resonance for C'(~,n)N“, which requires a T=4 
state. Since the state is the analog of the ground state 
of C* it would be expected to be well described by the 
independent-particle model, which is known to give a 
good description of the low excited states of light nuclei. 
Such a highly excited independent-particle-model con- 
figuration should correspond with a broad state, since 
it contains one or a few highly excited single-particle 
states. Such a state has been observed at 11.61 Mev." ” 
It has a width of 475 kev. There is a small amount of 
neutron production from this state, but it is nonreso- 
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Fic. 5. Coulomb energy differences between isobars with 
atomic numbers Z and Z+1. Breaks in the lines correspond to 
completion of nuclear shells. The differences for isobars with 
A=4N+3, with the exception of O—N", lie on (dashed) 
curves slightly displaced from those for other pairs 


nant, showing that it is contributed by nearby levels. 
The state has spin 4 and positive parity, so there is no 
selection rule preventing emission of neutrons other 
than an isotopic-spin selection rule. Therefore it must 
be predominantly T=4, and correspond with the 
ground state of C™. This is the highest state observed 
in reported C(p,y)N™ reactions, so no comparison 
can be made between higher states of C’ and N™. 


% Bartholomew, Brown, Gove, Litherland, and Paul, Can. J 
Phys. 33, 441 (1955). 

4 Bartholomew, Litherland, Paul, and Gove, Can. J. Phys. #4, 
157 (1956). 


LEVEL SPECTRUM 
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TaBe IT, Comparison of low-lying excited states 
in the nuclei C¥ and O*, 


Energy levels in Mev 
qu ov 


0.62 0.87 
2.48 3.07 
3.08 3.85 
4.26 4.56 


Ratio of excitation 
ener 


1.40 
1.24 
1.25 
1.07 


No T=} levels in O" have been observed in any 
reaction 


(d) F' 


Calculation of the Coulomb correction for the pair 
of isobars C” and F"* shows that F'* would be unstable 
to proton emission by 2.3 Mev. 


(e) Comparison with O" 


Since C’* has one neutron outside a closed shell and 
six protons, it might be expected that the lower part 
of its level spectrum would be similar to that of O”, 
which has one neutron outside a double closed shell. 
The comparison for the first four levels is shown in 
Table II. The last column gives the ratio of the exci- 
tation energies of corresponding levels. It is seen that 
there is reasonably close agreement. 


(f) Selection Rules in Be*(Li’,p)C" 


It might be expected that there would be some 
restrictions on the angular momenta and parities of 
states in C’* produced in this reaction. The total cross 
sections for formation of a compound nucleus from the 
lowest few partial waves of the initial system were 
calculated from the formula o;= (2/+-1)#X"7), where 
T, is the penetrability of the Coulomb barrier tabulated 
by Feshbach, Shapiro, and Weisskopf." The results are 
given in Table ITI. It is seen that the /= 1 cross section 
is actually larger than the /=0 cross section; this is 
because of the statistical factor 2/+-1 and in spite of 
the fact that the barrier penetrability decreases from 
l=0 to l= 1. The l= 2 and /=3 cross sections are also 


Taste Il. Theoretical partial-wave capture cross sections in 
the bombardment of Be’ with Li’. o;~ (214 1)"MT), where 4 is 
the wavelength divided by 27, / is the orbital angular momentum 
quantum number, and 7; is the penetrability of the Coulomb 
barrier 
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2.9 x10™ 
12 K1i0™ 
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60 K1i0™ 


4/Ti 
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2.6% 10° 
1.8 10° 


“ Feshbach, Shapiro, and Weisskopf, U. 8. Atomic Energy 


Commission Report NYO-3077 (unpublished) 
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Fic. 6. Energy relations between levels of certain mass 15 
isobars, after applying the Coulomb correction and the correction 
for the n,p mass difference. (The uncorrected experimental 
energy differences C*—N** and O}' —N"* are 9.82 and 2.705 Mev 
respectively.) 


comparable, Combined with the fact that the nuclear 
spins of Li’ and Be* can combine to give resultants of 
3, 2, 1, or O, this makes it apparent that any state 
with spin 13/2 and negative parity or spin 11/2 and 
positive parity and any state with smaller spin can be 
produced with comparable intensities. This is due to 
the large mass of the lithium 7 projectile; it can pass 
close by the target nucleus and still have a large 
angular momentum. Comparison of the sum in Table I 
with that in Table III shows that the total cross section 
(assuming a uniform angular distribution) for produc- 
tion of C in any state is about 3% of the theoretical 
capture cross section, This could be ‘jue to competition 
from the large number of other possible reactions 
[ Be*(Li7,d)C", Be*(Li?,)C", Bo*(Li’,pn)C", Be*(Li’, 
dn)C", Be*(Li’,p2n)C", Be*(Li’,n)C”, Be*(Li’y)N"*, 
Be*(Li’,n)N™, Be*(Li’,2n)N"“, Be*(Li’a)B", Be*(Li’, 
an) B", Be®(Li’,Li*) Be* }. 


MURPHY 


(g) Mass of C” 


The (M—A) value for C in its ground state is 
14.35+0.05 Mev from the Q of the ground-state proton 
group. This agrees with the results of earlier experi- 
ments. However, this experiment used thin targets; 
the earlier experiments used thick targets without any 
correction being applied. The result also agrees with 
the more accurate determination by Douglas, Broer, 
Chiba, Herring, and Silverstein.’ 


(h) Coulomb Barrier in the Compound Nucleus 


The decay of the compound nucleus in this reaction 
corresponds with the escape of an extra proton from a 
C** nucleus. If the nuclear radius is given by roA*, then 
a value of 1.25X10~" cm for ro gives a height of 3.5 
Mev for the barrier; 1.5X10-" cm gives 2.0 Mev. In 
the production of highly excited states of C™ the 
emerging proton has low energy; for high enough 
excitation the proton has to tunnel through the Cou- 
lomb barrier. This should favor the production of those 
excited states for which the proton can get over the 
top of the barrier. The production of 1.85-Mev protons, 
leaving the 8.16-Mev state, was observed to have the 
highest cross section of all. From this it can be con- 
cluded that the barrier is at most 2.0 Mev high and 
the radius of the highly excited compound nucleus is at 
least 1.5 (16)'10-" cm. This is in agreement with 
recent results from high-energy electron scattering and 
calculations of Coulomb corrections." 
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The elastic scattering of 96-Mev protons from C, Al, Cu, Ag, Ta, Pb, and Th has been investigated at 
laboratory angles between 3° and 60°. A range telescope with an over-all energy resolution of 2.8 Mev was 
used to obtain the energy distribution of scattered protons at each angle of observation. The energy dis 
tributions are analyzed to obtain values for (1) an “upper limit” to the elastic cross section which includes 
slightly inelastic events, and (2) an “extrapolated” elastic cross section in which inelastic events are sub 
tracted by an extrapolation procedure. All targets show diffraction minima and Coulomb-nuclear inter 
ference effects. The depth of the diffraction minima in general increases with atomic number, except that 
Ta and Th have less pronounced minima than either Ag or Pb. 


I, INTRODUCTION 


T is customary to use the optical model! to describe 
the elastic scattering of high-energy nucleons by 
nuclei. In this model, the scattering center is repre- 
sented by a complex potential whose form, shape, size, 
and strength are determined from experimental results. 
An analysis of total and absorption neutron cross 
sections’ yields values for the strength of the scattering 
potential, but these values are not unique because they 
depend on the potential size and shape which are only 
roughly determined by the integrated cross sections. 
Differential cross-section measurements out to large 
angles are required for a more precise determination of 
the size and shape of the scattering potential. The 
results of scattering measurements carried out with 
96-Mev unpolarized protons and a variety of target 
elements are reported in this paper. 

The choice of protons as the bombarding particles 
was the result of the desire to cover large scattering 
angles. At such angles the elastic and inelastic scattering 
cross sections are of comparable magnitude and a careful 
separation must be made.’ Such an analysis requires an 
incident beam with a narrow energy width and a de- 
tector with good energy selectivity and high efficiency. 
These conditions are difficult to fulfill with neutrons, 
but can be obtained with protons. Although the energy 
resolution of the work reported here was not sufficient 
to unambiguously separate elastically scattered protons, 
reliable “upper limits” to the elastic scattering have 
been obtained and “extrapolated” elastic scattering 
cross sections could be calculated. 

No direct information on the spin-orbit term present 
in the optical potential’ can be obtained from experi- 
ments carried out with unpolarized protons. However, 
when the measurements reported here were carried out, 
no polarized beam with sufficient energy-resolution and 
intensity was available to carry out the desired 
measurements. 


* Supported by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission 

1 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1369 (1949) 

*T. B. Taylor, Phys. Rev. 92, 831 (1953). 

*K. Strauch and F. Titus, Phys. Rev. 103, 100 (1956 

* FE. Fermi, Nuovo cimento 11, 497 (1954). 
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IL APPARATUS AND METHOD 


A. Experimental Arrangement and Apparatus 


The experimental! arrangement is shown in Fig. 1 
The external cyclotron beam was collimated so that it 
was | inch high and 4 inch wide at the scattering target 
with a maximum intensity of 10’ protons per second 
and an energy width of 2.0 Mev. The target, larger than 
the incident beam, was located at the center of an 
evacuated cylindrical scattering chamber. The detector 
telescope could be accurately positioned at various 
angles with respect to the incident beam, and its dis 
tance from the target could be varied to change the 
angular resolution, The beam was monitored by a 
Faraday cup located behind the scattering equipment, 
and it was possible to insert an ionization chamber 
between the defining slit and the target for certain 
calibration runs (Sec. IIB) 

The detection telescope consisted of ten scintillation 
counters and was similar to one described previously.’ 
The defining scintillator was 1 inchX4 inch and the 
polyethylene absorbers were placed behind the defining 
scintillator to improve the angular resolution. The 
electronic system and method of data recording have 
been already described.’* By varying the amount of 
absorbers in the telescope, a range spectrum of scattered 


Fic. 1, Experimental arrangement. (1) lonization chamber 
(2) lead shield; (3) defining slit; (4) scattering chamber and 
target; (5) telescope; (6) Faraday cup 


*K. Strauch, Rev. Sci. Instr. 24, 283 (1953) 
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Fic, 2, Energy spectra from Al at various angles 
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protons was obtained which was then converted into an 
energy spectrum.’ Five range points were simul 
taneously obtained. 

Targets had natural isotopic constitution and were 
made of standard laboratory purity materials. The 
thicknesses varied for different angular regions and 
were the result of a compromise between the desires 
for reasonable counting rates and minimum multiple 
scattering. 

Combining the 2.1-Mev energy resolution of the 
telescope with the 2.0-Mev width of the incident beam 
gives an over-all energy resolution of 2.9 Mev. 


B. Experimental Procedures 


In each run the following steps were taken: 
(1) The center of the scattering chamber was photo 
graphically aligned on the proton beam. A high-Z 
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target was then inserted and the 0° telescope position 
determined by counting protons on both sides of the 
beam in a region of very rapidly varying differential 
cross section. This method is estimated to determine 
the 0° position to 5’. 

(2) The efficiency of each counter was checked by 
the methods described previously.’ The performance of 
the whole apparatus was checked by measuring do/dQ 
for elastic scattering from carbon at 10°. 

(3) A detailed range spectrum of protons scattered 
from the target under investigation was obtained at a 
fixed angle where there was little inelastic scattering. 
Two absorber sets were chosen so that the elastic peak 
started at the front and at the center of the telescope 
respectively, 

(4) The telescope was set to various scattering angles 
in a well dispersed order to show up any slow drifts in 
the experimental conditions. At each angle data were 
taken with both sets of absorbers, yielding ten range 
points. Background readings were taken where neces- 
sary by rotating the target out of the beam. 

(5) Step 2 was repeated. 

With a target in place, multiple scattering spread the 
beam out of the solid angle which the Faraday cup 
could accept. To subtract background and to calculate 
an absolute cross section it was necessary to measure 
the fraction of the beam scattered out of the Faraday 
cup. This fraction was obtained from the change in 
ratio of charge accumulated by the Faraday cup to that 
by the ionization chamber under target-in and target- 
out conditions. 

Special care was taken to compare the diffraction 
scattering from Ta and Pb, and from Pb and Th. In 
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3. Carbon elastic scattering differential cross section. 





ELASTIC SCATTERING 


these cases readings were alternated between the two 
targets at each angle so that small differences would 
not be caused by changes in experimental conditions. 


C. Estimates of Elastic Scattering 


Three typical energy spectra obtained at well sepa- 
rated scattering angles are shown in Fig. 2. The points 
of the spectra taken at the larger angles have somewhat 
greater statistical errors because the data were obtained 
at a much lower counting rate. The energy resolution 
of the experiment was not sufficiently good to permit 
clear separation of elastic and low-lying inelastic events. 
(This remark does not apply to the carbon results that 
have been described previously.*) The results are there- 
fore presented in two forms: (1) an “upper limit” to the 
elastic scattering cross section is calculated for each 
angle. (2) The inelastic contribution is estimated by 
extrapolation, and subtracted from the upper limit to 
yield an “extrapolated”’ elastic cross section, 

At each angle of observation, a spectrum is obtained 
as explained in the preceding section and in Fig. 2. The 
elastic scattering cross section is proportional to the 
area under the high-energy peak, and this area is known 
with better percentage accuracy than each of the indi- 
vidual points that determine the exact spectrum shape. 
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Fic, 4. Aluminum elastic scattering differential cross section 
The dashed curve represents an “upper limit” to the elastic scat 
tering cross section. The middle curve represents the “extra 
polated” elastic scattering cross section. The lower curve represents 
the cross section for protons scattered inelastically into an ap 
proximately 4 Mev wide energy interval near the elastic peak 
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5. Copper elastic scattering differential cross section 
(See Fig. 4 caption.) 


The beam intensity available made it impractical to 
measure accurately the shape of the energy spectrum 
at each of the larger scattering angles, and only the 
peak area was obtained to the desired accuracy. The 
following procedures were then used to extract the 
elastic scattering cross sections from the observations 

An accurately known small-angle spectrum was used 
to define £,, the energy below which no elastically 
scattered protons appeared { Fig. 2(a) |. Taking nuclear 
recoil into account, the energy corresponding to F, 
was then calculated for each angle, and all protons with 
an energy larger than this were included in the calcu 
lation of the “upper limit” to the elastic differential 
cross section. 

Unless the lowest lying levels of the target nuclei are 
excited very much more strongly than those lying 3 
Mev or more above the ground state, this upper limit 
should correspond quite closely to the true elastic scat- 
tering cross section for small scattering angles. In the 
example of Fig. 2 inelastic events begin to contribute 
significantly to the area under the elastic peak at angles 
above 20°. This contribution is estimated by assuming 
that the number of inelastic events included in the 
elastic peak decreases with increasing energy at the 
same rate as corresponding events below £,. The fol 
lowing procedure is used to obtain this estimate: 

(1) Two convenient energy values 2, and EF, are 
chosen to include an approximately 4-Mev wide in 
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6. Silver elastic scattering differential cross section 
(See Fig. 4 caption 
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7. Tantalum elastic scattering differential cross section 
(See Fig. 4 caption.) 


elastic region close to the elastic peak [ Fig. 2(a) ]. The 
lower curves of Figs. 3-9 show the angular distribution 
of these inelastically scattered protons. 

(2) For each element, eight spectra covering angles 
larger tian 20° are used to extrapolate the inelastic 
continuum from £; to the maximum energy that an 
inelastically scattered proton can have [Fig. 2(C)]. 

(3) It is found that the ratio R of the extrapolated 
area above E£; to the area between /, and £, is essen- 
tially constant for a given element. As a result we obtain 
the extrapolated elastic scattering cross section at each 
angle by subtracting RX (area between EZ, and E;) from 
the area under the elastic peak. 

This procedure is valid only if the inelastic scattering 
cross section is a smoothly decreasing function of the 
scattered proton energy. This seems to be the case from 
our results for protons that lose 3 or more Mev. No 
information is available to check this assumption for 
inelastically scattered protons corresponding to states 
of very low energy in the target nucleus. 

The correction is important only at the larger scat- 
tering angles. In the 50°-60° region the estimated 
inelastic area under the elastic peak is about half of 
the peak area, Details of the differential cross-section 
shape and the location of minima are, however, largely 
independent of the inelastic correction as can be seen 
on Figs. 3-9. 
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Fic, 8. Lead elastic scattering differential cross section 
(See Fig. 4 caption.) 
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rasxe I. Incident energy (lab), target thickness, energy (c.m.) 
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at target center, and angular resolution, 


for the angular ranges specified 


Incident energy (lab) Target thickness 
Element in Mev in Mev 


Cc 3°--14' 91.8 
14°-25' 92.2 
25°-100 99.5 


0.255 
3.73 
95 


0.397 
1.54 
6.57 


3°15 
15°-20' 
20°-70 


all angles 2.31 


all angles 1.07 
all angles 0.695 


0.612 
1,26 


all angles 


all angles 0.472 


D. Absolute Cross Sections and 
Angular Resolution 


To calculate cross sections from the observed counting 
rates, corrections for outscattering and nuclear absorp- 
tion in the telescope have to be applied. By moving the 
telescope into the direct beam these corrections were 
found to amount to 10-12%. The corrections were 
proportional to the amount of absorber and varied 
slightly within the telescope because of slight differences 
in outscattering. 

Errors indicated on the elastic scattering cross section 
are purely statistical. On the middle curves representing 
the extrapolated elastic scattering cross section the 
statistical uncertainty due to the 4-Mev inelastic sec- 
tion is included. No estimate of the uncertainty in 
R has been made. 

As explained in II B, the results for each element were 
obtained relative to the elastic scattering cross section 
for C at 10°. This cross section in turn has been com- 
pared to the proton-proton cross section at 40° (center- 
of-mass) measured with the same equipment using the 
CH:-C method. This proton-proton cross section is 
known from the work of Kruse, Teem, and Ramsey,‘ 
and all our results are normalized to their value of 
4.924-0.25% mb/sterad. The estimated internal con- 
sistency of our absolute cross sections is + 3%. 

The angular resolution is primarily determined by 
three factors: the solid angle subtended by the defining 
scintillator, the size of the beam at the target, and the 
multiple scattering in the target. Some adjustments of 
these factors could be made, and they were chosen so 
as to maximize the counting rate for a given angular 
resolution. The angular resolution varied with targets 
and angles, and is indicated in Table I. 


* Kruse, Teem, and Ramsey, Phys. Rev. 101, 1079 (1956). 


Energy (c.m.) at target center, 
with uncertainty due to target 


thickness, in Mev Angular resolution 


14° 
25' 
30° 
100 


10.9 84.540.12 
7 82.641,7 
4° 87.544 § 
ry 86.9451 

85.2 86.2458 

89.34-0.19 §°-1$° 
88.6+-0.74 20 
88.54-3.15 


10.4 
15.6 
26.0 


93.041.11 
93,840.53 
93,940.35 


94.64-0.30 
94,340.63 


94.140.23 


Ill, RESULTS AND DISCUSSION 


The center-of-mass results for C, Al, Cu, Ag, Ta, Pb, 
and Th are shown in Figs. 3-9. The carbon results have 
been reported briefly in reference 3. In Figs. 4-9 the 
upper curve represents the “upper limit” to the elastic 
scattering cross section, the middle curve represents the 
extrapolated elastic scattering cross section, and the 
lower ‘curve includes all protons scattered into the 
interval £y— /y. The Ta and Th results were not carried 
out to as high a scattering angle as other elements since 
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F1G. 9. Thorium elastic scattering differential cross section 
(See Fig. 4 caption.) 
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F1G, 10. Elastic scattering differential cross section as a 
function of x= 2kA! sin(@/2) 


they were obtained primarily to compare the first and 
second diffraction minima with those of Pb.’ Table I 
shows angular resolution and energy at the target 
center with the energy uncertainty caused by target 
thickness. These quantities varied because thicker 
targets were used for large-angle scattering. 

Exact calculations are required to obtain the pa 
rameters of the optical model that best fit our data, 
since the WKB phase shifts are not sufficiently accurate 
Such calculations are now being carried out by A. E 
Glassgold and will be reported by him. However, it 
seems worthwhile to point out some features of the 
results presented here. 

A region of destructive interference between nuclear 


Tabulations of the results are available from this laboratory 


NIEDERER, 


AND STRAUCH 

and Coulomb scattering occurs at small angles and is 
especially marked in low-A elements. High-A elements 
show only a point of inflection. 

The depth of the diffraction minima increases in 
general with increasing A. C shows only points of 
inflection, while deep minima and secondary maxima 
are seen in Pb. However, Ta (A = 181) and Th (A = 232) 
do not have as deep minima as Ag (A= 108) and Pb 
(A= 207). The depth of the first and second minima 
are not believed to be influenced very much by the 
experimental angular resolution. A measurement made 
with Pb using an angular resolution of about 1.5° shows 
the first minimum to be only slightly deeper than the 
2.8° resolution results. These general features are 
similar to the high-energy electron elastic scattering 
results® of the Stanford group, and can be understood 
qualitatively by assuming that the smooth edge repre- 
sents a smaller fraction of the projected nuclear area 
for high-A elements than for low-A elements. The Ta 
and Th anomalies are then due to the strong excitation 
of very low-lying rotational levels, or to the effect of 
the strong ellipsoidal deformation of these nuclei,’ or 
to both. It is worth noting that the height of the sec- 
ondary maxima in Ta and Th does not seem to be 
increased appreciably over that expected from a smooth 
A variation. 

To point out the similarities and differences between 
the various spectra more clearly, they have all been 
plotted in Fig. 10 as a function of the parameter 
x= 2kA' sin(0/2), where all symbols have their usual 
meaning. Black-sphere scattering is a function of x 
only, but predicts much deeper minima than are ob- 
served. It is noted that the position of the observed 
diffraction minima and secondary maxima of the various 
elements depend on x to a good degree of approximation. 
The main exception to this statement is the position of 
the first minimum for the elements of highest A, which 
is probably influenced appreciably by Coulomb 
scattering. 

We would like to thank Mr. P. Willmann for his 
help in the extensive data reduction. This work would 
not have been possible without the fine cooperation of 
the entire staff of the Cyclotron Laboratory. 


*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956) 





PHYSICAL REVIEW VOLUME 


1o8 


NUMBER 2 OCTOBER 15 19587 


Theory of Photoproduction of Pions from Nucleons* 


J. Enocn,? R. G. Sacus, anp K. C. Wau 
University of Wisconsin, Madison, Wisconsin 


(Received July 3, 1957) 


A resonance theory of the pion-nucleon system based on a 
very general static model is extended to give an expression for the 
pion photoproduction amplitude. It is found that for photon 
energies less than 500 Mev there are just two important terms 
in the amplitude, one of them describing direct photoejection of 
the pion and the other, photoexcitation of the J=4, ]=4 reso 
nance state of the nucleon. The first term is estimated by means 
of a weak-coupling, finite-source theory which is made gauge 
invariant by introducing line currents in the source. Comparison 
with the threshold x* production leads to a coupling constant 
(without recoil correction) /?=0.049, The behavior of the cross 
section at high energies does not appear to be consistent with 
this result. Much better agreement with the data above threshold 
is obtained for the uncorrected coupling constant /?=0.07 
However, serious discrepancies within the data make it impossible 
to resolve this difficulty at present. 


I. INTRODUCTION 


HERE is good reason to hope that the extensive 
data! on pion photoproduction which have 


recently become available will provide some insight 
into the nucleon structure. In general, the small magni- 
tude of the electromagnetic coupling constant means 
that a system is not greatly disturbed by its interaction 


with electromagnetic radiation. Matrix elements for 
transitions produced by the radiation depend primarily 
on the structural characteristics of the system in its 
stationary states. Hence electromagnetic transitions 
may be used to study the structure of a system. The 
photoproduction of pions is one of the simpler processes 
involving such transitions. We shall attempt here to 
provide for this process a theory relating it rather 
directly with the structural properties of the nucleon. 

The basis for this theory has already been given? in 
connection with a similar treatment of pion-nucleon 
scattering. It has been shown that the general char- 
acteristics of the scattering do not depend strongly on 
the dynamical details of the theory, such as the form 
of the interaction, and we shall find that a similar 
conclusion applies to the photopion problem. The 
results are expressed in terms of a few constant (or 
nearly constant) parameters, each one of them having 
a rather direct physical interpretation. The values of 

* Work supported in part by the U. S. Atomic Energy Com 
mission and in part by the University Research Committee with 
funds provided by the Wisconsin Alumni Research Foundation 

t Present address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico 
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The behavior of the photoejection part of the x* cross section 
above the resonance is found to be sensitive to the form of the 
source function. With /?= 0.049 and a Gaussian source function, 
infinite cutoff comes closest to fitting the data. However a con 
siderably better fit is obtained with /*=0.07 and a cutoff of about 
4 pion masses, The resonance term is sensitive to the form of the 
pion-nucleon phase shift a, above the resonance. We find that 
the simple one-level form for the energy dependence of ay, (Chew 
Low curve) is not adequate to account for the data for high 
energy photoproduction of pions; it is necessary to take account 
of the residue of higher resonances. Good agreement with the 
resonance term is obtained in terms of just two constant param 
eters, ®, the strength of the resonance matrix element, and Q, 
the contribution of higher resonances to the phase shift. We find 
no supporting evidence for a previously suggested S wave, J =} 


resonance 


these parameters could be calculated, at least in 
principle, for any specific form of interaction. However, 
we prefer to use them as the basis for a phenomeno 
logical treatment, to determine the few parameters 
from experiment, and to make use of their rather direct 
physical meaning to interpret their values in terms of 
structure of the states of the nucleon. 

To carry through this program, it has been necessary 
to neglect nucleon recoil and nucleon-antinucleon pairs ; 
otherwise the assumptions are very broad. Hence the 
general aspects of the theory should include any finite 
static model of the nucleon. However, many detailed 
assumptions such as the use of the one level approxi- 
mation, are not given any justification here, but they 
are made as simplifying assumptions which are found 
to give a reasonable fit to the data, Their true justifi 
cation can come only from a detailed dynamical theory 
which serves to determine all the parameters. 

Detailed dynamical treatments of the photoproduc 
tion of pions have been presented by Chew and Low’ 
for the static model, and by Ross‘ for a model including 
some recoil and nucleon pair effects. Their work has 
the advantage that it is more fundamental in principle 
and that it involves fewer parameters, but it must be 
recognized that hidden parameters are introduced by 
the use of approximations which are not always clearly 
justified. 

Chew and Low have not presented a detailed com 
parison of their results with experiment’ but they find 
agreement with the important trends already suggested 
by the more phenomenological analyses of the data®; 


'G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956 

*M. Ross, Phys. Rev. 103, 730 (1956) 

* A detailed comparison of the theory with experiment has been 
made by M. J. Moravesik, Phys. Rev, 105, 267 (1957) 

*M. Gell-Mann and K. M. Watson, Annual Review Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219 
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the energy dependence of the matrix element is domi- 
nated by the well-known p wave J=4, ]=4 resonance 
state of the nucleon-pion system operating against a 
background of direct photoproduction having the same 
form as would be expected for weak pion-nucleon 
coupling, Ross obtains similar results and finds them 
to be in moderately good agreement with the data, 
which he analyzed in considerable detail. 

The most inclusive phenomenological! analysis of the 
data has been carried out by Watson, Keck, Tollestrup, 
and Walker.’ The theoretical basis for their work is 
limited to the most general principles such as invariance 
of the interactions under time reversal and unitarity of 
the S matrix. From these principles, Watson has 
demonstrated that the complex phases of the photo- 
production matrix elements are determined by the 
pion-nucleon scattering phase shifts. The phase shifts 
having been determined from the scattering, the photo- 
pion matrix elements involve only real functions of the 
energy, one function corresponding to each multipole 
moment. The energy dependence of these functions is 
determined from the data, but only after use has been 
made of certain reasonable assumptions concerning the 
trends of these functions. In particular, use is made of 
the notion that the P-wave production is enhanced in 
the J=4, [= 4 state. 

Our results take on a similar form except that the 
energy dependence of the multipole moments is now 
given explicitly and the empirical parameters are con- 
stants having a direct physical interpretation. We shall 
find that there are some significant differences between 
our results and those of Watson, Keck, Tollestrup, and 
Walker, especially for the higher energies. Nevertheless 
we obtain a good fit to the data (occasionally by 
making judicious use of assigned experimental! errors) 
by means of a very simple expression for the matrix 
element. 


Il. REVIEW OF THE THEORETICAL BASIS 


We first review some of the pertinent features of the 
resonance theory’ of pion-nucleon scattering which is 
the basis of our treatment of the photoproduction. The 
theory takes as its starting point the notion that in any 
finite, static theory of the pion-nucleon system, the 
state vector of the nucleon ground state may be ex- 
panded in terms of states of the free pion field. It is 
expected that the pion field associated with a single 
nucleon in the ground state extends only to small 
distances from the center-of-mass of the system. This 
is taken into account by expanding the fields in terms 
of a specially chosen set of functions in place of the 
Fourier expansion normally used for this purpose. The 
special set is actually divided into two sets, the two 
together forming the complete set replacing the plane 
waves. One of these is a discret~ set of “bound” func- 
Keck Phys. Rev, 101, 
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tions, gq, having the property that they vanist. at least 
exponentially for distances large compared to the size 
of the pion proper field. The other is the continuously 
infinite set of “unbound” functions, y,, orthogonal to 
the bound functions, which when combined with the 
bound functions leads to a complete set. In general the 
labels q and p comprise four quantum numbers and 
we shall later find it convenient to choose two of these 
to specify the orbital angular momentum and another 
the charge state of the pion. Thus q=(q,/,m,/) and 
p= (p,/,m,l) where / is the orbital angular momentum, 
m its projection, /~ +1, 0 is the pion charge, g is a 
discrete index (radial quantum number) labeling the 
bound states, and p is a continuous index which may 
be interpreted as the magnitude of the momentum of a 
pion in the asymptotic region. 

A method for determining the bound set has not 
been specified, nor is it crucial for our purpose. It 
becomes important only when an attempt is made to 
carry out complete calculations starting from a specific 
interaction, However one property of the set is required, 
that the state vector of the free nucleon can be de- 
scribed to a very good approximation in terms of the 
bound set, the unbound set does not enter into the 
description of this state vector. This objective could be 
met to a very good approximation in, for example, a 
finite source theory by defining the bound functions as 
the complete set in a sphere of given radius, centered 
on the nucleon. For a radius larger than, say, a pion 
Compton wavelength, such a set should be capable of 
giving a good description of the ground state. 

If the pion field operators are expanded in terms of 
the functions ¢, and ¢», the coefficients a,*, a,* and 
Gq, ay in the expansion are creation and annihilation 
operators for pions in the states ¢, and ¢». The Hamil- 
tonian for the pion field in the presence of a nucleon is 
presumed to be a sum of bilinear and linear forms in 
the field operators which are now expanded in terms 
of the ag, dy, etc.; hence the Hamiltonian becomes the 
sum of three operators 


H=HygtTy+V, (1) 


where H contains only the operators a, and a,*, 7, is 
a bilinear expression in the a, and a,* arising from the 
free pion-field Hamiltonian, and V is the remainder of 
the Hamiltonian. V contains terms of the form a,*a, 
and a,*a, arising from the free-field Hamiltonian ; other 
contributions arise from the interaction. In the usual 
case of a linear interaction, V is linear in the operators 
a, and a,*, and we shall make use of its linearity. 
The characteristic value problem, 


Hexr.= Ex, (2) 


is now considered. H, is a Hermitian operator given as 
a function of the discrete set of operators a, and a,*. 
Hence the spectrum of characteristic values, 2), is 
discrete and they are real. The corresponding x) are 
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state vectors which may be written as functions of the 
occupation numbers in states ¢,. The set of unbound 
states y, does not appear in this problem in any way. 
In general the x, will not be states of a definite number 
of pions. Furthermore they are not expected to be 
stationary states of the physical system since the com- 
plete Hamiltonian, Eq. (1), has not been included in 
Eq. (2). However the lowest state xo is expected to be 
stationary (or at least nearly so), because of the manner 
in which the ¢q have been defined, namely, by the 
condition that thggground state vector of the nucleon 
and hence of the Tull Hamiltonian H, be describable in 
terms of the gq. Thus xo is identical with, or nearly 
identical with the state vector of a free nucleon. 

From this statement we may derive a test of the 
adequacy of any particular choice of the set g,4. The 
nuclear state vector must be a solution of the equation 


Hxo= oxo, (3) 


which, on comparison with Eqs. (2) and (1) gives 
(T+ V )xo= 0. 


Now since 7’, is just a bilinear form in the a, and a,* 
(ordered so as to eliminate zero-point energy) while xo 
involves only the bound states we have 


T ux0 0. 
It follows that V must satisfy the condition 


Vxo= 0, (4) 


and this is a condition on the functions ¢4. The form 
of the condition may be easily established when V is 
linear in the operators a, and a,*. Then it is a linear 
combination of expressions having the form 2(p)a,* 
+0*(p)a,, where 2(p)=Q(p; aq,a,*] is an operator 
depending on the bound operators. Since ayxo= 0 quite 
generally, Eq. (4) now reads 


QL p,dq,2q* xo= 9, (5) 


This is a condition on the ¢4, as stated. For any given 
Hamiltonian H and choice of the gq, the decomposition 
Eq. (1) may be carried out. The operators Q(p) are 
thereby determined as is the state yo, hence the condi- 
tion Eq. (5) may be tested. Presumably, if the g, have 
been well chosen, Eq. (5) will be nearly satisfied ; if not, 
another choice of the ¢, is required. We assume 
henceforth that a good choice has been made. 

So far, no mention has been made of the manner in 
which the gy, are to be fixed. Our procedure is to 
consider the one-pion states which are solutions of the 
characteristic value equation 


T.V)= poV», (6) 


where po= (p’+m,’)', m, being the mass of the pion, 
which will hence forth be taken equal to one, as are ¢ 
and h. It has been shown’ that this equation leads to a 
set of algebraic equations determining the g, in terms 
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of the ¢,. An important property of the ¢, are the 
phase shifts »:(p) associated with pion orbital angular 
momentum /. It is shown in reference 2 that the 
may be expressed explicitely in terms of the functions 
¢, of angular momentum /. It turns out that the 
are negative for small momenta as would be expected 
since they express the condition of orthogonality to 
the bound field, which is an influence similar to that 
of a repulsive potential, 

There are both outgoing and incoming solutions to 
Eq. (6) denoted by ¥,*, respectively. To fix the phase 
of each of these functions we set 

V t= etinyp, (7) 
where the phase of W, is such that under the operation 
of (Wigner) time reversal*® 


V pin ’ (— 1) °W,,, m 


The radial part of the function ¢, of a pion in the state 
WV, is therefore a real function, 
The part of the Hamiltonian, 


Hom HatTy, 


which describes the uncoupled bound and unbound 
fields, may be used to provide a basis for the expansion 
of the complete solutions of the problem. We shall be 
interested in the characteristic functions x, (no unbound 
pions) of Ho, and the characteristic functions Pr»* 

e*'""),, which are essentially products of the x, and 
V,*. The corresponding characteristic values of Ho are 
E, and Ey+ po, respectively. 

In the treatment of both scattering of a single pion 
and its photoproduction, we are concerned with the 
solution ®, of the equation 


H®,= pib,, (8) 


which has the asymptotic form of the wave function of 
an unbound pion of energy po in the presence of a 
nucleon in the ground state xo. For the sake of simplicity 
we have now chosen the energy scale so that 


Eo= 0. (9) 


Equation (8) may conveniently be replaced by the 
integral equations’ 
I ; 
1+ ! 
Po H, t-1¢ 


, 


l l 
+ y 
Po x HH» t le 


V pWop*, (10) 


Po H, : ie 


where the + indicates a solution satisfying the outgoing 
or incoming wave conditions, respectively. The operator 


*R. G. Sachs, Phys. Rev. 87, 1100 (1953) 


*K. M. Brueckner and K. M. Watson, Phys. Kev. 90, 699 
1953) 
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H, appearing in Eq. (10) is 


l 
H,=HotV V (11) 


po Ho + ie 


According to Eq, (10), the asymptotic form of the 
function ®,* in the one (unbound) pion channel, has a 
phase shift 6 in addition to the phase shift of the 
unbound wave, For a channel of given orbital angular 
momentum /, total angular momentum J=/+4, and 
total isotopic spin J, the total phase shift is then 


ay™ Nyt b,, 


where we have introduced the condensation y= (1,/,/). 
Examination of the asymptotic form of the function 
reveals that'® 


Prk Vor ” V 


e'*” sind, 


1 
Wor) (12) 
Po Hi, + te 


If V is the linear form in a,* and a,: 
| feo po)'{ 2(p)a,* +2" (p)a, |, 13) 


with p= (pJ,m,t) and {dp a shorthand notation for 
DL imsdS p'dp, we may make use of Eq. (5) to obtain 


*P pol P/ po)” 


I 
x E pitta x, -w), (14) 
AA! po- H, +1e 


where \ and }’ are limited to bound states having 
angular momentum J, isotopic spin J, and parity 
(~1)'*'. The coefficients g,; are given by 


e'*7 sind, 


g£u= (xa,82* (p) xo) (15) 


Note that, according to Eq. (5), go:(p) 0. It is likely, 
as suggested in reference 2, that gy; is a slowly varying 
function of p over the range of energies of interest here, 
namely, below the cutoff in the interaction. 


Ill, FORM OF THE MATRIX ELEMENT 


Because of the small size of the electromagnetic 
coupling, the transition matrix for photoproduction is 
simply given by the matrix element of the electro- 
magnetic interaction between the ground state, xo, of 
the nucleon and the final state ®,. The electromagnetic 
interaction, &, is proportional to the current-density 
operator which can safely be assumed to be a sum of 
linear and bilinear forms in the field operators. There- 
fore, when 6 is expanded in terms of the operators 


” The following differs from the treatment given in reference 2 
only in its use of running rather than standing waves. The running 
wave solution gives the simplest form for a matrix element, such 
as the photoproduction matrix element, while the standing wave 
gives the simplest form for the phase shift 
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Gq, dy, etc., it has the form: 
$= So+ $+ &,*+ $2+ 8,* + #4 (16) 
with 


8:= f aper(n)o,*, (17a) 


b,= favf avento,p'a,%0y", 
8,/ = fr f aves(o.0 Mo, 


The expressions &, ©;(p) are operators in the bound 
field given as functions of the a,* and ay, &» being of 
second order and ©, of first order in a,* and a,. On the 
other hand the expressions ©, and ©,’ are expected to 
be simple functions of the variables p and p’. 

Watson" has shown that the cross section is deter- 
mined by the matrix element 


(17b) 


(17¢) 


E(p)=(@,~, 8x0), (18) 
between the incoming wave solution, #,~ of Eq. (8) 
and the ground state xo. From Eq. (10), the matrix 
element is found to have the form 


1 
x0) 
Po ’ H, + ie 


1 | 
t (vm V' V bx), (19) 
po H, +1 Po 4 Ho+t¢ 


Now since d)xo=9, in general, it can be seen from Eq. 
(17) that the terms &,*, &,* and &,’ may be dropped 
from Eq. (19) when & is replaced by Eq. (16). Further- 
more, only the term 6, contributes to the first and 
third term of Eq. (19) since these matrix elements 
require that the number of unbound pions change by 
an odd number. Similarly, only & and &, contribute 
to the second term of Eq. (19) which now becomes 


K(p) (Wop 8x0)+( Vo . 


E(p): (Wop B1Xo) 


1 1 
+ (voy V -V : Six0) 
Po ~H, +e Po ~ Ho+te 


| 
+ ( Voy ; (&o+ $,)x0). (20) 
p rs H, + ie 


0 


Some simplification of Eq. (20) may be attained by 
calculating the matrix element into a pion state #,, of 
energy po= (p’+1)' and orbital angular momentum / 
combined with the spin of the nucleon to form a total 
angular momentum J. Similarly, / is the total isotopic 
spin of the system and y=(/,/,/), as before. These 


"“K., M, Watson, Phys. Rev. 88, 1163 (1952) 





PHOTOPRODUCTION OF 
functions are formed simply by inserting for Wo, in 
Eq. (10) the usual linear combinations Poois1=WPopy Of 
products of xo and V,. With the understanding that 
one such state is being considered, we now treat 
separately each of the three terms in Eq. (20). 

Since 6), creates a single unbound pion, we may 
expand &xo in the complete set of one (unbound) pion 
states ¥,,, namely : 


$ixo= >. ferro» (21) 
.Y 


The first term of Eq. (20) is then simply 


(Wopy ,O1x0) e'™Do,(p). (22) 


This term will be referred to as the direct matrix element 
since it corresponds to direct photoejection of the pion 
from the proper field of the nucleon into the unbound 
state. An estimate of the direct matrix element will be 
made in the next section. 

The expansion Eq. (21) may also be inserted into 
the second term of Eq. (20), with the result 


oe | 
Po ~H, + le Po P Ho + ie 


pdp’ 


/ 


l 
x (vor, V Vr» .) 
po Hy le 


ime" | ps D> Dry(p’) 


0 


| 
Ver) Roe fs} 
I, +-1¢ po po By 


where P indicates that the principal part of the integral 
is to be taken. Comparison with Eqs. (12) and (14) 
shows that, if g,, may be treated as a constant, the 
terms with \=0 in Eq. (23) have the simple form 


I rf pdp’ 


x (vor V 
Po 


e'*7 sind,etU? 
, 
po~ po 


(2) ep i | 
a - Doy(p’) ~iDoy(p) , 
ppo’ 


TPpo 


An evaluation of these terms has been made from the 
estimates of the direct matrix element D»,, which are 
given in the next section. The integrated term is found 
to be quite smal! compared to other contributions to 
the matrix element, hence we shall neglect it. Further- 
more, there is no reason to expect that the other 
ntegrated terms in Eq. (23) are any more important 
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than this one, and all such terms will be dropped from 


consideration henceforth. Equation (23) then becomes 


| l 
(von Vv V Six) 
po- Hy, +1¢ po Hortte 


ie'*7 sind, Do,(p) in| Pipe DX Day(p’) 


| 
x vor v Vr, | . (4) 
po H, +e po “pow Bh 


Now (Wopy, VL1/(po— Ay +t) |Viapy) po =po-m, is 
proportional to the matrix element for pion inelastic 
scattering with production of the nucleon excited state 
\. At the energies under consideration here, the process 
evidently has a very small cross section compared to 
the elastic scattering cross section.” Hence it seems 
reasonable to drop all but the first term of Eq. (24), 
with the result 


l 1 
(vom , V ; J Six) 
Po iH, tte Po HH, + ie 


ie’ 8ind,Do,(p) 


Turning now to the last term in Eq. (20), we note 
that Sexo contains only bound states so that 


oxo 2 Byox,. (26) 
h 


If we make use of Eqs, (13) and (5) for V, we obtain 


| 
(Voy . : Sax) eulp Po) 
po H, + 1¢é 


| 
x E eni*Brik xs mw), (27) 
hd! Po Hy + ie 


where the sum includes only those states“ ), \’ having 
parity (—1)'"', angular momentum J, and isotopic 
spin /. The similarity between Eq. (27) and Eq. (14) 
is striking. In particular the fact that there is only one 
known resonance state of the nucleon in the energy 
range of interest suggests limiting the sums appearing 
in both equations to just the one term corresponding 
to this resonance, Then we have 


1 
(Ven ; Sa) = (1 EPPo)\p Po)’ 
Po ~H, + 1é 


K (Byo/ grave? sind, (28) 


“4K. S, Margulies, Phys. Rev. 100, 1255 (1955) 

4 Note that \=0 does not occur because go: 0. However, \’ «0 
might appear in the sum. But H,xe= (6+ V (pom Het ie) Vi xe 
=() according to Eqs, (4) and (9); hence [ po 1, +4 }* connects 
the state x» only with itself 
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Finally we have the term involving 82 in Eq. (20). 
Since &, creates a pair of (unbound) pions and [by 
virtue of Eq. (5) |, Vo,~ is a linear combination of 
the x), the matrix element is a sum of terms of the form 
(xa, (pom Hy +46)" Woyy), the last factor being a two- 
pion state. This quantity also occurs as one of the terms 
in the matrix element for inelastic scattering of pions 
which, as we have noted before,’ seems to be a negligible 
effect, Therefore the &, contribution is dropped from 
consideration. 

We now collect together our results Eqs. (22), (25), 
and (28) to obtain in place of Eq. (20) the approximate 
matrix element 


E,(p) =e" Do, (p) cob, 


=_ (1 /appo) (po P)'( Byo/ gr1) sind, |, ( 29) 


for the transition into a state of parity (—1)'*', angular 
momentum J, isotopic spin J, and pion energy po. The 
interpretation of this rather simple result is straight- 
forward enough; the first term corresponds to direct 
photoejection of the pion, an effect analogous to the 
photoelectric effect in atoms, while the second term 
arises from photoexcitation of the resonance state of 
the. nucleon followed by its decay via emission of a 
pion. The general form of the resonance term is similar 
to that conjectured by Watson" who assumed, however, 
that the resonance contribution would be proportional 
to sina, rather than sinéd,. The factor cosd, appearing 
with the direct term is required for purposes of normal- 
ization. This requirement has also been noted by Ross,‘ 
who introduced a, rather than 6, in the cosine. 

Since the result Eq. (29) forms the basis of all our 
considerations, we summarize here the approximations 
used to reduce Eq. (20) to this form. (1) The one-level 
approximation has been made. (2) The resonance 
scattering of virtual pions described by the complicated 
terms of Eq. (23) have been neglected. (3) Terms re 
lating to the inelastic scattering of pions have been 
dropped. 


IV. ESTIMATE OF THE DIRECT TERM 


In the absence of nucleon recoil, the direct term 
vanishes for r° production so we consider here the 
photoproduction of positive pions from protons. Ac- 
cording to Eq. (22), the desired quantity is the matrix 
element of &; between the ground state, xo, of a nucleon 
and a state consisting of xo multiplied by an unbound 
pion function, Equation (17a) shows that this is pro- 
portional to (xo,Cyxo) where @,, is a first order poly- 
nominal in a, and a,*. If xo is expressed as a linear 
combination of states of a definite number of bound 
pions, (xo,@i1x0) contains terms corresponding to overlap 
of states differing by, at most, one bound pion. If we 
now assume that the zero-pion contribution to xo is 
dominant, as is suggested by the mirror theorem on 
nucleon magnetic moments,* the important contribu- 


“K, M. Watson, Phys. Rev. 95, 228 (1954 


SACHS, 


AND WALI 
tions to the direct term will come from the zero- and 
one-pion states contained in xo. 

The result suggests that the form of the matrix 
element may be similar to the one obtained in a weak- 
coupling approximation to the static model, since that 
approximation yields contributions just from the zero 
and one pion states. We shall, therefore, use the result 
of the weak coupling theory for the direct matrix 
element. Since it is necessary to use a finite source in 
the static model, we shall have in addition to the 
coupling constant, another parameter at our disposal, 
the source size. In fact, the shape of the source function 
could also be used to parameterize the problem but it 
seems unlikely that the results will be sensitive to 
shape for pion energies in the range of interest. 

Both parameters may be determined from pion 
photoproduction data. It is well known that the Kroll- 
Ruderman theorem" or, equivalently, the Siegert 
theorem'* may be used to obtain the coupling constant 
from the cross section for photoproduction of positive 
pions at threshold. Furthermore, we shall see that the 
energy dependence of this cross section on the high- 
energy side of the resonance is sensitive to the range 
of the source function. 

The use of a finite source size requires some care in 
order that results obtained be gauge-invariant. As 
pointed out by Capps and Holladay,” line currents 
must be introduced in the source in such a way that 
charge and current are conserved locally. We have 
made use of their form of the interaction [ reference 17, 
Eq. (5) | to obtain for the matrix element for production 
of a positive pion of momentum k by a photon of 
momentum w and polarization e, the expression 


Dt (k) 


ie/ (= k })(e-k) 
1+(k—w)’ 


+ (e-0) |S(k—w)+(k-a)(e-h)G(k-w) (30) 


where the units are coh=m,=1 and ko= (#+1)!. 
S(k) is the source function normalized so that 


S(0) = (29)"4, 


and having the representation in configuration space : 


s(r) = (29) Of aree "S(k) (31) 


The function G(k,w) is given by 
G(k jo) = (29) Merk) f are ik-s 


<[1—exp(iw:r) |s(r)(e-r)(@-r)'. (32) 
4° .N. M. Kroll and M. A. Ruderman, Phys. Rev. 93, 326 (1954). 
RR. H. Capps, Phys. Rev. 99, 926 (1955). 
7 R. H. Capps and W. G. Holladay, Phys, Rev. 99, 931 (1955). 
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The terms proportional to S(k—w) in Eq. (30) give 
the usual weak-coupling result'* while the contributions 
determined by G(k,w) arise from the line currents in 
the source. ‘ 

We shall make use of the Gaussian source function 


S(k) = (29)~! exp(— 7k’). (33) 
Then, from Eqs. (31) and (32) we find" 
G(k,@) = —B(24xw) exp{ —°— (m-k)*}} 

x (O[6(n-k) }—#[6(n-k—n-w) jj, 


where n is the unit vector in the direction of w and 


(34) 


(x) = (2m) if exp(—F)dt. 
0 


Having fixed the shape, we see that the matrix element 
Eq. (30) contains only the two undetermined param- 
eters: /, the coupling constant, and #, the range of the 
source function. 

The direct term defined by Eq. (22) refers to produc- 
tion of an unbound wave which differs from the plane 
wave occurring in the matrix element Eq. (30) because 
of the condition of orthogonality to the bound field. 
Therefore, even within the limitations of the model, 
Eq. (30) gives only an estimate of the desired matrix 
element. According to the weakly coupled static model, 
the bound pion is in a pure P state. Hence, only the 
partial wave with /=1 has an orthogonality condition 
imposed on it and is not represented correctly by the 
plane wave. Since the P-wave production is in any 
case dominated by the resonance term, this error in 
estimating the direct term does not seem to be of great 
importance. 


Vv. COMPLETE MATRIX ELEMENT 


The matrix element 7;(p,e,w) for photoproduction 
of a pion of definite (asymptotic) momentum p is to be 
obtained as an appropriate linear combination of the 
partial wave matrix elements given by Eq. (29). For 
this purpose, D*, as given by Eq. (30), must be analyzed 
into its partial wave components Dy, and then each 
component must be multiplied by e'*7 cosé, before 
recombining. Since the only significant resonance in 
the low-energy region is the J/=4, J= 4 P-wave reso- 
nance, we shall modify only this term. Each S-wave 
term should also be corrected by a factor e'*7, where 
a, is the observed total phase shift, but these phases 
are rather smal! for that energy range in which the 
S waves play an important role and they will be 
neglected. 

The P-wave contribution may be put in the form 


Eu(p)= Dosa. e'? + ie*™ sindss | 


- (wp? gn)" Byoe*™ sinds;, (35) 
4 L. L. Foldy, Phys. Rev. 76, 372 (1949) 
” The integration is carried out easily in Cartesian coordinates 
adapted to the orthogonal vectors e and w 
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where y has been replaced by the traditional symbol, 
33, for the /=1, J=4, J=} state. 

The second term has the same dependence on phase 
shifts as the resonance term in Eq. (29). We have 
calculated the coefficient?’ Dox; and compared it with 
the strength of the resonance term obtained directly 
from the experimental data (Sec. VII). For the entire 
energy range, this coefficient is quite small (usually 
less than 10% of the resonance term) so it has been 
dropped. By dropping the small phase m in Eq. (35) 
we reduce all direct contributions to 7;(p,e,@) to the 
form appropriate for an undisturbed plane wave. 

It is now necessary to evaluate the energy dependence 
of the coefficient Byo/g,. appearing in Eq. (35). We 
assume that g,,; is essentially constant for energies 
small compared to the cutoff appearing in the source 
function, i.¢., for p<@™' and that will include our 
entire range of interest. The matrix element Byo is 
defined by Eq. (26). Since it is a matrix element 
between bound states (i.¢., between the ground state 
and excited state of the nucleon) it is independent of p. 
However the electromagnetic interaction &9 depends on 
w, the photon energy. It contains a factor w™ arising 
from the expansion of the vector potential into creation 
and annihilation operators. Furthermore we know that 
the resonance process is due to either a magnetic dipole 
or electric quadrupole transition. The angular distri 
bution of photoproduced neutral pions indicates that 
the resonance term is dominated by the magnetic dipole 
transition which will therefore be assumed to give the 
only contribution.” In the long wavelength approxi 
mation, this is a first-order effect in w. Hence, aside 
from higher order retardation effects, the matrix ele 


ment is proportional to w/w!» w! and we write 


Byo/grayv~w. (46) 


If the dependence on angles and photon polarization 
for a magnetic dipole transition is now included, the 
complete matrix element for photoproduction of posi- 
tive pions from protons is 


Dt +9 Me pe“ sinds,{2(n XK e-%) 
+ io: { (mXe)X« }), 


7T*(p,e,) 
(37) 


where D* is given by Eq. (30) et seq. and 9M is a real" 
matrix element between nucleon states, which is pre 
sumed to have only a slight energy dependence due to 
retardation effects. The unit vector in the direction of 
p is « and, as before, n= w/w 

Since there is no direct production of neutral pions 


” We note here that the line currents do not contribute to the 
magnetic-multipole matrix element as a consequence of our 
simple choice of radial flow of the currents. Current flowing 
radially does not produce a moment about the origin, All line 
current contributions to the electric moments are just those 
required to satisfy the Siegert theorem (see reference 16) and by 
means of the Siegert theorem every electric moment could be 
obtained without making explicit use of the form of the electro 
magnetic interaction 

™ See McDonald, Peterson, and Corson, reference 1 
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in the no recoil approximation, the corresponding 
transition matrix element is 


T°(p,¢,@) = 2! eM pe'*"* sinds,{2(m Xe: x) 
+ia-[(mXe)X« jj. (38) 


Equations (37) and (38) are very similar to those 
given by Watson. In particular he conjectured that 
the resonance term would have a form similar to that 
obtained here. There are two notable differences. First, 
our resonance term is proportional to sinds; while he 
assumed that the term would behave as sinags;. Second, 
Watson gave a frequency dependence independent of 
w, while we find it to be proportional to w!. This latter 
difference is of considerable importance to the fitting 
of data at high energy 

The resonance term involves just the one strength 
parameter 9W in addition to the phase shifts. 9M will 
be assumed constant although retardation effects (or, 
in other words, the effect of the finite size of the nucleon 
charge distribution in both the ground and excited 
states) would be expected to lead to a decreasing trend 
in 9% with increasing energy. Actually the phase shifts 
are not easily established since both as, and 45) are 
needed. The former may be taken directly from the 
data but the latter will require some interpretation of 
the data. We shall manage to carry through this 
interpretation by means of one additional constant 
parameter relating to contributions from the tails of 
distant resonances, and thereby describe the photo 
production in terms of a total of four constant param 
eters; the coupling constant f, the range of the source 
function #, the matrix element 9M and the fourth 
parameter to be described in detail below 


VI. COMPARISON OF THE DIRECT TERM 
WITH EXPERIMENT 


In order to take some account of nucleon recoil, we 
shall interpret p and w as momenta in the center-of 
The differential section is then 


mass system cToss 


given by 


o(0) = 4 (2e)*(1-+-w/M)"*(1+ po/M)'ppo 


x>e Tr T (p,e,) 2 (39) 


the trace being with respect to nucleon spins. The 
angle @ is measured between w and p. When Eq. (37) 
is inserted for 7, we find the positive-pion photo 
production cross section 


” Pho 


a*(@) c 
(1+-w/M)(14+po/M) 


2(29) 


/* 
x | (: 
wp 


+h p* sin*0G*(p,w) 


p* sin”? 
sr pw) 
2p ( po p cosb)? 
p* sin*é 
G(p,w)S(p— @) 
pol Po ~ p cosb) 
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1 psin’é 
conan -_—— 
2 po— p cos 


fm sinds; 
2 ae eee 


po af 


+ — cost s(p- w) 


sind; . 
tanta — - ) (4 sin*6+-1) | (40) 
j 


T 


where the functions S(p—w) and G(p,w) are to be 
obtained from Eqs. (33) and (34). The cross section 
for neutral-pion photoproduction may be obtained from 
Eq. (38). The result is 


ppm Sindy, \" 
o° (6) =4(2r)'e ao a, 16: ) 
(1+w/M)(1+po/M) \ xp? 


x (f sin’@+1). (41) 
The observed” angular distribution of photoproduced 
neutral pions at various energies seems to agree with 
the form Eq. (41). That is the basis for our neglect of 
the electric quadrupole contribution to the resonance 
term. The comparison of the energy dependence of 
Eq. (41) is reserved for the next section. We shall 
assume here that Eq. (41) may be used as a means for 
obtaining, from the data on #° photoproduction, the 
resonance terms appearing in Eq. (40). For example, 

we may use the 90° (c.m.) cross section 
o°( 9/2) = SWodM*(sindss/rp*)’, (42) 

where W is the weight factor 

W =2(29)*e’ppo(l+w/M) "(1+ po/M)'. = (43) 


Then, since 91 is known to be a real number, Eq. (40) 
may be rewritten as 


~{( p’ sin’é ) 
1 S 
wPo 2p (po . p cos6)* 


p’ sin”? 
+h p* sin*G? — 


a* (6) 


G. 
Pol po p cosb) | 


Wa(r/2)}' 1 
t 24 conan 


p sin’é 
— cosé | 


Swpo 2 po p cos8 


+ ho®(m/2)(4 sin’@+1). (44) 


The coupling constant f may be determined from 
the threshold behavior of the cross section. From 


Eqs. (40) and (43) we find 
[o*(0)/p \p.0™ 2.32XK 10°? cm*/sterad. (45) 


Experimentally, Beneventano, Bernardini, Carlson-Lee, 
Stoppini, and Tau’ find 


(at (0)/P |pmo™ 11.3 10” cm?*/sterad, 
which leads to the value 


f= 0.049, 
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for the coupling constant. This result differs from values 
frequently quoted® partly because no attempt has been 
made to incorporate additional recoil corrections into 
our evaluation. We estimate that recoil corrections to 
the x* photoproduction should be obtained™ by setting 
fi=(1+m,/M)* fx’, where fx is the coupling constant 
corrected for recoil. This gives f’=0.065 which is in 
closer agreement with other values. However the x 
to x* ratio obtained in this way™ is just (1+-m,/M)* 
= 1.32 which does not agree with that obtained from 
the x” photoproduction on deuterons by Beneventano 
et al.,‘ nor with the value obtained by detailed balance 
from the Panofsky ratio combined with the r~+ p—>r’ 
+n cross section.” These matters are important for 
the interpretation of /*? but they do not affect the further 
analysis of the data since the correction occurs as a 
constant factor in the direct matrix element. 

Our comparison of the energy dependence of the 
direct term with experimental results is based on Eq. 
(44). We have substituted the values of o°(#/2) ob- 
served at several energies into the equation and have 
thereby calculated o*(@) at each of these energies. The 
calculation was first performed at 6=/2 in order to 
determine the one remaining parameter, 8, the range 
of the source function. Figure 1(a) shows the data at 
6=m/2 in comparison with results of the calculation 
for f?=0.049 and various values of 8. For no value of 
8 is the agreement particularly good, but the behavior 
below resonance seems to favor §=0, i.e., infinite 
cutoff. Because the agreement is not very good and 
because of the uncertainties concerning the value of f°, 
we have also caiculated o*(r/2) for (*=0.07. Figure 
1(b) shows the results in this case, A reasonably good 
fit is obtained over the entire energy region for the 
rather low cutoff B= 4. 

The differential cross section at several different 
angles has been calculated as a function of energy by 
means of Eq, (44) for the two cases f?= 0.049, 8=0 and 
f*=0,07, B=0.245 with the results* shown in Fig. 2. 


* The argument is as follows: The direct matrix element may 
be expressed as a sum of multipole terms. The displacement of 
the pion charge density from the center-of-mass of the system 
occurring in the multipole moment operators is reduced by a 
factor (1+-m,/M)~™* over its value in a nonrecoil theory. Thus 
the electric dipole moment, for example, is reduced just by this 
factor. The correction to the other moments is more complicated 
but each contains the same factor and the remainder of the 
correction may be obtained by shifting the photon energy to 
f= (1+me/M) ‘w. Hence, after summing all multipoles, the 
direct matrix element is found to contain the factor (14+m,/M)~™ 
and it is to be evaluated at a slightly shifted photon energy. No 
such correction occurs for r~ production from neutrons since the 
core carries a charge in that case. We may note that our /,’ 
could not correspond directly to the renormalized coupling 
constant of Kroll and Ruderman since they find that the recoil 
correction is divided equally between * and #~ production in 
first approximation, Applying the correction in the latter fashion 
leads to a renormalized coupling constant /?=0.057 (compare 
reference 23). 

™ Cassels, Fidecaro, Wetherall, and Wormald, Proc. Phys. So 
(London) 70, 405 (1957). 

*%To obtain the indicated curves, a positive sign has been 
assigned to the interference term in Eq. (44). The opposite sign 
leads to results differing markedly from the available data. 
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Fic. 1. (a) Experimental values! of r* photoproduction cross 
sections at 0. m.*90° compared with the theoretical curves for 
fi=(.049 and for different values of the parameter 6 determining 
the source size. (b) Experimental values! of »* photoproduction 
cross sections at 0. =90° compared with the theoretical curves 
for f?=0.07 and for different values of the parameter 6 deter 
mining the source size 


The available data are also indicated in these figures. 
Although large systematic errors in the data are 
suggested by the discrepancies between groups of 
investigators, it seems rather clear that the choice 
f'=0.049 cannot be brought into accord with obser 
vation. Except for the lack of agreement with the 
threshold behavior, the choice {*?= 0.07, 80,245 seems 
adequate. No firm conclusion can be drawn from these 
results at the present time in view of the experimental 
uncertainties. 
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Fic, 2. Experimental values! for r* ange gee tion cross sections at different angles in the center-of-mass system compared with 


the theoretical curves for indicated values o 


ft and 8, The points are taken from the curves fitted to the experimental angular distri- 


butions in the center-of-mass system at various energies. The errors shown are the averages of errors in the experimental values at 


each particular energy 


VIL. COMPARISON OF THE’RESONANCE 
TERM WITH EXPERIMENT 

The moderately successful treatment of the direct 
term in the previous section indicates that the relation- 
ship between the x* and #° cross sections may be 
reproduced by the assumption that an J= 4 magnetic 
dipole resonance is responsible for all but the direct 
photoproduction. We have still to establish that the 
shape of the resonance term is given correctly by the 
theory. This can be accomplished most easily by com- 
paring Eq. (42) with the measured values of o°(#/2). 
The comparison will be used to fix the shape of the 
cross-section curve and to determine the constant SM. 

The energy dependence of the cross section can be 
obtained from Eq. (42) only if the phase shift 35; is 
known as a function of energy. Since 4,3 differs from 


the total phase shift as; by an amount ;, some determi- 
nation of m, is needed to complete our program. One 
suggestion” is that we set ;=0; then 53;=a33, which 
may be taken directly from the pion-nucleon scattering 
data. A determination of the shape of o°(#/2) by means 
of Eq. (42) has been made on this basis, with the results 
shown in Fig. 3. The experimental! points shown in the 
figure decrease rapidly with energy beyond the peak, 
and the drop is much faster than the calculated rate.” 

It seems very likely that the failure is due to our 
assumption 9,=0. This phase shift is a measure of the 

* RK. G, Sachs, Phys. Rev. 102, 867 (1956). 

* Others (see reference 5) seem to have found it possible to 
reproduce the data on this basis by using Watson's expression 
(reference 14) for the resonance term. However, this success 


probably stems directly from Watson's extra factor w~* mentioned 
at the end of Sec. V. 





PHOTOPRODUCTION OF 
high-momentum components of g, and it has been 
shown” that 9; can be smal! over the energy range under 
consideration only if there are appreciable contributions 
to gq from momenta much larger than M, a result 
seemingly inconsistent with our determination of the 
cutoff in the source function. 

In order to treat the case n,*0, it is necessary to 
consider the pion-nucleon scattering in some detail. 
The total phase shift is as;=:+ 433. In the one-level 
approximation, 533 is given by 


vr 4 


tands,= (47) 
Po Esa— po 


+0 


where £43, g, and ( are real constants, ( is an approxi 
mate expression for the influence of distant levels. 

To fix m in the simplest possible way, we make use 
of the fact that it depends only on the form of the 
functions g,(k) and not at all on the degree to which 
these bound functions are occupied by pions. Therefore, 
if we consider a finite source, weak coupling theory, 
the energy dependence of m could in principle be 
determined, and it would be independent of the magni- 
tude of the coupling constant /. In the limit f-+0, we 
expect that all resonances become remote so that Eq. 
(47) would be replaced by 


4 
lim{ tandg; | limQ. 
fo Po f of 


On the other hand, a,;-0 in this limit. Therefore 


w 4 


tann, = — limQ. 
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Fic. 3. Comparison of experimental data! with Eq. (42), setting 
533 gy and taking a; directly from scattering data 
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l'1G. 4. Comparison of the theoretical curve for ay, obtained 
from Eqs. (47), (48), and (49), as a function of pion momentum 
in center-of-mass system with experimental data, The points 
chosen for comparison are taken bon H. A. Bethe and F. de 
Hoffmann, Mesons and Fields (Row, Peterson, and Company, 
1955), p. 125, Fig. 343 


For finite f, 0 expresses the influence of the multitude 
of remote resonances, all but the one occurring within 
the low-energy region. Hence we assume that Q does 
not differ appreciably from its value in the limit f=0 
and write 


tann) = — rp po ‘O, (48) 


where () is now the constant appearing in Eq. (47), 

We have used these equations to fit the values of 
ay; obtained from the data and find that a reasonable 
fit can be obtained for any value of V which is not too 
large. In particular 0= 0 (which takes us back to 9; = 0) 
clearly gives the Chew-Low curve.” However, as we 
have seen, this choice of (Q is not consistent with the 
energy dependence of the pion photoproduction cross 
section. Hence we have used the pion photoproduction 
cross section combined with the scattering data to 
determine 90 and Q, the other constants, Hy, and g, 
being determined simultaneously. Figures 4 and 5 show 
the fit to the scattering and r° photoproduction, respec 
tively, obtained with the constants 


Eu= 1.858, Vv 
g’= 0.0504, om 


0.02, 
0.037 


he results appear to be quite satisfactory 


VIII. CONCLUSION 


lhe basis for our analysis of the pion photoproduction 
has been a quite general form of the static model of the 
nucleon. By making use of simple physical arguments 
we have reduced the pion photoproduction amplitude 
to the sum of two easily interpreted terms. One of them 


7G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956) 
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Fic. 5, Comparison of the experimental values! of o®(/2) with 
Eq. (42) using 45; as obtained from Eqs. (47), (48), and (49). 


describes the direct photoejection of pions, and we have 
used the two-parameter weak-coupling theory to de- 
scribe that term. The other is the single-resonance term 
suggested by the existence of a P-wave resonance in 
pion-nucleon scattering. 

Discrepancies between experimental results make it 


difficult to draw conclusions about the direct term but 
indications are that the coupling constant /?=0.049 
suggested by the threshold production of positive pions 
is not consistent with the over-all energy dependence. 
However, with the somewhat larger constant f*?= 0.07, 
a cutoff of @-'= 4 leads to a reasonable energy depend- 
ence. This cutoff is somewhat smaller than the nucleon 
mass but it is not an entirely unreasonable value in 
view of possible contributions of K mesons to nucleon 
structure. 

The relatively small value of the cutoff causes the 
contributions of the line currents to the direct matrix 
element to assume some importance. The line current 
part of the direct matrix element ranges around ten 
percent of the whole, These terms are, of course, essen- 
tial to the gauge invariance of the static model. 

The fact that the direct term does not seem to give 
consistent results at both the threshold and higher 
energy is somewhat disturbing. This may be an indi- 
cation that the assumed form of the direct term is not 
correct. In fact, our use of the weak-coupling approxi- 
mation to describe this term was founded on the 
notion of a small one-pion probability in the ground 
state of the nucleon. Although the coupling constant, 
f?= 0,049, suggested by the threshold behavior, is small, 
the one-pion probability would be very large since a 
small value of 6 (implying a large cutoff of the order 
of the nucleon mass or larger) is required to obtain a 
reasonable fit to the data below resonance. Thus it is 


SACHS, 
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possible that corrections to the weak-coupling result 
become very important in the neighborhood of the 
resonance and at larger energies. It is to be noted that 
for f?=0.07, 6*=0.06 the one-pion probability is about 
20%, so the weak-coupling approach may not have 
such unfortunate consequences in that case. 

An alternative possibility is that the relationship 
between #* and r° production is not given correctly by 
taking into account a single resonance. More reliable 
data would help to resolve these difficulties. 

Comparison of the resonance term with both the r° 
and #* production has led us to the conclusion that 
(#0; a simple one-term resonance formula for tana, 
is not appropriate.** This would seem to imply that the 
success of the Chew-Low plot” of p* cotass/po is some- 
thing of an accident. However, it must be kept in mind 
that we have neglected retardation corrections to MM, 
the matrix element of the magnetic moment. These 
corrections would cause 3M to be energy-dependent in 
such a way that it should decrease with increasing 
energy. However, the magnitude of the effect should be 
small until w is comparable to or larger than the 
dominant momentum components of the pion functions 
in both the ground and excited nucleon states. In order 
to account for the marked decrease in the resonance 
cross section beyond the resonance, it would seem 
necessary to have a cutoff considerably lower than the 
value 8-'=4 suggested by the direct photoproduction. 
We think it more reasonable to take 9M to be constant 
and to assume that the dropoff is due to the influence 
of distant resonances indicated by the (rather small) 
value 0= 0.02. 

A number of other approximations have been made 
in reducing the theoretical amplitude to so simple a 
form. As far as we can estimate, errors due to these 
approximations should not amount to more than ten 
percent in the photoproduction amplitude. However 
it may turn out that this is a poor estimate and that 
the neglected terms can account for some of the diffi- 
culties. ; 

It should be noted that we have made no effort to 
analyze the differential cross section for positive-pion 
photoproduction in terms of S and P waves. Although 
it is very convenient and has become customary to 
present the data in these terms, i.e., by writing 


a(0)= Ag+ A, cos8+ A2 cos, 


we find that the direct term contributes strongly to 
terms of higher order in cos# except at the lowest 
energies. This clearly means that the D and higher 
waves make an important contribution to the cross 


* The direct comparison was made only with the #° cross 
section. However, if the r° measurements were in error and the 
resonance term dropped off slowly with energy, as though Q=0, 
then the curves for r* production calculated from Eq. (44) and 
eppens in Figs. i(a) and i(b) would drop off more slowly 
above the resonance. Hence the discrepancies would be increased 
and their resolution would require an even larger value of f* and 
lower value of the cutoff. 
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section, as might be expected when the photon wave- 
length is smaller than the pion Compton wavelength.” 

One of our original reasons for undertaking this 
analysis was to seek evidence for or against the existence 
of an S-wave pion-nucleon resonance with J=4, a 
resonance suggested by our original analysis* of the 
scattering. Despite earlier statements’® we have found 


*® This point has been made by Watson et al. (reference 7) and, 
in more detail, by M. J. Moravcsik, Phys. Rev. 104, 1451 (1956). 

*” J. Enoch and R. G. Sachs, Bull. Am. Phys. Soc. Ser. IT, 1, 
168 (1956). The analysis reported here had been based on the 
assumption that only S- and P-wave pions were important. It 
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no supporting evidence for the resonance. That may 
only mean that excitation of the resonance state occurs 
with a small amplitude. On the other hand, nonlinear 
coupling of the S waves could account for the scatter- 
ing* without recourse to a resonance so there seems to 
be little reason to invoke the notion of a resonance at 
the present time. 


turns out that the D and higher waves contribute a large isotropic 
term to the cross section which eliminates the need for the S-wave 


resonance. 
" Drell, Friedmann, and Zachariasen, Phys. Rev. 104, 236 


(1956) 
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Mesonic Atoms: Radiative Yields of the «-Meson L Series* 
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The total radiative yields of the L series from w-mesonic atoms have been measured for most of the ele 
ments 5B through a:As. The yield curve has a broad maximum of ~70% in the region 1242516 and de 
creases at both higher and lower Z values. This decrease is presumably due to competition from direct 
nuclear absorption at the higher 2’s and to nonradiative processes at the lower 2’s. The yields are fairly 
constant for 25527530, suggesting a possible magic number effect at Z=28. The rapid decrease in yield 
with decreasing Z cannot be attributed to competition between the simple Auger effect and radiative transi 
tions. The simple Auger transition probabilities are about 40 times smaller than the observed values. More 
complex nonradiative processes are probably involved, such as those proposed by Day and Morrison 


HE radiative yields of the r—ZL series have been 
studied by the Carnegie Tech' and Rochester* 
groups. In this paper we report on more recent measure- 


twice. The meson targets, up to and including titanium, 
were identical to those used in the u-meson yield work.‘ 
The target material was packed uniformly inside of a 


ments of these yields. The experimental setup and _ thin hollow Lucite cylinder, 1 in. thick and 2} in. in 
techniques used are similar to those described in the 
preceding articles’* on mesonic x-rays. The corrections 
to the raw data are similar to those discussed in II,‘ 
and they were made in an analogous manner. 

The +—L mesonic x-ray yields were measured for 
most of the elements between 5B and 4;As inclusive. 
These elements and their r—L, transition energies are 
listed in Table I, columns 1 and 2. A 7y-in. thick Nal 
crystal was used as the x-ray detector for the elements 
B through F. A 4-in. Nal crystal was used for elements 
F through Si and a 2-in. crystal for Al and all higher 
Z elements. In addition, a 3-in. diameter 3-in. thick 
Nal crystal, stopped down to 1}-in. diameter by a lead 
collimator, was used for measuring the yields of silicon 
and higher Z elements. Each element was run at least 


* Supported by the U. S. Atomic Energy Commission. 

t Present address: General Atomic, San Diego, California 

t Now at Brookhaven Nationa] Laboratory, Upton, New York. 

' Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 
1123 (1954). 

* Camac, Halbert, and Platt, Phys. Rev. 99, 905 (1955), 

*M. Stearns and M. B. Stearns, Phys. Rev. 103, 1534 (1956), 
referred to hereafter as I 

‘M. B. Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957), 
referred to hereafter as II. 


Tasie I. Energies and yields of the  ~ L series 


Ratio of higher 
transitions to 
total yleld 


Absolute L yieid 
per stopped 


Flement meson 


»B 
aC 
»N 
J 
oF 
Na 
iwMg 
isAl 
Ths) | 
iP 
i” 
wCl 
0K 
wa 
ali 


Le enerey 
12.7 
18.4 
25.1 
32.8 
41.6 
62.3 
74.2 
87,2 
101.2 
116.3 
132.4 
149.6 
187.1 
207.5 
251 
299 
325 
352 
376 
405 
435 
465 
~50 


<0.06 
0.1140.015 
0.18+40.02 
0.254-0.02 
046+0.05 
0.664004 
0.67 +-0.04 
0,704-0.05 
0.69+0.05 
0.6540.04 
0.68 40.04 
0.61 40.04 
0.6240.04 
0.00+4-0.04 
0.5240,05 
0.38+0.04 
0.344-0.06 
0.394-0.04 
0.3140.06 
0.364+0.04 
040+-0.06 
0.394-0.05 
<019 
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ria, 1, Typical x ~L spectra, In addition to the main L, line there is a high-energy bump contributed by the sum of the 
higher transitions, Lg to L,. M lines and N lines become increasingly prominent with increasing Z 


diameter, and the thickness in g/cm’ of each sample 

yas adjusted to be the same and equal to that of water. 
For titanium and materials of higher Z, the targets 
were similar in construction but 4 in. thick. Each 
sample was adjusted to have a surface density of 2.9 
g/cm*, The relative yields from the two sets of targets 
were matched at titanium, which was common to both 
sets, 

Typical examples of some of the r— L lines are shown 
in Fig. 1. These were obtained, as before, by having a 
24 channel pulse-height selector scan three or more 
overlapping energy intervals. This was essential for 
the proper determination of background since adjacent 
M lines and higher L lines (4d —+ 2p, 5d — 2p, etc.) are 
not completely resolved. The curves of Fig. 1 are these 
composite curves. The outstanding features are the 
main peak due to the 3d — 29 transition and the high- 
energy bump, contributed by the sum of the higher 
transitions, Since Lgy~1.35L,, the sum of the higher 


transitions and the main peak are more clearly resolved 
than in the analogous K spectra,’ where Kg~1.18K,. 
M lines are plainly visible in the sulfur yield and be- 
come increasingly prominent with increasing Z. Their 
presence, particularly for Z>22, makes it difficult to 
obtain accurate L yields, (Not only are the L yields 
decreasing in this region, but the M lines, because of 
their lower energy, have a greater detection efficiency.) 
In order to determine the true background it was 
necessary to scan the spectrum over the entire region 
of the M lines and, in some cases, N lines as well. The 
example of iron, in Fig. 1, illustrates this point. The 
«—C(K) contamination, originating from mesons stop- 
ping in the third counter of the meson telescope, is 
small in the case of L yields since these yields are large 
in the region where the correction is important (~90 
kev). For the Al(L), which overlaps the C(K) line, this 


correction is about 3%. 


"#M., Stearns and M. B Stearns, Phys. Rev. 107, 1709 (1957). 
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Table I gives the energies of the L, lines, the total 
L-radiative yields per stopped meson, and the ratio 
of the sum of higher transitions to the total radiative 
yield. The energies of the L, lines are calculated values. 
They were computed from the Klein-Gordon equation, 
assuming a point charge potential, and corrected for 
vacuum polarization. Possible additional corrections, 
discussed in I, have been neglected. The absolute L 
yields were obtained by measuring the relative L yields 
as a function of Z and, in a separate experiment, by 
determining the absolute LZ yield of aluminum. This is 
described in the next section. As in the case of K 
yields,® we define the absolute L yield as the total 
number of L x-rays emitted per meson stopped in the 
target. This is the quantity measured experimentally. 
It is not necessarily equivalent to the total L radiation 
emitted per mesonic atom, The errors listed in Table I 
include, in addition to the error arising from the abso- 
lute yield determination, uncertainties in the detection 
efficiency corrections and in the subtraction of back- 
grounds, The higher transitions constitute about 20 
30% of the total yield and are essentially independent 
of Z. This is similar to the behavior of the higher transi- 
tions of the r—K, u—K, and u—L series. 

As in the previous yield determinations, a LiF target 
was used in the measurement of the fluorine yield. 
Again no correction was made for the absorption of 
® mesons by the lithium in the compound. If mesons are 
captured by the constituent elements of a compound 
in proportion to Z, as predicted by Fermi and Teller, 
the measured fluorine yield should be multiplied by the 
factor 4. To do so, however, would give fluorine an 
anomalously high yield, putting it far above the curve 
defined by its neighbors. We have assumed, therefore, 
that the Li in LiF is ineffectual in absorbing mesons. 

Figure 2 is a plot of the total r—ZL radiative yields 
vs Z. The solid curve is an attempt to fit the experi 
mental points with the function, constant XaZ* 
(c+aZ'+bZ*), suggested by competition between radi- 
ative transitions (aZ*), Auger transitions (c), and 
nuclear capture (6Z*). The value of a, the L, radiative 
transition probability for hydrogen, is readily calcu- 
lated and is equal to 1.7710" sec~’. The values of « 
and 6, obtained from fitting the solid curve in Fig, 2, 
are c= 1.810" sec and b=7.110* sec 

The value of ¢ thus derived is about 40 times larger 
than the theoretical value calculated from the formulas 
of deBorde.* As discussed in II, this discrepancy cannot 
be explained by any assumptions involving an isolated 
mesonic atom. It was shown there that no choice of 
initial meson capture distribution or subsequent cascade 
process could produce agreement with experiment. In a 
recent communication, Day and Morrison’ have sug- 
gested two additional processes to resolve this dis- 
crepancy. Each involves the interaction of a moving 


* A. H, deBorde, Proc. Phys. Soc. (London) 67, 57 (1954) 
’T. B. Day and P. Morrison, Phys. Rev. 107, 912 (1957). 
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Fic, 2, Relative yields of # ~L x-rays per stopped meson vs Z 
The absolute yields are given in Table I, The formula for the 
solid curve is suggested by competition between radiative, Auger 
and nuclear absorption processes 


excited mesonic atom with the normal atoms in con 
densed matter. In the first process the mesonic atem 
scatters from a neighboring atom; the meson drops to a 
lower level, the excess energy being taken off by an 
electron of the stationary atom, This they call Auger 
scattering. The second process, called Auger exchange, 
is similar to the first except that in this case the meson 
is captured in a lower orbit about the s/ationary atom, 
Day and Morrison estimate, for example, that the 
transition probability for the collisional de-excitation 
of a w-mesonic atom from the 2p to 1s state in a target 
of lithium metal is roughly 100 times greater than that of 
the internal Auger effect. This would give good quali 
tative agreement with experiment 

The eighth power of Z in the nuclear absorption 
probability is roughly what one would anticipate. 
Simple theoretical considerations indicate that the 
nuclear absorption rate might be expected to go as 
Z"**, or Z* for d states. Within the admittedly wide 
limits of the experimental data this, indeed, happens. 

The constancy of the yields between Z= 25 and #0 
is tentatively ascribed to a magic-number effect at 
Z=28. This behavior is also observed in the r~K 
series near Z=8. Such possible magic-number effects 
have been mentioned in a paper by Messiah and 
Marshak.* 

The r—ZL yields of Camac, Halbert, and Platt’ are 


SA. M. L 
(1952) 


Messiah and RK. BE. Marshak, Phys, Rev. 88, 67% 
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in general agreement with the yields given in Table I 
for Z<16. However, for larger Z the two sets of data 
show increasing disagreement. The origin of this dis- 
crepancy is very likely due to the different methods 
used in evaluating the detection efficiency of the NaI 
crystals. Camac ef al, calculated their counter efficiency 
using tables of the total y-ray absorption coefficient 
in Nal. This is a difficult and dubious way of obtaining 
the true crystal efficiency, Edge effects, as well as 
exactly what value to use for the absorption coefficient, 
can make the results ambiguous. (See, for example, the 
work of Rietjens ef al.*) For this reason we feel that the 
data of Camac ef al. are not reliable for Z>16. To 
circumvent this difficulty we have measured the crystal 
detection efficiency experimentally (for the 2-in. Nal 
crystal used in this region), These measurements have 
been described in II. 


ABSOLUTE YIELD DETERMINATION 


Aluminum L x-rays were used to determine the 
absolute x-ray yield per stopped meson. This choice 
was based on the following considerations. The r— Al(L) 
yield is large and this facilitated the performance of 
many auxiliary experiments in a reasonable time. 
Moreover, aluminum is easy to fabricate into the 
different geometries used in these tests. The energy, 87 
kev, is sufficiently high so that absorption corrections 
in the anticoincidence counter and the aluminum win- 
dow of the Nal detector are small, On the other hand, 
the energy is low enough so that the x-rays are com- 
pletely absorbed by the 4-in. Nal crystal detector. 
Moreover, radioactive sources of about this energy are 
easily obtained and these can be used to study the 
effect of scattering and self-absorption in the aluminum 
target. The energy is also convenient for cross-com- 
parisons with »—K, w—L, and r—K yields and hence 
for establishing the absolute yields of these series, 
Finally, the r—Al(M) yield is still sufficiently small so 
that background corrections from this source is 
negligible. 

The r—Al(ZL) line was also used to investigate the 
mesonic x-ray yield dependence on cyclotron beam 
strength. It was found that the yield decreased when 
the cyclotron was run at high intensities. This was not 
surprising since inefficiencies in the electronics were 
expected at sufficiently high counting rates. However, 
when the beam level was reduced below one-half full 
beam intensity the yield became independent of beam 
intensity. ‘Therefore all w-meson yield and energy 
measurements were taken with constant and reduced 
beam to eliminate this effect. 

In order to determine the correct absolute Al(L) 
yield, it is necessary to know (1) the number of mesonic 
atoms formed in the aluminum target, and (2) the 
probability of detection of an AIl(L) x-ray. Unfor- 


* Rietjens, Arkenbout, Walters, and Kluyver, Physica 21, 110 
(1955) 
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Fic. 3. Differential range curves with different thicknesses of 
aluminum target. In addition to the variable copper absorber 
thickness shown on the graph, there was always a Pred 1-in. slab 
of beryllium and three telescope counters in the beam. The peak 
with 0 g/cm? Al is due largely to mesons stopping in the stilbene 
of counter 3. Because O and Fe have smaller L yields they have 
been plotted for a greater number of monitor counts (T+AC). 


tunately, the number of mesonic atoms formed in the 


target material cannot be measured directly with the 
present technique. What is actually measured is the 
number of mesons stopped in the target. These two 
quantities are not, in general, equivalent. As we observed 
earlier, some m mesons may be absorbed directly from 
the continuum without the intermediate formation of a 
mesonic atom. It is difficult to estimate their number 
since little is known about the interaction of very slow 
® mesons with matter. We have, therefore, for con- 
venience defined the absolute yield as the number of 
x-rays emitted per stopped meson. It should be borne 
in mind, however, that this quantity is strictly only a 
lower limit to the real absolute yield. For this reason 
only the shape of the yield vs Z curve (Fig. 2) should 
properly be compared with theory. Actually, this is the 
most significant feature, since changing the scale of 
absolute values on the log-log plot translates the curve 
up or down but does not alter the shape. The relative 
strengths of Auger transitions, radiative transitions, 
and nuclear capture are hardly modified. Some authors” 
have sought to make a direct comparison of calculated 
radiative yields of specific isolated mesonic atoms with 
experiments. We do not feel that this is advisable at 
this time. 

The number of mesons stopped in the target was 
determined by taking differential range curves with 
different thicknesses of target, leaving the rest of the 
geometry undisturbed. Figure 3 shows differentia] 


” For example, M. Demeur, Nuclear Physics (North Holland 
Publishing Company, Amsterdam, 1956), Vol. 1, p. 516. 
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range curves for 2.54 g/cm’, 1.50 g/cm*, and 0 g/cm? of 
aluminum, The ordinate is the meson telescope count- 
ing rate, triples plus anticoincidence (T+AC), (142 
+3—4) per 30000 doubles (1+ 2) used as a monitor. 
The abscissa is the copper absorber thickness. In addi- 
tion to the variable copper thickness there was always 
a 1-in, thick slab of beryllium in front of counter 3. 
The peak with 0 g/cm Al is due largely to mesons 
stopping in the stilbene of counter 3. The range curves 
were analyzed in several ways in order to estimate the 
number of mesons lost by nuclear absorption and 
scattering in flight. However, in practice it was found 
that the number of stopped mesons could be deter- 
mined sufficiently accurately by simply taking the 
difference in the T+AC counting rate with target and 
without, This procedure introduces a small error since 
some mesons which miss the AC counter when the 
target is absent will, in fact, be stopped in the target 
when it is present. However, in view of the close 
geometry and the relatively large size of the AC counter, 
this effect is small. 

The probability of detection of a mesonic x-ray de- 
pends on the effective size of the target, the solid angle 
subtended by the detector, the efficiency of the de- 
tector, and the absorption and scattering in the inter- 
vening material. As described in II, the effective area 
of the aluminum target was only slightly larger than 
the area of counter 3 of the meson telescope. This was 
determined by measuring the Al(L) x-ray yield as a 
function of target area, the target thickness remaining 
constant. It was found that the Al(L) yield increased 
with increasing area up to a size slightly larger than 
counter 3, For areas larger than this the yield remained 
sensibly constant. This result, in addition to defining 
the effective target area, indicates that the mesons were 
not scattered appreciably in the moderating material. 

The over-all detection efficiency was determined by 
numerical calculation as follows. The aluminum target 
was divided into 48 equal volumes (the effective cross- 
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sectional area being subdivided into 16 equal areas and 
the thickness into 3 equal slabs). The Nal detector 
(4-in. thick crystal) was also sectioned into 9 equal 
areas. The solid angle subtended by each segment of 
the detector as seen from the center of each of the 48 
volumes of the target was calculated. In each case this 
was corrected for the attenuation that an 87-kev x-ray 
(Al-ZL,) would undergo in traversing the anticoinci 
dence counter and the aluminum window of the Nal 
detector, The detection efficiency of the Nal crystal 
for an 87-kev x-ray can be taken to be 100%, A suitable 
average was then made over all the x-ray trajectories 
and solid angles to obtain the detection efficiency. The 
correction for scattering and absorption in the aluminum 
target itself was too difficult to estimate theoretically 
and was obtained experimentally with artificial radio 
active sources, This measurement is discussed in Sec, 
II-D of reference 4. The over-all detection efficiency 
determined in this manner was 5.8%, 

The experimental L yields presented here can be 
easily understood on a qualitative basis in terms of 
competition between radiative, capture, and simple 
Auger processes. Quantitative agreement with theory, 
however, is more difficult to achieve, particularly for 
Z<11. More complex processes, such as those pro 
posed by Day and Morrison, must be operative in this 
region. Since these depend on the condensed nature of 
the target material, it would be useful to measure the 


radiative yield of, say, nitrogen or oxygen (or air) as a 
function of gas pressure. As the authors suggest, this 
would test their assumptions directly 
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The celestial arrival directions of 2660 air showers of size greater than 10° particles at sea level have 
been determined with an angular resolution of 4°. The observations were made by the method of fast 
timing, and they cover a band of declination from 10° to 90° north. No significant deviation from isotropy 
of the primaries of these showers has been found. The response of the array to showers of various sizes 
and arrival directions has been evaluated theoretically and the results are given. The zenith angle dependence 
of the counting rate indicates an exponential attenuation with atmospheric depth of the intensity of 
showers at sea level with an attenuation length of 1074-11 g cm™*. As a by-product of the experiment we 
have found a value for the absolute intensity of showers of size greater than 10° particles in the vertical 
direction at sea level which is (9.643.0)K10™ cm™* sec™ sterad™. 


INTRODUCTION 


HE counting rates of nondirectional air shower 

detectors show little or no significant variation 
with sidereal time.’ This evidence indicates that the 
flux of primary cosmic radiation with energies between 
10" ev and 10" ev is largely independent of right 
ascension, However, the solid angular resolution of 
nondirectional air shower detectors is poor (~1 
steradian) since it is determined only by atmospheric 
absorption. Consequently, the most significant results 
which can be obtained with such detectors are the 
amplitudes of the first three or four terms in a Fourier 
expansion of the counting rate as a function of sidereal 
time. A dependence of the primary flux on declination 
could not be detected in the data, and the effects of 
localized irregularities or of narrow bands of greater 
or lesser intensity would be obscured or lost. 

For several reasons it is important to obtain more 
exact and detailed experimental information about the 
direction dependence of the primary flux. Recent 
developments** in the theory of the origin of cosmic 
rays have emphasized that such information can 
provide crucial tests of hypotheses about the magnetic 
fields and the cosmic-ray acceleration mechanisms in 
the universe. Sekido ef al.’ have found evidence from 
measurements with a u-meson telescope for the existence 
of a concentrated source of primaries with momenta 
near 2X10" ev/c located within a solid angle 5°X5° 
on the celestial equator, Although the existence of 
interstellar magnetic fields makes it highly unlikely 
that charged particles from a localized source in the 
galaxy would reach the earth from so narrow a cone of 
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directions, high-energy neutrons could reach the earth 
in straight lines from a localized source nearby as 
Rothwell e al.* have pointed out. Certain models of 
the propagation of cosmic rays in the galaxy lead to 
the prediction of a narrow band of relatively low 
intensity.’ Finally, the sun and the moon must cast a 
“shadow” in the flux of high-energy primary cosmic 
rays and observations of this shadow effect might give 
new information about the magnetic fields of these 
bodies. 

The arrival directions of individual high-energy 
primaries have been determined by means of unidirec- 
tional detectors with narrow apertures. The narrow- 
angle Geiger-Miiller counter telescope,’ and the 
shower detector with one tray shielded from all but 
a narrow solid angle of sky’ are examples of this type 
of detector. Since the counting rate of a unidirectional 
detector obviously decreases as the angular resolution 
is increased, such a detector is not well suited to a 
random search for irregularities in the primary flux. 

Two types of directional detectors with wide apertures 
limited only by atmospheric absorption have been 
used to determine the arrival directions of primaries 
with energies above 10° ev. Rothwell e al.* have 
triggered cloud chambers by a nondirectional air 
shower detector sensitive to showers produced by 
primaries with an average energy of 8X10" ev, and 
they have determined the arrival directions of 1100 
showers with an uncertainty between 3° and 5° by 
measuring the orientation of the shower particle 
tracks in the chambers. Bassi ef al.” have determined 
the arrival directions of air showers by a method of 
fast timing which involves the measurement of the 
differences in the arrival times of the shower particles 
at several laterally separated detectors on the ground. 
Both of these methods entail a more laborious reduction 
of experimental data than do those employing non- 
directional and undirectional detectors. However, the 
method of fast timing gives data in a form which 

* Rothwell, Wade, and Goodings, Proc. Phys. Soc. (London) 
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* L. Davis (private communication). 
” Bassi, Clark, and Rossi, Phys. Rev. $2, 441 (1953), 


450 





COSMIC-RAY AIR SHOWERS 
permits, at present, a considerable mechanization in 
the arithmetical computations and may, in the future, 
permit automatic recording of the daia. Consequently, 
it appears that this method offers a better possibility 
for obtaining results of high statistical significance than 
does the cloud chamber method which requires the 
stereoscopic analysis of photographs. 

We shall describe a survey in the northern sky 
of the arrival directions of over 3000 primaries which 
generated extensive air showers containing more than 
10° particles at sea level. The survey was made by the 
method of fast timing and is an extension of the earlier 
work described by Bassi ef al." In addition, we shall 
give experimental results on the absorption of showers 
in the atmosphere and on their absolute intensity. 


Il. DESCRIPTION OF THE METHOD 


Bassi et al.” demonstrated that at a given instant 
most of the particles in an air shower lie within a 
thin disk that is perpendicular to the shower axis, and 
that moves in a direction parallel to the axis with a 
velocity near that of light. Since the relative arrival 
times of the disk at various places on the ground are 
simply related to the orientation of the axis, it is 
possible to determine the orientation from measure- 
ments of the relative arrival times of the particles, In 
practice these measurements can be made with scintilla- 
tion detectors and fast electronic timing apparatus. 

We consider first the geometrical problem of relating 
the observed arrival times to the orientation of the 
axis. It is convenient to choose a rectangular coordinate 
system whose x—y plane is the ground and whose 
y-axis points north as illustrated in Fig. 1(a). We 
imagine an arrangement of m timing detectors spread 
out on the ground plane, and call x,, y; the rectangular 
coordinates of the ith detector. Let the observed 
arrival times of a shower disk at the ith detector be 
t;. According to the observations of Bassi e al., it is 
possible to find for each shower a hypothetical plane 
which moves in the direction of its normal vector k 
with the velocity of light c, and which intersects the 
detectors at times which correspond closely to the 
observed arrival times. 

The equation of this plane is 


(1) 


cl! = cly~la— my— nz, 


where f’ is the time of arrival of the plane at the point 
x, y, z. We form the function 


1 n 
P=a— FT A(4-1/)? 
n-—3 im 
1 n 
= - by (cte+-lag+my,— clo)’, (2) 


N— 3 iol 


and seek those values of J, m, and t which minimize 
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Fic, 1. (a) Schematic diagram of a shower front approaching 
an array of detectors. (b) Diagram of the relation between //, 
Y> and a@ 


**, namely those values which satisfy the set of equations 


(Sox?) + (Lay)m— (Yo x)clo= —Yxet,, 
(Lay)+Lyem— (Kyte —L yeti, 
(2) + (dy)m— nto — Yet,. 
The values of / and m obtained in this way are the 
direction cosines of the vector normal to the plane 
whose arrival times best fit the observed data. 


The zenith angle, 6, between the shower axis and the 
vertical direction is related to / and m by the equation 


6= arc sin{ (P-+-m*)*). (4a) 


(3) 


The azimuth @, measured clockwise from north, is 
given by 
= arc sin{ 1/(P+ m*)*) 


= arc cos| m/(P-+-m?)*), (40) 


In order to express the orientation in terms of the 
declination, 5, and the right ascension, a, we define the 
following additional quantities: y= local sidereal time 
(hour angle of vernal equinox), L=local longitude, 
bo= local latitude, 7,:7;~local standard time in 
hours and minutes, 7= the number of time zones west 
of Greenwich, D= number of days since December 31, 
vyo= right ascension of the vernal equinox at midnight 
on December 31 at Greenwich, and H = hour angle of 
arrival direction. Then 


b= arc sin{m cosbe+ (1—P?—m*)' sinds}, (Sa) 
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and 
a=y—H, (5b) 
where 
H = —arc sin(l/cosé), (5c) 


and 


y= v0 L-+ 159+-0,986D + 15,041(7,+0.0167T2). (5d) 


The relation between a, H/, and 7 is shown schematically 
in Fig. 1(b). The various numerical quantities are 
derived from astronomical data on the angular velocity 
of the rotation of the earth on its axis and the revolution 
of the earth about the sun. The coefficient of D is 
assumed to be constant although strictly speaking, 
it varies by about 0.05% around its average value 
because the angular velocity of the earth about the 
sun depends upon the time of year. 


Ill, EXPERIMENTAL ARRANGEMENT 


The principle of fast-timing measurements expressed 
by Eqs. (2) and (3) is applicable to any array of 
detectors. In the present survey we used four detectors 
in a square array. If the square has sides of length d, 
then the values of / and m which minimize 4 are 


Lam ¢(lgt bg by ty) / 2d, (6a) 
and 


m= C(le-+* ly ty — ts) /2d. (6b) 


With these values of / and m, the function ® is reduced 
to its minimum value 


= A?/4, 
where we have placed 


Awclhithy—le— ly). (6c) 


These values are used in Eqs. (4) and (5) for the 
computation of the zenith angle, declination, and 
right ascension of the shower axis. 

Only a brief description of the timing apparatus used 
in this survey will be given. A description of an 
improved version will be published elsewhere. 
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Fic, 2, Integral size distribution of pulses from plastic scintil- 
lation detector exposed to cosmic rays at sea level, and schematic 


diagram of the detector. 
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The detectors used in a part of this survey were 
cylindrical scintillation detectors with liquid scintil- 
lators composed of toluene, p-terphenyl (3 g/l), and 
popop (10 mg/l). A considerable improvement in 
efficiency and convenience was achieved when these 
were later replaced by plastic scintillation detectors 
that have been described elsewhere." The plastic 
fluors were 24 in. X 16 in. cylinders. The optical arrange- 
ment of the plastic scintillation detectors is shown in 
Fig. 2, together with the integral size distribution 
of pulses from the detector. The ‘‘plateau” is produced 
by the uncollimated flux of fast cosmic-ray particles 
passing through the detector. The high voltage was 
supplied to the photomultipliers through the same 
cable that carried the pulses from the collecting anode 
of the multiplier to the central statien. 

At the central station the pulses were artifically 
delayed with respect to one another by fixed delay 
lines, added, amplified by distributed line amplifiers, 
and displayed on the vertical deflection of a fast 
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Fic, 3. Block diagram of the electronic circuits. 


oscilloscope. The sweep of the oscilloscope was triggered 
by a coincidence of pulses between detectors 1, 2, and 
3 within 200 mysec. Single minimum-ionizing particles 
traversing each of these detectors were sufficient to 
trigger the apparatus and produce readable pulses. 
Only those events which showed a fourth pulse from 
detector 4 on the sweep were analyzed. Figure 3 is a 
block diagram of the electronic equipment. 

For the determination of arrival directions, we 
measured the relative positions of the starting points 
of the pulses (corresponding to the arrival times at 
each detector of the first of possibly several particles) 
on the projected image of the oscillogram. An event 
which struck all four detectors simultaneously gave a 
pattern of four pulses whose relative positions on the 
sweep were determined by the fixed delays in the cables 
and delay lines. Differences in the arrival times of 
particles at the detectors could then be determined from 
measurements of the changes in the pattern. We 
determined the relative positions for simultaneous 
pulses by stacking the four detectors on top of one 


" Clark, Scherb, and Smith, Rev. Sci. Instr. 28, 433 (1957). 
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another and measuring the pulses from particles 
(mostly ~ mesons) which traversed the entire stack. 
Appropriate corrections were made for the time of 
flight of the particles. The sweep speed was determined 
with a crystal controlled 25-Mc oscillator. The data 
on the positions of the pulses along with the date, time 
of observation, and sweep speed were transferred to 
IBM cards. The computation of A, 6, ¢, 6, and a were 
carried out on an IBM 650 computor and the analysis of 
the results was then completed on automatic card sort- 
ing machines. 


IV. EXPERIMENTAL RESULTS 
A. Angular Resolution 


If the particles which produce the four pulses in an 
event lay exactly in a plane perpendicular to the 
shower axis, and if the measurements of the relative 
arrival times of the pulses were free of experimental 
errors, the determination of the direction cosines of 
the axis would be exact, and the value of A would be 
zero. Lack of perfect coplanarity of the shower particles 
and random experimental errors both produce similar 
fluctuations in /, m, and A. We shall therefore use the 
observed distribution of A to estimate the uncertainties 
in the measurement of / and m. 

We call 7, the difference between the observed 
arrival time /; and the corresponding arrival time 1, 
of the moving plane which best fits the data. The r,’s 
in each event are, to a certain extent, correlated with 
one another in a complex way which depends on the 
detailed characteristics of the shower such as the 
lateral distribution, the core location, the size, and the 
arrivel direction. If they were, instead, random in- 
dependent variables, we could relate the dispersions of 
1, m, and A by the equation 


D(1) = D(m) = 4D(r)/4d?= D(A) /4d?, 


where D(x) represents the statistical dispersion of the 
variable x. We shall make the crude approximation 
that this relation is valid in the actual case. 

Figure 4 is a plot of A for 3000 unselected showers 
and from these data we derive a value for [ D(A) }! 
which is 

[ D(A) }'= 5.1 meters. 


It follows that we would expect to find for the standard 
deviation of measurements of / or m on a set_of un- 
selected showers the approximate value 


[D(d) }'= (D(m) }'= (D(A) }'/2d=0.070. 


This corresponds to a resolution in 6 of +5° for vertical 
unselected showers. We increased the effective resolu- 
tion of the instrument by rejecting events in which 
|A| exceeded 6.4 meters so that for showers selected 
according to this criterion the resolution in 6 is about 
+4°, and the solid angular resolution is about 40 


square degrees. 
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Fic. 4, Histogram plot of the distribution of A 


The contributions of purely instrumental and 
reading errors to the distribution of A were determined 
from measurements with the detectors in a vertical 
stack. Most events recorded with this arrangement 
were produced by relativistic particles traversing the 
stack so that the only cause of fluctuations in the 
measured relative positions of the pulses were instru- 
mental and reading errors. We found for these events 


[ D(A) }'= 1.0 meter, 


and this indicates that the effect of these errors on 
direction measurements is negligible compared to 
the effect of the noncoplanarity of shower particles 


B. Size Distribution 


We define the size N of a shower to be the total 
number of ionizing shower particles which arrive at 
sea level with sufficient energy to register in our 
detectors. Although WN is, strictly speaking, a discon- 
tinuous variable, it is always a very large integer for 
the showers we record, so that it is convenient to 
consider it to be a continuous variable. We have 
calculated the distribution in size of the showers 
recorded with our detector array in order to evaluate 
their absolute intensity and to estimate the range of 
energies of the primary particles which produce them. 

Let K(N,O)dQdA_ represent the absolute rate 
of showers at sea level with sizes greater than N whose 
cores strike within the area dA, and which arrive from 
the solid angle dQ near the zenith angle @. Call s(N,9) 
XdNdQ the rate at which showers are recorded with 
sizes between N and N+dN from zenith angles near 
6 and in the solid angle dQ. We shall relate s to K on 
the basis of the following assumptions: 

(1) The average number of particles which traverse 
an area dA perpendicular to a shower axis at a dis 
tance r from the axis is 


N yen 
{(n)dA= (: ‘aa, 


2Za\ r# 


(7) 


where ro= 79 meters. 
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Fra. 5. Plot of projected effective area for the detection 
of showers at vertical incidence 


(2) The absolute intensity is 
K(N,9) = K(8)(N/108)-P™, (8) 


where I'(N) = 1.534-0,0195 In(V/10*). 

Out to distances of about r= 300 meters the lateral 
distribution given by Eq. (7) agrees well with the 
results of several different experiments,” and is a 
good approximation to the theoretical distribution for 
pure photoelectronic showers calculated by Nishimura 
and Kamata for the age parameter S=14." The 
separation of the zenith angle dependence and the 
size dependence in Eq. (8) is an approximation which 
is justified by the experimental observation that the 
rate of attenuation of the intensity of showers 
with increasing depth in the atmosphere and, corre- 
spondingly, the zenith angle distribution, change very 
slowly with shower size.” The size dependence of the 
intensity is that obtained by Greisen" from an analysis 
of the local density spectrum of air showers as measured 
with Geiger tubes. 

We call «(N,9,p,a,) the probability for the detection 
of a shower of size N whose axis is oriented in the direc- 
tion specified by @ and ¢, and intersects the ground at 
the position with polar coordinates p and a, and we 
define the quantity A(N,6) by the relation 


™K. Greisen, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North Holland Publishing Company, Amsterdam, 1956), 
Vol. III, Chap, 1 

“Clark, Earl, Kraushaar, Linsley, and Scherb, Nature 180, 
353 (1957). 


CLARK 
A(N§) is the effective projected area for the detection 


of showers of size N which arrive from zenith angle 
6. The relation between K and s is then 


(10) 


aK 
s(N f)= ——A(N J). 
an 


The effective triggering requirement for the array 
was a fourfold coincidence among the detectors. 
Therefore, the expression for « is 


4 
(N f,p,a)= [] (1-0/9), (11) 
tol 


where r, is the perpendicular distance from the axis to 
the ith detector, and a(6) is the projected area of the 
ith detector on a plane perpendicular to the axis. We 
can write for r; the expression 


r,= {(p sina— x;)*+ (p cosa— y,)*— sin’? 
X (sing[_p sina— x; }+-cos@l_p cosa— y, })}}, 


and for a(6) the expression 


(12) 


a(6) =p" cosd+ 2pgq sind, (13) 


where p is the radius of the scintillators and gq is their 
thickness, 

We evaluated A(N,@) for several values of N and 
for values of @ equal to 0°, 32°, and 45° by combining 
Eqs. (7), (9), (11), (12), and (13), and carrying out 
the integrations numerically on an automatic electronic 
digital computor. A plot of the results for 60° is 
shown in Fig. 5. The corresponding plots for @= 32° 
and 45° do not differ by more than 6% from this one 
for any of the calculated points. According to our 
assumption that the size dependence of the absolute 
intensity is the same for all zenith angles, it follows 
that the shape of the size distribution is nearly in- 
dependent of the zenith angle, and that the size 
distribution of recorded vertical showers will be nearly 
the same as the size distribution of all recorded showers. 
Combining the calculated values of A(N,0) with the 
assumed form of K(N,0) according to Eq. (10), we 
obtain the size distribution s(N,0) shown in Fig. 6 
which indicates that the most probable size of showers 
detected in this experiment was 1.5 10° particles. 
The corresponding value for the most probable energy 
of the primary particles is about 10'* ev.” 


C. Zenith Angle Distribution 


Information about the absorption of showers in the 
atmosphere can be obtained from an analysis of the 
zenith angle distribution of showers recorded with our 
array. For this analysis it is convenient to replace the 
variable @ in Eq. (8) by «=o/cos#, which represents 
the amount of atmosphere traversed by a shower 
arriving at the depth x» (xo= 1040 g cm™ at sea level) 
from the zenith angle 6. We now make the assumption 
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that K is an exponentially decreasing function of x 
with an absorption length A. Furthermore, for the sake 
of simplicity, we shall ignore the slight variation of I 
with N and take it to be constant and equal to its 
value for N= 10°. We then have 


K(N,x) = Ko(N/10®)7- 86-204, (14) 
Let R(x) represent the counting rate for showers of 
all sizes which arrive from zenith angles greater than 
6=arc cos(xo/x). This is the quantity which we 
measure directly, and it is related to s (and thereby 
to K and A) by the equation 


¢ Xo se 
R(x) = 29 f | f s(N ,x’)dN lax’, 
r xy’? | i 


i) 


(15) 


where 2 (xo/x"*)dx’ = 2x sind’dé’ = dQ is the element of 
solid angle. From Eqs. (10), (14), and (15), it follows 
that 


d dR | 


“Sune 
aA " 
N-*.08 ww / f N adn ), (16) 
Ox 6 


dxt dQ 

(J 

0 
We evaluated the first term on the right side of Eq. 
(16) from the observed relative frequencies of showers 
per unit solid angle in successive equal intervals of x. 
Figure 7 is a semilogarithmic plot of the data. The 
straight line in the figure was fitted to the data for 
(x—~ 2) <160 g cm™’* by the method of least squares. 
Data for (x—x)>160 g cm™ were not included 
because of the increasingly important effect of experi- 
mental errors on the determination of x. The logarithmic 
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FG, 6. Distribution in size of showers recorded 
at vertical incidence 
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Fic. 7. Plot of shower intensity versus atmospheric depth as 
derived from the observed distribution in zenith angie. 


slope of the line is 8.8510 g~' cm’, and the good 
quality of the fit, even for (229) > 160 g cm™, indicates 
the validity of the assumption of an exponential depth 
dependence as expressed by Eq. (14). We evaluated 
the last term in Eq. (16) from the results of the 
numerical calculation described in Sec. B, and since 
it was found to be less than 2X 10™ g™ cm’ it will be 
neglected. Random errors in the determination of the 
arrival directions tend to broaden slightly the observed 
zenith-angle distribution. A rough estimate of this 
effect indicates that a correction of about 5% should 
be applied to the measured slope. The final value 
obtained for the attenuation length of the shower 
intensity is 
Aw 107+11 g cm™ 


rhis result may be compared to that derived from an 
analysis of the barometric coefficients and the attitude 
variation of showers by Greison.” At altitudes above 
sea level he obtained the value 133 g cm™? for the 
attenuation length of the intensity of showers with 
more than about 10° particles. Although the experi 
mental methods on which the two values are based are 
very different, we are not aware of a systematic error 
in either method which would explain so large a 
discrepancy. Small differences may arise from the 
difference in the contribution of unstable particles to 
shower development along vertical and slanted paths 
through the atmosphere, and from the fact that 
our measurements were made for atmospheric thickness 
greater than the vertical depth at sea level. 

A quantity of more direct physical interest than A 
is the attenuation length, \, for the number of particles 
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Mercotor Projection of Celestiol Sphere 
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F ia, 8, Numbers of events observed within 10° 10° areas on a Mercator projection of the celestial sphere. 


in individual showers. We define \ by 


l 1 (~)| 
A NN dx/. K — 


If we assume Eq. (14) to be valid, then d is related to 
A and I’ by 
A@=TA. 


Using the measured value for A and taking I'= 1.53, 


we find 
h= (164417) g cm™. 


D. Absolute Intensity of Showers 


Although the present experiment was not designed 
for the purpose of measuring the absolute intensity of 
showers, we have obtained as a by-product a value for 
this quantity by finding the value of the constant Ko 
in Eq. (14) which gives an expected counting rate 
according to Eq. (15) that is equal to the observed 
counting rate for showers of all sizes and all arrival 
directions. The observed rate is (113410) day and 
the corresponding value for Ko is (3.04-1.0)x10-" 
cm™ sec™ sterad™. The indicated error reflects the 
uncertainties in the determination of the observed 
rate and in the values of I’, A and the effective area. 
From this result we find that the intensity of showers 
of size greater than 10° particles is (9.643.0)x10-" 
cm™* sec™ sterad™, The corresponding value obtained 
by Greisen” is (17+4)X10~" cm~ sec™ sterad™'. It 
should be noted that the difference between these 
values could be accounted for by a discrepancy of 50% 
between the determination of shower “size” by Geiger 
tube density measurements and by the method used 
in the present experiment. 


E. Distribution of Celestial Arrival Directions 


The apparatus was turned off occasionally in order 
to change film and make repairs. In order to evaluate 
the distribution in celestial arrival directions it was 
necessary, therefore, to make proper allowance for 
the different numbers of days on which the apparatus 
was operating at various sidereal times. We first made 
a plot of the number of days on which the apparatus 
was running versus sidereal time. We then rejected data 
during various “over-exposed” sidereal time intervals 
selected at random from enough days to smooth out 
this plot to its lowest level. 

The data, corrected for exposure time in this way, 
are summarized in Fig. 8 which is a Mercator projection 
of the celestial sphere. We have indicated the number 
of events observed in solid angle elements bounded 
by parallels of declination and great circles of right 
ascension separated in both cases by 10° intervals. 
The variation of the average barometric pressure with 
siderea!l time was small. Furthermore, the barometric 
correction for a given sidereal time is spread out over 
an interval of about 50° in right ascension since showers 
from approximately this interval in right ascension 
contribute to the recorded rate at any given sidereal 
time. Since the net barometric correction was small 
compared to the statistical fluctuations, it was ignored. 

We have applied several statistical tests in order to 
determine whether the hypothesis of an isotropic 
primary flux is consistent with our observations. These 
tests were selected because of certain preconceived 
notions as to the possible nature of anisotropies which 
one might possibly find in the primary flux, namely: 
(a) general lumpiness, (b) isolated regions in which 
the intensity is greater or less than average (“‘point”’ 
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sources or shadows), and (c) connected regions of 
more or less than average intensity corresponding to 
certain directions in space (e.g., the galactic equator). 

We have tested for general lumpiness by applying 
the x’ test to the data from each of the 10° bands of 
declination. The largest value of x* obtained for the 
8 bands between 56=0° and 5=80° was 47.7 and the 
probability that x* should have exceeded this value for 
one or more of the bands is 56%. The numerical 
results are indicated in Fig. 7. 

The above test already indicates the absence of any 
pronounced point source in the band of declinations 
from 20°N to 70°N. However, it is useful to compute 
the probability of having seen a deviation from the 
mean as great as the greatest actually observed in the 
region of sky bounded by 20°<6<60°. The greatest 
positive deviation occurs in the patch of sky bounded 
by 


210<a<220, 50<i<O0. 


The greatest negative deviation is seen in the patch 
bounded by 


20<a<30, 40<5<50, 


If we approximate the distribution of the numbers of 
events within the 10° 10° areas along a given declina- 
tion interval by a Gaussian distribution, the probability 
of having seen deviations as great as these is 60% 


for the positive deviation, and 92.5% for the negative 
deviation. 
We have tested for anisotropies of the type listed 
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rasze I. Expected and observed numbers of showers 
from several special regions of the sky. 


Observed 
972 


968 
297 


Expected 
996 


945 
$25 


Galactic equator 
Perpendicular to spiral arm 
Along the spiral arm (a= 300°, 5= 35°) 


under (c) above in the three cases of the galacti 
equator, the plane perpendicular to the spiral arm, 
and the direction along the spiral arm. We drew projec 
tions of the galactic equator and of the plane and 
normal to the axis of the local arm of the galactic 
spiral.* In both cases we counted the number of events 
which occurred in the 10° 10° patches which contained 
points within 20° of the projected plane. Similarly, we 
counted the number of showers in the 10 10° patches 
which contained points within 20° of the direction along 
the spiral arm,.* We compared these numbers with the 
numbers expected on the basis of the average values 
obtained in each declination interval, The results 
were as shown in Table I, In all three cases the expected 
and observed numbers do not differ significantly from 
one another. 

On the basis of these tests we conclude that our 
data do not indicate any deviation from isotropy of 
the flux of primaries of showers with more than 10° 
particles at sea level. The same conclusion has been 
reached by Rothwell et al.* from their data, although 
the present results are based on more than twice as 
many shower events. 
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Coulomb Corrections to +-Meson Decay” 


Earwe L. Lomont 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


(Received July 10, 1957) 


The effect of the Coulomb interaction on the energy and angular distribution of the final-state pions in 
r-meson decay is calculated by perturbation theory. The result indicates a shift of the order of magnitude 
of 3% from large to small energies and angles. The result differs in some quantitative aspects from those 
previously derived by treating some or all of the pions classically. In particular the energy dependence 


of the correction disappears at low energies. 


INTRODUCTION 


S Ritson has observed,’ the angle and energy 

distribution of the pions in r-meson decay is 
significantly perturbed by the final-state Coulomb 
interaction. The distribution is known experimentally 
with errors less than the magnitude of these effects. 
It is desirable to have a reliable calculation of these 
effects when interpreting the distribution in terms of 
the 7-meson spin. 

The results of a Born approximation are presented 
here. The nonrelativistic three-body wave functions 
expressed in the Fabri? variables are used in zeroth order. 
The correction term is usually small, implying that the 
approximation is good, This fails only when one of the 
relative pion momenta is small, When the negative-pion 
kinetic energy, K, attains its maximum value, K,,, 
the two positive pions emerge together; when K =} K,, 
and 00 a positive pion has maximum momentum and 
the other positive pion emerges with the negative pion. 
In these regions the perturbation becomes large (though 
finite) and in addition the answer becomes sensitive 
to the soft-photon cutoff arising from inner brems- 
strahlung. Fortunately these regions are smaller than 
the experimental resolution, and the integrated coniri- 
bution from these regions is insignificant 


THEORY 


The initial three-body problem is reducible by 
separating the c.m. coordinates. The appropriate 
intrinsic coordinates are the orthogonal set [1r,r’] as 
defined by Fabri,’ in which r is proportional to the 
relative distance between the two positive pions, and 
r’ is proportional to the distance from the negative pion 
to the c.m. of the positive pions, in the rest system of 
the tau meson 


Virery—n, Vor =Vv2[rs—4(01+12) |, 


where r, and r, are the coordinates of the positive pions, 


and ry of the negative pion. 
We shall consider [r,r'] to be a six-dimensional 


* Supported in part by the joint program of the Office of Naval 
Research and the U. 8. Atomic Energy Commission. 

t Now with the Department of Mathematics, McGill Univer 
sity, Montreal, Quebec, Canada 

'D. M. Ritson (private communication) 

* FE. Fabri, Nuovo cimento 2, 479 (1954) 


vector p. The wave function is given to first order in 
Born approximation by V= Vo+ ¢, where 


¢(p1) = — 2h *f dokeloves) V (p2) Volpe), (1) 


and y is the pion mass. G(p;,p2) is the six-dimensional 
Green’s function for total kinetic energy 0 (~ 75 Mev), 
with a Fourier representation, 


G(p1,02) = (29) fares — By —leh ere | (2) 


where k*=2uh~*O and the integral is to be taken over 
the contour appropriate for outgoing waves. V(p) is 
the potential energy of the Coulomb interaction between 
the three pion pairs, 


V (p) = (| V2e|~'—Vv2 | r—v3r' | —v2 |r4-v3r' |), (3) 


and 
Vo(p)= (| p|?+ |p’ |*—A*k*)Yo(p) (4) 


is the asymptotic wave function of the system (where 
p and p’ are the momenta conjugate to r and r’), The 
energy-shell singularity is expressed explicitly for later 
use. 

V(p) will differ from Eq. (3) in the region of pion 
interaction, because of the virtual-meson current. 
Vo(p) may also be modified in this region if strong 
interactions are present. These effects modify the 
short-range interaction only, and can thus be rep- 
resented by small adjustments in the constants of 
the Fabri series expansion® for Vo(p). We are concerned 
here with only the long-range interaction, for which 
the series is not adequate. 

Using the Fourier transforms 


Vo(d) = (A-A— BY Wo (A) = (2) + f dpe), 


0 (n) = (an) f dpe *V(p) 


= lim 2bre*( | |*+a~*)“[5(y’) 
— 26(q' +V3m) — 26(9' —VIn) }, 
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2s 


o(y)= (2m) f doe->e(0), 


we have from Eqs. (1), (2), and (3) 


O(y) = — Qh *(2e) Hy -y—- BR) 


x f dnP i) ¥o(—1—n). (5) 


V(n) contains the long-wavelength photon cutoff a. 
There is a real cutoff in the problem arising from inner 
bremsstrahlung, which implies that a2fcQ™ in the 
logarithmically divergent terms which will arise. These 
terms are then negligible. The convergent terms are 
only sensitive to @ in the narrow regions of small 
relative pion momenta mentioned above. In these 
terms we may proceed to the limit as a>. It is thus 
not necessary to calculate the effect of the inner 
bremsstrahlung with the purpose of eliminating the 
cutoff. 

The integral in Eq. (5) can now be performed using 
the explicit form given for V(n) and the fact that the 
singular behavior of VY» is given entirely by the factor 
(\-A— hk). We obtain 


O(y) = 2-hapch- WV o(y)— 7 (\ |) 
+47 (4 | y+v3y'|)+47(4|r—v3y'|)], (6) 


where 


T(x) =a" (tan™(2ax) —i4 In(1+-4a*2*) }. 


In terms of «= K/K,, and 6, the angle between p 
and p’, we have |y|=(3K»/u) uch" (1—6)!, |y’| 
= (3K m/p) Suchet, and yy’ = |x| |y'| 

The real and imaginary parts of T(x) are of the same 
order of magnitude when a is of the order of hcQ™. This 
holds outside the regions of low relative pion momenta. 
As only Re{ 7 (x) ] appears linearly in the distribution 
function F « |p|*e(1—«)!, we may neglect Im[7'(x)] 
when 7(x) is small. In Re[7(x)] we may replace 
tan~' (2ax) by #/2 except where x is small, which 
corresponds to the already excluded regions. It is 
worthwhile noting that in the excluded regions, 
Re[ 7(«) ]~2a and has no discontinuity if the cutoff 
a is taken to be finite. Excluding the regions to be 
specified more precisely below, we have approximately 


cos 6. 


(1 — 6) 4 | Pole) | *F (69) 
« 14+2-4a(3K »/u)r{ — (1— 6) + 2014-2 
+ 2V3e4(1—«)! cos }-!+- 214-2 
-2V3.4(1—6)§ cosf}4jy. (7) 


CORRECTIONS TO - 


MESON DECAY 


Of special interest are the integrated distributions 


i P 
F(e)= f F(¢0)d cos6 and F(0)=8r f F(eO)de 
0 0 


If Yo is independent of @, then 


€4(1— 4 | Pole) | *F (6) 
« 1+ (9) twra( 3K p/p) te (1 — of - 
+[1+- 26+ 2v35et(1—«)*}! 
~[1+4-2e— 2v3eh(1—«)*}}. (8) 


(3e)! 


If Yo is independent of ¢, then the following approx- 
imate results can be obtained: 


1+ 24a(3K »,/u)*(0.68+-0.27 cos*#) 
for cos?<4 

1+ 2!a(3K m/w)‘ 0.54— 0.38 In4.5 
< (1—cosé) for coséd=1 


(9) 


lo! 2B (0) ox 


Also of interest is the partially integrated distribution 


‘ 
PF (0,e<4) = 16m f F(¢f)de, 


0 
for which we can obtain the approximate result 


| 1+ 24a (3K m/pu)*(0.92-4-0,38 

J cos?) for cosd<} 

| 1+ 24a (3K »/u)*(1.34-0.75 In4.5 
\ X(1—cosé)|] for cosd~1 


\Wo|*F'(0,e<4) « (10) 


Inspection of Eqs. (7)-(10) shows that the Coulomb 
corrections are less than 10% except when 0.95<¢< 1 
or e= 0.25 and 0.95 <cosé <1. Outside of these regions 
the perturbation treatment should be adequate, and 
the approximations made to obtain Eq. (7) from 
Eq. (6) hold. The use of a nonrelativistic wave function 
is also justified by the smallness of the correction. 
In the integrated distribution function F(0), the 
correction term is not large until (1— cos) <10~°. 


CONCLUSIONS 


The correction factor in Eq. (7) should be applied to 
the phenomenological wave functions of the Fabri? or 
Dalitz’ type before comparing with the experimental 
distribution. The excluded regions are unimportant 
with the available experimental resolution, An adequate 
treatment of these regions would require a calculation 
of the inner bremsstrahlung and an improved wave 
function (modified for relativistic effects and for the 
distortion when two pions are close together). Inner 
bremsstrahlung also modify the whole distribution. As 
their effect is to decrease the available energy and 
transfer pions to lower energies, this correction is in 
the same direction as the Coulomb correction obtained 
here. 

The qualitative results are similar to those obtained 
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previously'** using classical current distributions for 
some or all of the pions. The only important difference 
is in the behavior of the correction as «0. If the 
classical distribution of the positive pions is used to 
obtain an enhancement factor for the negative pion,‘ 
the correction is proportional to « as «0. In the 
present calculation the correction is proportional to a 
constant in this limit. This difference is readily 
interpreted as due to the nonlocalization of the wave 
function of the positive pions. This implies a slower 
variation with the relative positions of the pions than 
in the localized classical case. 


* RK. H. Dalitz, Phys. Rev. 94, 1046 (1954) 
* J, Orear (private communication). 
* Y. Eisenberg (private communication) 
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The result of this calculation has been applied to a 
recent analysis of the spin of the r meson.° 
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Relativistic Corrections to the Polarization of Protons at High Energies* 


SHoroxu OnNuMA 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
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Relativistic corrections to high-energy p-p polarization data are calculated, with a breakdown of con 
tributions into parts corresponding to the anomalous proton magnetic moment and remaining effects. It is 
found that as much as 70°, of the relativistic correction may be caused by the anomalous part of the proton 
moment. In view of the presence of wave function distortion effects and the difference in sensitivity of 
different parts of the correction to the appreciable wave function distortion effects recently pointed out 
by Breit, it is concluded that the values of the relativistic corrections to polarization are at present quite 
unreliable. On the other hand, the corrections are smaller than the experimental error in many cases and 
their unreliability does not appear to affect existing fits to data seriously. 


HE relativistic corrections to the Coulomb inter- 

actions of two protons have been investigated by 
Garren,' Breit,’ and Ebel and Hull.’ However, as has 
recently been pointed out by Breit,‘ the effects of wave 
function distortion due to specifically nuclear forces 
may give rise to non-negligible additional corrections in 
such calculations. In particular, the spin-orbit terms of 
the Coulomb interaction would be modified rather 
seriously. 

Since the corrections have been applied to the analysis 
of data in the literature'* it appears desirable to 
analyze contributions having different physical origins 
because, as shown by Breit,‘ the effects of wave function 
distortion may be expected to be represented by 
different factors for these contributions. 


° This supenseh was supported by the Office of Ordnance Re- 
search, U. S. Army 
1A, Garren, Phys. Rev. 96, 1709 (1954); 101, 419 (1956) 
°G. Breit, Phys. Rev. 99, 1581 (1955). 
'M. E. Ebel and M. H. Hull, Jr., Ph ‘ Rev. 99, 1596 (1955), 
‘G. Breit, Phys. Rev. 106, 314 (195 
* Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 (1957). 


I 


The relativistic Coulomb amplitude for p-p scattering 
obtained by Garren,' apart from its phase factor, is of 
the form 


oto: [px Py) 
§—jp—— 
2 | psX<py! 


R= — (n/2k)s sind+O(#) 


(1) 


where v= (e—1)(2e*—1)~*[ (2e+1)+2€(e+1)uy]; Me? 
is the energy of each proton in the center-of-mass 
system; yw, is the an»malous magnetic moment of 
proton in Bohr magnetons; #; and @; are Pauli’s spin 
matrix vectors; p; and py are, respectively, initial and 
final momenta of each proton in the center-of-mass 
system ; the remaining quantities are the same as those 
given by Breit and Hull.* 

The relativistic corrections to the polarization of 


*G. Breit and M. H. Hull, Jr., Phys. Rev. 97, 1047 (1955). 
Hereafter, unless especially mentioned, the same notation as in 
this paper will be used 
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Fic. 1. Polarization for p-p scattering at 170 and 260 Mev 
calculated from the phase shifts by Saperstein and Durand 
(reference 10). Curves drawn by means of broken and solid lines 
represent, respectively, values of the polarization with and without 
the relativistic corrections [Eq. (2) ]. The nonrelativistic values 
of o have been used to estimate P from Po. The center-of-mass 
scattering angle @ is in degrees. Designations of experimental 
points are: a 170 Mev, reference 13; 4 170 Mev, reference 15; 
0) 210 Mev, reference 15; x 276 Mev, reference 14; @ 312 Mev, 
reference 12; © 315 Mev, reference 14 


protons in double and triple scattering are then given by 


A(Po)=2vk~ sind cosy 
x Im|[ ac* (ag+-a5— ag 8iN70-+ 2a, )* te 


A(Do) = 2vk-* sin*0 

Ref a+ (a;—a4)° ] +-2y2k~? sin’! a,* |3, (3) 
A(Ra) = 2vk™ sind: s 

Ref a,* (aot+-aatay sin+a,*+a-") |, (4) 


A(Aqa)= A(Ra): (c/s). (5) 


Here P is polarization and a is the elastic differential 
scattering cross section for unpolarized protons. Three 
triple-scattering parameters D(@), R(@), and A (6) are as 
defined by Wolfenstein’; also 


a-t= —4n[ s~? exp(— in Ins*)+ e~* exp(—in Ine’) }. 
ao= k(Soo— S*)e®. 


As the phase factor of the Coulomb scattering ampli- 
tude (1), exp[i(@—n Ins*) | with the relativistic value 
of » was used in this calculation. The results of Breit? 
and of Ebel and Hull* have indicated that the principal 
effect of treating the Coulomb interaction relativisti- 
cally is contained simply in the relativistic value of » for 
energies under consideration, i.e., S300 Mev. 

One qualitative feature of A(Pa) can be seen by 
taking only terms of Eq. (2) which are linear in » and 


7L. Wolfenstein, Phys. Rev. 96, 1654 (1954) 
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1G, 2. Polarization for p-p scattering at 310 Mev calculated 
from the phase shifts of sets A and C by Hull ef al, (reference 9, 


Table I). Designations of experimental points are the same as 
in Fig. 1 


by retaining those nuclear phase shifts with L< 3. Since 
n<0.017 for E< 100 Mev, the linear approximation in 9 
is justified. A brief calculation shows that 


A(Pa) = ko "nv cotO[ do+ a, cosO |, (6) 
with 
ado= 7(cos*e sin%5,” + sine sin%)y”) +3 sin,” 
+2 sin%bo”-++/6 sin2e(sin*b,” — sin%,”) 
17 (sin*e sin*bo” + cos’ sin*_”) 
~ (7/4) sin*5s” ~ (93/4) sin*,”, (7) 


and 


y= 25(sin*e sin*b_” + cos*e sin*b” ) 


+ (35/4) sin?by” + (145/4) sin*%,”, (8) 


where ¢ is the coupling parameter of two states, */, and 
*/’,, defined by Blatt and Biedenharn,.* Equations (6), 
(7), and (8) show that A(/’c) is always positive for 
small scattering angles 6, where this correction is 
expected to be important, regardless of the values of 
nuclear phase shifts 


Il 


The relativistic corrections to ? based on some of the 
available phase-shift data®"' have been calculated and 
are presented below in Figs. 1-3. The experimental 


* J. M. Blatt and L. C, Biedenharn, Phys, Rev. 86, 399 (1952) 
and Revs, Modern Phys. 24, 258 (1952) 

* Hull, Ehrman, Hatcher, and Durand, Phys. Kev. 103, 1047 
(1956) 

“ A. M. Saperstein and L. Durand, II, Phys. Rev, 104, 1102 
(1956). 

4H. P. Stapp, University of California Radiation Laboratory 
Report UCRL-3098 (unpublished). Phase shifts used here are of 
what he calls his best fit 





SHOROKU 


























10 
6 (degrees) 
Fic. 3. Polarization for p-p scattering at 310 Mev calculated 
from the phase shifts of sets Z and Ff by Hull ef al. (reference 9, 


Table I), and from the phase shifts by Stapp (reference 11) 
Designations of experimental points are the same as in Fig, 1 


values'*~"* are designated by circles, triangles, crosses, 
etc., a8 described more fully in the figure captions. The 
statistical errors are indicated by vertical lines. Curves 
drawn by means of broken and solid lines show, respec- 
tively, values of the polarization with and without the 
relativistic corrections. From these figures, it may be 
concluded that, in view of the experimental errors of the 
data, the relativistic corrections to the polarizations 
will not be of great importance in determining phase 
shifts before more accurate data are available. It is also 
worth mentioning that the terms in Eq. (2) arising from 
the anomalous part of the proton magnetic moment 
contribute about 70% of the total corrections. Since 


” Chamberlain, Pettengill, Segr?, and Wiegand, Phys. Rev. 95, 
1348 (1954) 

“ 1), Fischer and J, Baldwin, Phys. Rev. 100, 1445 (1955) 

“ Chamberlain, Segrét, Tripp, Wiegand, and Ypsilantis, Phys 
Rev. 105, 288 (1957) 

* Baskir, Hafner, 106, 
1957) 


Roberts, and Tinlot, Phys. Rev 564 
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¥ Fic. 4. Relativistic corrections for triple-scattering parameter A 
calculated from Eq. (5), using the phase shifts by: (a) Hull et al. 
(reference 9), set A, 310 Mev; (b) Stapp (reference 11), 310 Mev; 
(c) and (d) Saperstein and Durand (reference 10) 200, and 310 
Mev, respectively. Nonrelativistic values of have been used 
The center-of-mass angle @ is in degrees 


these terms have been found to be especially affected 
by the wave function distortion mentioned above,* more 
detailed consideration than Garren’s of the effects of 
the anomalous moment seems necessary to derive 
quantitative conclusions. 

Of the relativistic corrections for three triple-scat- 
tering parameters, Eqs. (3), (4), and (5), A(Aq) is the 
only one to be considered, the other two being entirely 
negligible. Also the relativistic corrections for the un- 
polarized cross section o calculated from the amplitude 
(1) is equal to A(Da), Eq. (3). Therefore, the non- 
relativistic values of o have been used to estimate 
values of A(Pa)/a and A(Aa)/a from A(Pa) and A(Aa). 
Figure 4 shows A(Aqa)/e for sets of phase shifts obtained 
by Hull et al.,° Saperstein and Durand,” and Stapp." 
Except at very small angles, i.e., 9< 10°, this quantity 
does not contribute significantly in estimates of correc- 
tions to the nonrelativistic values of A and may not be 
needed in a phase-shift analysis. 

The author wishes to thank Professor G. Breit for 
suggesting this calculation and for his continued advice 
during its course. 
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Direction of Polarization Produced by Quasi-Elastic Scattering 
of 315-Mev Protons* 


HuGu BRapNeR AND WILLIAM IspeLe 
Radiation Laboratory, University of California, Berkeley, California 
(Received June 21, 1957) 


iY 


Protons scattered quasi-elastically with energy 315 Mev at 13° from a beryllium target in the Berkeley 
synchrocyclotron were brought out of the machine, slowed by absorbers, and scattered in helium at 765 psi 
absolute pressure. Scattering events at angles of 90°+22.5° were detected in nuclear emulsions. Observed 
asymmetries in left versus right scattering of protons with energies below 14 Mev were used, in conjunction 
with phase shifts from p-He scattering data, to compute the direction of spin polarization. We find spin 
up from left scattering, in agreement with the predictions of spin-orbit coupling theory and with the findings 


of other experimenters. 


INTRODUCTION 


HIS is the final report on an experiment'’ to 

determine the spin direction in the polarization 
experimentally observed’ from small-angle quasi-elastic 
scattering of high-energy protons, The results presented 
here are a confirmation, with somewhat improved 
statistics and background, of work by Marshall and 
Marshall‘ and by Brinkworth and Rose,’ who did very 
similar experiments. These experiments indicate a 
direction of polarization in agreement with theoretical 
predictions based on spin-orbit coupling.* 


PRINCIPLE 


When a beam of low-energy protons with polarization 
P is scattered from a material such as helium with 
known polarizing properties, it can be shown that the 
scattered beam will have an asymmetric angular 
distribution, 


G(OOEi,P) = g(OL)A+PP (OE) cosp:), (1) 


where P,(6,2,) is the polarization that would be 
present if an unpolarized proton beam of energy £, 
were scattered at a center-of-mass angle 6; in helium, 
while ¢; is the angle between the plane of scattering in 
helium and the plane of original scattering which 
produced the polarization P.’ 

The function P;(6,42;) can be calculated for energies 
up to about 15 Mev from phase shifts for proton 
helium elastic scattering.’ The polarization of a higher 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

'H. Bradner and E. IHloff in Physics Division Quarterly 
Report, UCRL-2691, 1954 (unpublished), p. 23. 

*H. Bradner and W. Isbell, University of California Radiation 
Laboratory Report UCRL-3656, June, 1957 (unpublished). 

* Oxley, Cartwright, Rouvina, Baskir, Klein, Ring, and Skillman, 
Phys. Rev. 91, 419 (1953); Chamberlain, Segré, Tripp, Wiegand, 
and Ypsilantis, Phys. Rev. 93, 1430 (1954); Marshall, Nedzel, 
and Marshall, Phys. Rev. 93, 927 (1954). 

*L. Marshall and J, Marshall, Phys. Rev. 98, 1398 (1955). 

*M. J. Brinkworth and B. Rose, Nuovo cimento 3, 195 (1956) 

* Joseph V. ™) ore, Phys. Rev. 79, 137 (1950); E. Fermi, 
Nuovo cimento 11, 407 (1954); Snow, Sternheimer, and Yang, 
Phys. Rev. 94, 1073 (1954); W. Heckrotte and J. V. Lepore, 
Phys. Rev. 95, 1109 (1954). 

’See, for example, Joseph V 
(1950). 


Lepore, Phys. Rev. 79, 137 


energy beam can be determined by passing the protons 
through a degrader before scattering them in helium, 
since Wolfenstein has shown that reducing the proton 
energy in this way produces negligible depolarization." 


METHOD 


In this experiment a 7324:8% polarized beam of 
31545 Mev protons was obtained by scattering 
protons from a 1-in.-thick beryllium target in the 
circulating beam of the 184-in, synchrocyclotron.’ The 
beam, scattered outward, i.e., “‘left’’—-was collimated 
to a 1-in. diameter and passed through a copper and 
iron absorber before entering the helium-filled scattering 
chamber. The energy-degraded protons entering the 
helium had an essentially flat energy distribution 
between zero and the upper measured energy of 14 Mev 

The chamber was surrounded by 4-in. lead shielding. 
Backscattering was reduced by making the chamber as 
long as was practical for handling. 

The 200-micron C2 nuclear emulsion plates were 
placed in the chamber as shown in Fig, 1 with their 
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Fic. 1. Schematic drawing of scattering-chamber arrangement 
Lower right: enlarged view of nuclear emulsion plate holder 


*S. Wolfenstein, Phys. Rev. 75, 1664 (1949), 
* Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956) 
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F106, 2, Graph of computed values for polarization P that would 
be produced when protons of incident energy E (lab) are scattered 
at center-of-mass angles ¢ in helium. Values were computed 
from phase-shift analyses of proton-helium scattering experiments 
up to 9.48 Mev, and by extrapolation of the phase shifts up to 
14 Mev, 


faces horizontal so that the range and direction of the 
scattered protons could be accurately determined. 

Three exposures were made. The first run was made 
with the polarized beam and with the chamber 
filled with helium at 765 psi. The second run was 
similar except that an unpolarized proton beam was 
used to provide a check on systematic errors in the 
system, The third run was like the second, but with 
the helium chamber evacuated to determine background. 

Each plate was scanned twice. Range and horizontal 
and azimuthal scattering angles were measured for 
tracks entering the emulsion at 90°+ 22.5° to the beam 
direction, Only tracks with ranges corresponding to 
incident-proton energies of 3.5 to 14.0 Mev were 
considered, 

All together, 296 tracks in the polarized plates and 
309 tracks in the unpolarized plates were recorded. 
These include 13% background, computed from data 
obtained from the third run, The angular distribution 
of the background tracks was calculated and was 
correlated with the polarized tracks by noting the 
tracks in the poiarized plates that passed the range and 
angle criteria but were traveling in the backward 
direction, These tracks provided a basis of comparison 
with similar tracks in the background plates. 


ISBELL 


ANALYSIS 


In the interest of brevity, we follow the nomenclature 
and analysis method of Marshall and Marshall.‘ Their 
equations are in agreement with a more formal treat- 
ment of the maximum-likelihood method applied by 
Solmitz to this particular experiment.” 

It is obvious from our Eq. (1) that the probability 
of having found an event with characteristics (6,E,) 
is proportional to o;; hence the probability of finding 
the events (6:6:2;), (OaprE2), --: (Onb.E.) is propor- 
tional to the product of the corresponsing o,’s. Calling 
the true value of the polarization P*, and expanding 
Ing in a Taylor’s series about this value, we find that the 
experimental values of P lie in a reasonably narrow 
Gaussian distribution about P* if the term in (P—P*) 
is zero and the terms beyond (P—P*)* are small. 
Following this reasoning we obtain the Marshalls’ 
condition (4), 


4 P, cose ) 
Right \1+PP, cosd,] pape 


P; cos; 
=> (= —) » &% 
lett \1— PP; cos; pare 


The expected polarization P;(0,2,) was computed in 
terms of phase shifts for proton-helium scattering, 
following the treatment by Lepore.* With proper 
treatment of the Coulomb dependence, Lepore’s 
treatment is in agreement with that of Wolfenstein.* 
Calculations were made in 0.5-Mev intervals from 
3.5 to 14.0 Mev by IBM-CPC machine using the 
phase shifts through d wave for low-energy proton- 
helium scattering." Coulomb dependence was included. 
Phase shifts were extrapolated graphically in the region 
from 9.48 to 14.0 Mev. Computed polarizations for 
even integral energies are shown in Fig. 2. The complete 
set of curves is contained in reference 2. Our values are 
in good agreement with curves by Dodder" and with 
curves by Brinkworth and Rose.’ The results are only 
in qualitative agreement with the curves of Marshall 
and Marshall.’ 

Figure 3 shows the weighted sums of the left vs 
right scattering, as a function of assumed polarization 
of the beam incident on the helium. The standard devi- 
ation indicated in this figure was obtained by computing 


P; COS; . 
lst 
Right \1+-P*P, cos, 


P; cos; fe 
(SLT 
lett \1— P*P; cos; 


” Frank Solmitz (private communication). 

"D. C. Dodder J. L. Gammel, Phys. Rev. 88, 520 (1952). 
We used the values listed as “A” in their tabulation. 

"1D. C, Dodder (private communication). 





QUASI-ELASTIC 


The higher order terms of our expansion gave 
AP? (AP) 

> Ino;(P) =const— (—) _ (4.92) 
0.14 3 


(AP) (AP)S 
~——(752)+——(0.99) +--+, (4) 


where AP= P— P*. 
DISCUSSION 


Our computed polarization of +0.30 indicates that 
the nuclear polarization of 315-Mev protons scattered 
out of the Berkeley synchrocyclotron is in the direction 
predicted by spin-orbit coupling theory. If we consider 
our results statistically, we see that the sign could be 
reversed only if our data were in error by 2.8 standard 
deviations or more. 

Our computed magnitude of polarization does not 
agree with the known magnitude of the original beam 
polarization.’ The randomly distributed background 
would not lower the polarization from 70% to our 
observed value. 

The effect of the background h,(6,22,) can be treated 
by adding this function A; to Eq. (1). Following the 
argument presented in reference 2, we conclude that 
the polarization computed in the presence of back- 
ground should be corrected by a factor of 1.1 or 1.2. 

An unknown, but possibly large, source of error is in 
the choice of phase shifts. Predicted polarization is 
sensitively dependent on the choice of phase shifts 
taken from scattering data. For example, the errors of 
+3° in S-wave and +2° in P-wave shifts in the work 
of Kreger ef al.” produce uncertainties of about 25% in 
double-scattering polarization in the experiment by 
Scott and Segel.“ 

Our phase shifts were extrapolated graphically in 
the region above 9.48 Mev. At 13 Mev our 5,* and 
Sy phase shifts were respectively —3° and +8° away 
from the corresponding shifts that would be obtained 
by linear extrapolation of the logarithmic derivative, 
(aY), of the P-wave functions."" 

Recently Brockman has computed phase shifts from 

” Kreger, Jentschke, and Kruger, Phys. Rev. 93, 837 (1954), 

4M. J. Scott and R. E. Segel, Phys. Rev. 100, 1244 (A) (1955). 


4D. C. Dodder and 8. L. Gammel, (reference 11). We have 
adjusted the abscissa of their Fig. 1 by a factor of 5/4. 
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Fic. 3. Scattering of polarized beam in helium. Plot of weighted 
sums of left scattering ard right scattering events os assumed 
initial polarization P. A correction for background has been made, 
The maximum-likelihood value of P is at the intersection of the 
two curves, vis., +0.30. The error shown (40.108) is the statistical 
standard deviation #, computed from Eq. (3). 


17.5-Mev p-a scattering data,’* If the linear relation 
between (a¥) and energy is made to fit his 17.5-Mev 
p-wave shifts as well as the lower energy data, the 
resultant S,;* and S; shifts at 13 Mev are found to 
be approximately —4° and +6° different from the 
values we used for computing polarizations. The 
differences between extrapolated: and interpolated 
values for the other phase shifts have not been es 
timated; but the effect on the predicted polarization 
can clearly be large. 


CONCLUSION 


The direction of polarization produced by small-angle 
quasi-elastic scattering of protons on beryllium is 
found to agree with the predictions of spin-orbit 
coupling theory. The difference in magnitude between 
computed and previously measured polarization of 
the beam can probably be accounted for by uncertain- 
ties in the phase shifts for the proton-helium elastic 
scattering. 
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Asymptotically in the limit of high energies, successive approximations are obtained for the problem of 
potential scattering where the total phase shift through the potential is not small. Only the Schrédinger 
wave equation is treated. The method consists of first applying the stationary-phase approximation to the 
integral equation and then solving the resulting equation by iteration to derive the asymptotic behavior 
of the field, In particular, seme information about the radiation field is obtained. 


1, INTRODUCTION 


N order to apply the Born approximation to problems 

of potential scattering, it is necessary that the 
velocity of the incident particle be very high. That is, 
if V and R are rough measures of the depth and range 
of the potential, and » is the velocity of the incident 
particle, it is required that 


; |VR/ho| <1, (1.1) 


in addition to the condition that V be small compared 
with the kinetic energy of the incident particle. In the 
study of the scattering of fast electrons by heavy 
nuclei, for example, Eq. (1.1) is often found to be too 
restrictive. The situation where V is small compared 
with the kinetic energy, but where (1.1) is violated, 
has been studied by Moliére, Glauber, Schiff,’ and 
others, (Schiff’s paper may be referred to for a fuller 
introduction to this subject and a bibliography of 
earlier work.) Their results take the form of the first 
Born approximation with an appropriate phase factor. 
It is therefore natural to try to determine the next-order 
approximation. It is the purpose of this paper to give a 
method of finding all higher order approximations in 
the simplest case of a smooth potential, and in particular 
an explicit computation for the second-order approxima- 
tion in this case, For simplicity the work is limited to 
the Schridinger equation. 

Certain problems in other branches of physics are 
mathematically similar to the quantum-mechanical 
problem of high-energy potential scattering. An example 
is the scattering at high frequencies of an electromag- 
netic wave by an obstacle whose relative dielectric 
constant is close to unity. In such problems the function 
corresponding to the potential often has finite discon- 
tinuities, which greatly complicate the treatment. It is 
hoped that this will be discussed in a later paper. 

A generalized Born series appropriate for the present 
situation is given in the appendix. This is not believed 
to be of great theoretical value but may be useful for 
practical purposes. 


* Gerard Swope Fellow of the General Electric Company. Work 
also nope om pont by the Office of Naval Research, the Signal 
Cor,s of the U. S, Army, and the U. §. Air Force, Now Junior 
Fellow of the Society of Fellows, Harvard University 

'L. L. Schiff, Phys. Rev. 103, 443 (1956), 


2. FORMULATION OF THE PROBLEM 


In order to study the problem at hand, it is necessary 
to formulate it asymptotically (in Poincaré’s sense), 
i.e., in a manner such that a parameter, in this case the 
wave number, approaches infinity. Let the Schrédinger 
equation be written as 


(A+#—V'\y=0, (2.1) 


where & is the wave number at infinity. This equation 
has been reduced so that h’k’/2m is the energy of the 
incident particle, and h*V’/2m is the actual potential 
energy. Thus (1.1) becomes | V’R/k| <1. Therefore, for 
the present purpose, let the high-energy approximation 
be defined through the requirements 


|\V’|<«e and |V’R|~k. 
Accordingly, let 


(2.2) 


V’=kU, (2.3) 


so that (2.1) becomes 


(A+ —kU )p=0. (2.4) 


This equation is to be solved asymptotically for k-« . 
The problem is now well defined. 

It should be noted in particular that as yet no condi- 
tion has been imposed on the function U. In this paper 
U is assumed to possess as many derivatives as needed, 
but this is by no means necessary. For example, U may 
be discontinuous as mentioned earlier, or it may have a 
singularity as in the case of a Yukawa well. This resolves 
the dilemma which arises when U is required to vary 
slowly over one wavelength and yet may be discon- 
tinuous or singular. Certainly, such a discontinuity or 
singularity requires special attention; it causes a 
number of complications that are not considered in this 
paper. 

Let the incident field 


yin? = ¢ the 


(2.5) 


represent particles moving in the negative x direction. 
If G is the free-space Green’s function with a coordinate 
representation given by 


eitlt r’| 


G(r— 9’) = —_—_ 


= ae (2.6) 
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then it follows from (2.4-2.5) that 


vue *—kGUY. (2.7) 


Uyt+kUGUy=Ue™. (2.8) 
It is covenient to introduce the quantity 
J(r) =U (ep (nje™, 


which is not expected to vary too rapidly. With (2.6), 
the function J satisfies 


(2.9) 


eke r’|+2-2’) 
1) +Ku(e) f 
KR 4n\r—r'| 


where E is the entire space. This is the integral equation 
to be solved asymptotically for k-~. 

If (2.10) is solved by iteration, the resulting Born 
series may be integrated by the stationary-phase 
method term by term and then summed as was carried 
out by Schiff. Alternatively, it is possible to use the 
stationary phase method in (2.10) to perform the 
integration over E, provided J(r’) is a slowly varying 
function of position. If this is done, the result is an 
integro-differential equation which may be solved by 
iteration. Eventually, it is verified directly from the 
solution (4.12) that J(r’) is indeed slowly varying. This 
program is carried out in the next sections. 


J(r’)de’=U(r), (2.10) 


3. STATIONARY-PHASE INTEGRATION 


If J(r’) is slowly varying, then the integral, 


ether t'|42-2’) 
[= f re I(r)dr’, 
g 4e|r—r’| 


may be expanded as a power series in 1/k by the method 
of stationary phase. Even in the Born approximation, 
there is little occasion to go beyond the third approxi- 
mation. Therefore, no attempt is made here to write 
down the general terms, even though this is not difficult. 
Let the coordinate system be translated such that the 
new origin is at r. In this coordinate system, and without 
changing the notation, it follows from (3.1) that 


gikt(r’ z’) 
/ f . T(r’)dr’. 
, forr’ 


Let (x’,R’’) be the cylindrical coordinates about the 
x axis. Then 


7 s e 
I=} f dx! f R’dR’ 


where J is an average given by 


(3.1) 


3.2) 


ik 


1g 


J(x.R’), (3.3) 


(r 
/ 
r 


1 , 
J (xR) = frends (3.4) 


Ls , 


For the integral in (3.3), the points of stationary phase 
lie on the positive half of the x axis. Therefore it is 
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natural to split the integration with respect to x’ into 
two parts, /” and /-,°. Let the two parts be called 
I, and /_, respectively. The part /, is to be considered 
first. 

For J,, let the variable ¢’ =r’ —’ be used instead of 


R’. Thus 
l= if ax f dee’ J (x’,R’). 
0 0 


Since k->, the presence of the exponential factor 
suggests the expansion of J (x’,R’) into a power series 
in £’. The first three terms are 


J (a RJ ot Qe t+ (J 2x t+, 


(3.5) 


(3.6) 


where 


ay 


(= (3.7) 
a(R”)* 


(x’ 0) 


Note that J(«’,R’) is an even function of R’, With an 
interpretation according to Abel summability, the sub- 
stitution of (3.6) into (3.5) gives 


1sl a 1 - 
( )f dx’ J o(x’)4 f dx’ x’ J \(x’) 
2 ik 0 (ik)* 0 


1 Z 
f dx'[ J y(x") + 2x’ J 9(x’) ]4 
(ik)® #4 


(3.8) 


Within the order of approximation of (3.8), it is 
sufficient to use 


J (x ,R’) & J (0) +2) 0 (0) +: 
With (3.9), / 


(3,9) 


for the evaluation of J is given by 


“ oF ] 
/ if ax’ | R'dR'—e* (+) J ( 
- r r’ 
1 1 


ca 
J (0)-4 
8 (ik)* 


rv’, R’) 


J (0) 
4 (ik)? 


(3,10) 


It only remains to perform a translation of the coor 
dinate system, Note that the functions J; as defined in 
(3.7) are really functions of the position coordinate, 
Therefore, it follows from (3.8) and (3.10) that, in a 
rectangular coordinate system. 


1/1 _ 
( )f dx! J (x’ y,2) 
2N ik/ ¥, 
1 * 
{ If dx! (x! ~— x) J (2 y,2)4 Vays)| 
(ik)*L, 


] £ 
If dxf J \(x',y,2) + 2(x’ t)*J a(x’ ,y,2) ] 
(kV, 
l 


I (x,y,2) 


0 


. Hay) |+ 
8 Ax 


(3.11) 


This is the desired formula for / as defined in (3.1) 
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4. SOLUTION OF THE INTEGRAL EQUATION 


When (3.11) is substituted into (2.10), the following integral equation is obtained : 


° a 
U(xya) =I x98) -—U(aya) f dv Jdya)+—U aya) | f du (2 — ie 9)+ 1 (a2) 
1 * t t s 


1 1 ad 1¢a 
- Usa] f dx! J (x ,v,2)+2(x’ —x)*J o(x’,y,2) ]+- Jay) [+ ‘+, (4,1) 
i (ikyLJ, 8 dx 


Since k-+®, a first approximation to the function J 
may be obtained from (4.1) by neglecting all terms 
involving a negative power of k. The result is simply 


1 a 
U (2,y,2) = J (x,y,2)— : Unga) f dx’ J (x',y,z). (4.2) 
4 i . 


This is essentially a differential equation in « for each 
y and z. In particular, therefore, the deviation of the 
direction of motion of the particles from the x axis is 
at most of the onder of 1/k. The exact solution of (4.2) is 


1 a 
J (x,y,t) = U (x,y,2) exp(— f U(ayadds J. (4.3) 
i 


This justifies the use of a phase correction in solving 
problems of high-energy scattering. 

Next, Eq. (4.1) may be iterated with (4.3) as the first 
approximation. It follows from (3.7) that 


J \(x,y,2) =44,J (x,y,2), (4.4) 


J 4(x,y,2) = tx4/J (x,y,2), (4.5) 


where 4,= 0°/dy+ 0/02 is the transverse Laplacian. 
Let 


1 
V (x,y,2) = f U (x’,y,2)dx’, 
2i 


J 


(4.6) 


80 that 

—I 
~—U (x,y,8) 
Ox 2i 


y’ oo a « 
Also let 


1 «. 
{(x,y,2) = 1+ re f dx’ J (x’,y,2), 
i 


so that 
of 1 
f'=—=—J (x,y,2). 
Ox 2 


(4,9) 


In particular, if (4.3) is used in (4.8) in order to obtain 
a first approximation /;, the result is 


fume”. (4.10) 


This first a’yproximation of f can now be substituted 
in (4.1) in order to obtain a second approximation to J. 
It follows from (4.8) that 


re bd ae j ‘i =( 
f J+ f ifilx’y,2)— fr |-o (4.11) 


and that the boundary condition is f(*,y,z)=1. The 
solution of (4.11) is 


if 
J (x,y,z) ™ Ulayaeroan| i- | U (x,y,2) 
2 


_s 


1 s* 1 
+ : f U*(x’,y,2\dx' +— f dx’ é Viz’ ye) 
8i ¥, 2i 


a 


- F | 
x(—+—)erwna] (4.12) 
dy ad 


The third approximation may be found by another 
iteration, 

Since J does not have an exponential factor involving 
k, the stationary phase argument used in the last section 
is justified. With J determined, the total field y at any 
finite point of the space may be found directly from 
(2.9). 


5. RADIATION FIELD 
Asymptotically, as r+ for fixed k, the total field is 


et*r 


V(rn=(rf)~e wer 4 _ fra(#), 


r 


(5.1) 


where / is the unit vector in the direction of r, and 
when f™(#) is the radiation field. This can be easily 
obtained from (2.7) and (4.12). The reason that (2.9) 
cannot be used is that in general the two limiting 
operators r+ and k—+* do not commute. The result 
is 


k 
matte —— f ) exp(—ikx’+ikr’ -f)dr’. (5.2) 
dn vs 
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In particular, the forward radiation field is 


k 
fort = — f I(n)dt 
dr Jy 


ik 7” ¢* . 1 
= ~ f f dyds| 1 -exp(— f U(sya)dx) (1- f 
de Fo 1c div _. Sik 


1 


From this the total scattering cross section may be 
found. 

Let 6 be the angular deviation of the direction of ob- 
servation from the forward direction. If @ is of the 
order of 1/k, then (5.2) gives the radiation field in that 
direction. On the other hand, if @ is much larger than 
1/k, the right hand side of (5.2) is again an integral 
involving a rapidly varying phase, and, to be consistent 
with the previous development, it should again be 
evaluated by the method of stationary phase. For fixed 
§ (0), therefore, the radiation field can at most be of the 
order of k~“*"), where N is the number of continuous 
derivatives that U(r) possesses. This result is indeed 
physically obvious from a consideration of the mo- 
mentum transfer. 

The present theory is unable to give information 
about large-angle scattering, which arises principally 
irom irregularities of the potential, such as discontinu- 
ities and singularities. Therefore, attempts to get de- 
tailed information about the nuclei from data on 
large-angle scattering at high energies are justified. It 
is then necessary to treat the more difficult Dirac equa- 
tion with singularities and discontinuities in the 
potential. 

It is interesting to note that the present treatment, 
while starting with assumptions that are similar to 
those used by Schiff, leads to results that are different 
in form. It is evidently desirable to study this difference 
before attempting to apply the present method to the 
Dirac equation. 
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U*(xye)dr) 


* 


* 1 = Pi fig 1 s 
f da -ew(- f U (x’y,2)dx’ I + ) exp( f U(e'.ya)ds ) 5 ae (5.3) 
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APPENDIX. GENERALIZED BORN SERIES 


Although the Born series is useful only for the situ 
ation k>| V’R|, it is not a power series in 1/k. For the 
case k~ | V’R|, an analogous rapidly convergent series 
may be obtained by writing (2.10) in the form 


s 


1 
J (x,y,2)— Uae) f dx’ J (x’ y,2) 
2i 


7 


1 z 
Uta 4 f ek "OT (x y,2)dx" 
2i 


a 


eke ites’) 
ef [J (x’,y’ 2") ~ J (x’,y,2) vr 
K j 


4nit—r 
(A,1) 


A generalized Born series may be obtained from (A.1) 
by using the iterative procedure given in Sec, 4, The 
resulting series is rapidly convergent if the function 
U (x,y,z) satisfies a Hélder’s condition. 
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Mean-square radii of the charge distribution of nucleons are obtained in closed form in terms of meson 
field operators, by applying a certain transformation to a relativistic one-nucleon theory. They are evaluated 
by using the pion distribution as given by a modified extended-source theory which takes into account 
part of the recoil energy of the nucleon. Such a theory derives from the original one-nucleon theory as a 
result of an expansion in inverse powers of the nucleon mass. The result shows that the radius of the nucleon 
core, which arises solely from recoil, is much smaller than the one inferred from electron-proton scattering 
experiments, On the other hand, the recoil correction to the static charge distribution of the pion cloud 


is negative and so large as almost to cancel the latter 


1. INTRODUCTION 


ECENT experiments of electron-proton scattering 
by Hofstadter and his collaborators,’ when 
combined with the result of the electron-deuteron 
scattering experiment by McIntyre’ and also with the 
known result of the electron-neutron interaction, give 
a very large value, 0.77X10~" cm, for the root-mean- 
square radius of the nucleon core. As Yennie, Lévy, 
and Ravenhall’ showed by simple physical arguments, 
it seems very difficult ot obtain such a large core size 
from conventional meson theory. From the point of 
view of local meson theory, the nucleon core size, which 
is simply the size of the isotopic-scalar part of the 
nucleon charge, can arise only from recoil, It is the 
purpose of the present paper to estimate the contribu- 
tion of recoil to the charge radius of nucleons, using the 
pion distribution as given by a modified version of the 
extended-source theory of Chew.‘ The first problem 
is then to find the proper expressions for the charge 
radius of nucleons in terms of meson field operators. 
For this purpose, we adopt a relativistic one-nucleon 
theory and eliminate the translational degrees of 
freedom of the nucleon by exploiting the momentum 
balance between the nucleon and the meson field in 
the rest system (Sec. IT). 
The recoil core radius we obtain in this way is of 
kinematical origin and has a clear classical meaning. 
Classically, the recoil core radius r, will be given by 


r, - (> urs)" M’, 


where M and yu are the masses of the nucleon and the 
pion, respectively, and r,; are the coordinates of the 


mesons present. Since pions must be treated relativ- 


istically, w should be replaced by the energy w,, 


rf ms (> wa's)?/ ds ., 


* Now at Hiroshima University, Hiroshima, Japan 

‘R. N. McAllister and R. Hofstadter, Phys. Rev 
(1956); E. E. Chambers and R. Hofstadter, Phys 
1456 (1956) : 

* J, McIntyre, Phys. Rev. 103, 1465 (1956) 

*VYennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
(1957). It will be denoted as Y-L-R in this paper 

‘G, F. Chew, Phys. Rev. 95, 1669 (1954) 
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The quantum-mechanical analog of this would be 
the expectation value of 


(f H,(a)uin) /w. 


where H,(z) is the energy density of the pion field. 
This is exactly what we shall obtain in the next section. 
We also obtain a quantity which can be interpreted as 
the recoil correction to the static charge distribution of 
the pion cloud, This recoil term can also be obtained 
by a purely classical argument as will be shown at the 
end of Sec. Il. Therefore, these recoil terms are not 
the specific products of the relativistic one-nucleon 
theory we use for their derivation, but are of more 
general kinematical origin. 

The final Hamiltonian we use to evaluate the above 
quantities will be derived by a nonrelativistic reduction 
of the Hamiltonian obtained in Sec. II, and also by an 
arbitrary smearing out of the interaction term. It 
contains the recoil energy P,?/2M in addition to the 
Chew Hamiltonian. P, is the momentum operator of 
the pion field, The part of ?,?/2M which is diagonal in 
the occupation number of the meson field will be 
treated rigorously. The other part involves the transi- 
tions of at least two mesons with different angular 
momenta, and will be neglected. The result of the 
calculation shows, first, that the recoil core size can 
never be as large as 0.77 10~" cm, with any reasonable 
choice of coupling constant and cutoff. Secondly, the 
recoil correction to the static pion charge radius is 
negative and so large as almost to cancel the static 
pion size itself. (In this paper, the word size will be 
used to mean the rms radius of the charge distribution.) 
A detailed discussion of these results will be given in 
Sec. IV. 

Il, DERIVATION OF MEAN-SQUARE RADIUS OF 

NUCLEON CORE AND PION CLOUD 


The Hamiltonian for the system of a nucleon (of 
coordinate x) interacting with symmetrical pseudoscalar 
meson fields ¢ is given by 


H = —ia-9+8M+H,+ goondr(x), (1) 
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where H, is the total kinetic energy of the pion field, 
and p2:=Baag13, The summation over the isotopic-spin 
component \ should always be taken. The units 
h=c=1 will be used throughout. The state vector 
(x) corresponding to the above Hamiltonian is 
implicitly a functional of meson field variables. The 
charge-density operator of the system (divided by e) 
is given by 

p(z) =4(1+73)b(a—x)+p,(2), (2) 


where p,(z) is the mesonic charge-density operator. 
We consider the matrix element of the electrostatic 
interaction of a nucleon with an external field Ao(x). 
It is given by 


Mam f (®v(a){ fot Anters |04(x) Jo (3) 


Here #, and #, are the real nucleon states of momen- 
tum p and p’, respectively, and satisfy* 

PO, = p?,, 

HO,=E,0,; (E,=(p?+M")'), (4) 


and the analogous equations for ®,. The total-momen- 
tum operator P is defined by 


P= —iv+P,. (5) 


We shall not write explicitly the indices for the spin 
state of ®,. 
Now, we define the center of gravity of the system® by 


xmsf ar] sera + f(a) a—n)ae]| (6) 


where {A,B}=@AB+ BA. From (1), (5), and (6) we 
have 
[P,X,)= — 104, 4, (7) 


(HX; |= —iP,/H. 
The former follows immediately from the equation 
(P,,F (2) ])=ivF(2) 


that holds for any operator F(z) of the meson field. 
The latter can be obtained by writing H, explicitly 


* In order to insure the energy-momentum relation indicated in 
Eq. (4), we should always assume the presence of a subtraction 
term —(6M)§ in the Hamiltonian (1), although the term is not 
explicitly written there for the sake of simplicity. The algebraic 
manipulation of this section is not changed by the presence of this 
subtraction term. The only thing necessary is always to interpret 
the mass M as the renormalized mass. 

* The definition (6) for the center of gravity differs from the 
one given by Mgiler by a term (mXP)H~*, where m is the 
internal angular momentum of the system. However, this term 
commutes with P and H, and does not modify any expression 
that follows in this paper. In fact, if we add this term to X in 
the transformation (9), it vanishes. See C. Mdller, Communica 
tions of the Dublin Institute for Advanced Studies Ser. A, No. 5 
(1949). 
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in terms of the canonical variables ¢@ and m and by 
using their commutation relations.’ Using X, we can 
generate the real-nucleon state of momentum p from 
the state at rest by the following transformation : 


, =exp(ip- X)p. (9) 
In fact, from (4) and (7) we have 
Pd)=(P, exp(—ip- X) },+exp(—ip- X)P@,=0. (10) 
Also, using (4) and the relation 
[ H", exp(ip- X) ]=exp(ip- X)(p?+ 2p-P) 
that follows from (7) and (8), we obtain 
H*hy= M*%y, 


By examining the infinitesimal transformation in the 
limit of p-0, we can easily fix the sign of the energy, 
and we have 


Hdo= MB, (11) 


We can further show that the transformation conserves 
the direction of polarization, so that the spin state is 
not changed, The matrix element (3) can now be 
written as 


m= { (ou, exp( —ip’- W)| f ocaravtay] 


Xexp(ip: X)s(x) Jax (12) 


Next, we perform a unitary transformation 


o(x) = exp(—iP, -x)Wo, (13) 


to eliminate the nucleon coordinates. From (5) and 
(10), we have 


VVo=0, (14) 


which shows that Wo is independent of the nucleon 
coordinates. Correspondingly, an operator O is trans- 
formed according to 


O—exp(iP, -x)O exp(—iP, -x), 


Especially, an operator f(z) of the meson field is 
transformed like 


F (4)-9F (a—x), (15) 


Hence, the Schrédinger equation (11) becomes 
HY,=MWVo, (16) 

with the new Hamiltonian 
H = —ia-¥+6M —a-P,+H,+gp2rgr(0). (17) 


The @-¥ term can be dropped when operated on VW» 


’ See, for instance, Gregor Wentzel, Hinfdhrung in die Quanten 
theorie der W dlenfeder (¥ ranz Deuticke, Vienna, 1943), 
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From (6), the transformed center of gravity is given by 


x =i{a-| stain + faces] 


=x— hia, }+4(H-,R), 


where we have defined an operator R by 


R= f H(a)ndn (19) 


In (18), H represents the new Hamiltonian (17), 
The charge density operator (2) becomes 


p(t) =4(1+175)6(2—x)+-p,(2—x). (20) 


Correspondingly, the transformed matrix element M, 
is obtained from (12) by replacing X and p(z) by their 
new definitions (18) and (20), respectively, and also 
%o(x) by Vo. Then, noticing from (18) that exp(—ip’ - X) 
Xexp(ip’-x) is independent of x,* we can explicitly 
perform the x and z integrations in M,. The result can 
be written in the form 


M.=(p(q))Ao(q); qQ=p'—p. 


Here Ao(q) is the Fourier transform of the external 
field Ao(x). (p(q)) is the charge vertex including all 
the mesonic corrections and is given by 


(p(q)) = (Wo, exp(— ip’ - X) exp(ip’ -x)p(q) 


Xexp(—ip-x) exp(ip- X)¥o), (21) 


where p(q) is the Fourier transform of p(z), 
p(q)=4(1 rit fool) exp(iq:z)dz. (22) 


Thus, in Eq. (21) we have completely eliminated the 
nucleon coordinates and explicitly singled out the 
momentum dependence of the matrix element of the 
charge. 

We can now compare (21) with the general form of 
(p(q)) given by Foldy*® and Salzman,” namely," 


(p(q)) = up *( Fi (q?)+4M "KP 2(g*)Ba-q uy. 


Here, uy» and u, are the Dirac spinors corresponding 
to the fina! and {uitial states, respectively. «x is the 
anomalous moment in units of the nuclear magneton. 
« and the form factors 7, and F, should have the 
suffix p or m to indicate proton or neutron, but we shall 
suppress it for simplicity. Then, the mean-square 


(23) 


*We cannot, however, combine the exponents ip’: X and 

ip’-x into a single exponent, since they do not commute with 
each other 

*L. L. Foldy, Phys. Rev. 87, 688 (1952). 

” G, Salzman, Phys. Rev. 99, 973 (1955). 

" Strictly speaking, the argument of /; and F; should be 
¢~ (Ey ~E,)*, but we can replace it by ¢@ for the discussion of 
mean-square radius, because only the quantities of order ¢ are 
involved there. 
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radius of the charge is given by 
YP )ean= (7): +4 MF (0) +2), 
where (r*), is defined by 
(9?) = —[AyP1(q*) pmo. 


(Note that (r*)., defined by (24) can be negative; for 
the meaning of these definitions, see Y-L-R.) Now, 
we shall take p=0 and p’=q in Eq. (23). Furthermore, 
we shall take the same spin states (in the nonrelativistic 
sense) for the initial and final states. Under these 
specifications we obtain, using the explicity representa- 
tions for u, and to, 


(9? en = —[Ag(p()) Jomo. 
Hence, inserting Eq. (21) (with p=0 and p’=q) into 
the above equation, we obtain 
(on = 0 | (X?-2X-x+2°)p(q)| ) 
+2( | (X—x) -i¥,(q)| ) 
+ ( — A,p(q) | ) Jono. 


In the above, we have used the symbol | ) for Wp. 
From (22), (q)qmo is the total-charge operator Q, 


(24) 


(25) 


(26) 


Om p(aena=H(I+70)+ f po(a)dn (27) 


Also, from (22), we have 


T=-ifA(@))0= f pe(s)eds, (28) 


S= —[Aso(@)].—0= ff po(a)atdn (29) 


Inserting (27), (28), and (29) into Eq. (26), and 
averaging with its complex conjugate form (since 
(r*)» is real), we obtain 


)en= (| (X—x)'Q| )—2¢ | (X—x)-T| )+( | S| ). (30) 


In the above and the following, (X—x)-T should be 
understood as the symmetrized products. The same 
holds for R-T of Eq. (39). 

Q has the eigenvalue 1 for proton and 0 for neutron. 
The expectation value {|(X—x)*| ) is a scalar in 
isotopic-spin space, and it is just what we would get 
as (r*).» for p(q)=1. Hence, it is the core size by 
definition. We denote it by 


(*)e=( |(X—x)?| ). 


The last two terms of (30) are vectors in isotopic-spin 
space, since they are linear in the pion charge density. 
We denote them by 


)e,n=2{ |(X—x)-T| ), 


(31) 


(32) 
and 


(P*)e,a= (| S| ). (33) 
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We may call (*),,.5 the mean-square radius of the 
static pion charge, and (r*),, » the recoil correction to it. 
With these definitions, the charge radii of the proton 
and the neutron are given, from Eq. (30), by 


(9) oh, g™ (9) + (#”)., ee (r*),, Ry (34) 
and 


(35) 


(Pen, n= — (9 )e, wt (*)e, B, 


where it should be understood that the right hand side 
is to be evaluated for the proton. The absence of 
(r*). for the neutron may seem remarkable because one 
would expect that both the proton and the neutron 
would get a contribution 4(r*), from the core charge. 
Of course, we have to remember that the Hamiltonian 
that defines the eigenstate | ) has been changed from 
the original one. Although the physical meaning of 
this cancellation is not very clear, we may possibly 
express it by saying that the motion of the negatively 
charged pion cloud around the center of gravity of the 
system tends to cancel the charge distribution caused 
by the similar motion of the positively charged nucleon 
core, 

Further reduction of the expressions (31) and (32) 
can be done by means of the equation 


(X—x)| )=(R—}ia)| ). 
To prove this, we first notice the relation 
(H,R)=}i{ Ha) 


which we obtain from (17) and (19). From (18), we 
have 


(X—x)| )=4(A-'(R+4ia)+M-(R—}ia) | ), 


the first term of which can be transformed, by using 
(16) and (37), to 


MH (R+-}ia)H| )= M~'(R—}ia)| ). 


(36) 


(37) 


Hence, we obtain Eq. (36). Using (36), we can write 
(31) and (32) as 


() = M-*(| Re |) 4M, 
(*)x,2= 2M |R-T| ), 


(38) 
(39) 


We can identify the second term of Eq. (38) with the 
Lorentz-contraction term {M~*F,(0) which appeared 
on the right hand side of the general expression (24). 
Apart from the second term of (38), the above 
result can be rederived by a purely classical argument 
as in the following. Let us consider a physical nucieon 
as consisting of a point nucleon core with charge eQ, 
and “pion matter,” whose charge and energy densities 
around the nucleon core are given by ep,(z) and H,(z), 
respectively, It is important to emphasize that p,(z) 
and H,(z) are defined in the coordinate system with 
the origin at the nucleon core. [ Indeed, the transforma- 
tion (13) redefined them in this way, as can be seen 
from Eq. (15).] Then, the second moment of charge 
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(divided by ¢) around the center of gravity of the 
system is given by 


rat [lard +Og-, 


where r, is the coordinate of the nucleon core in the 
barycentric system. By changing the integration 
variable z, we obtain 


Ten’ » foo(a)etde + dee pu(a)ndn + (On+0.)ré. 


Q, is the total charge of the pion cloud. Now, in the 
barycentric system, we have 


Ea, + [ Hela r,j)adz=0, 


where E, is the energy (including mass) of the core, 
By the same change of the integration variable 2, 
we obtain 


(EetHy tet { He(a)ada=0. 
But the total energy is just M. Therefore, we have 
r=—M tf Handa 


Using this, we obtain 
ro’ =S—2M"R-T+O0M"*R? 


Thus, we have reproduced our result. 


Ill, EVALUATION OF CHARGE RADII 


The operators R?, R- T, and S derived in the previous 
section are all quadrilinear or bilinear products of 
meson operators. They would easily be evaluated in 
the extended-source theory of Chew. In that theory, 
as Miyazawa" has shown, any bilinear product of 
meson operators can be reduced to the sum of a pertur- 
bation term with renormalized coupling constant and 
a correction term which is an integral over the total 
cross section for pion-nucleon collisions. The static 
meson size S is bilinear, and was evaluated by Treiman 
and Sachs” using Miyazawa’s method. (The perturba- 
tion term was calculated by Salzman” earlier.) The 
recoil terms, R? and R-T, on the other hand, are 
quadrilinear products of meson operators. However, 
as we shall see later, they reduce to bilinear products if 
we have only p-wave mesons in the real nucleon state, 
as is actually the case in the extended-source theory. 

In order to make the transition to the extended- 


” H. Miyazawa, Phys. Rev. 101, 1564 (1956); 104, 1741 (1956) 
4S. B. Treiman and R. G. Sachs, Phys. Rev. 103, 435 (1956) 
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source model from our Hamiltonian (17), we shall 
first make a nonrelativistic reduction of (17). For this 
purpose, we perform the following transformation” 


Ve exp(—iG)Vo= explipw-P,/2M)V%o. (40) 


Ihe Hamiltonian (17) is transformed according to 
HH +(iG, +496, 4G,H) + °°. 


The expansion is characterized by powers of 1/M. 
We obtain 


H= pM +H,+P/7/2M 

+ (g/2M) no Vo (0)+°-*. (Al) 
The dotted part is of order 1/M* (in the sense that the 
terns proportional to 1/M* are multiplied by odd 
Dir 1c matrices). To get the extended-source model, 
we. "bitrarily extend the still local #-¥ interaction by 
a source function. As for the recoil energy P,’/2M, 
we shall neglect the part of it that creates or annihilates 
more than one meson of different angular momenta. 
We keep the remaining part, which turns out to be 
diagonal in meson occupation numbers. We denote it 
by Hx, the explicit form of which will be given later. 
Therefore, the final Hamiltonian we use is 


H = H,+ Hat (Jo/u)n f U(x: won(x)dx, (42) 


where we have changed the energy scale by M, and 
redefined the coupling constant. R*, R-T, and S are 
also transformed by the transformation (40). How- 
ever, we shall neglect such modifications. It is easy to 
see that to use the Hamiltonian (42) and Eqs. (33), 
(38), and (39) without any modification means to 
calculate (7*), to order 1/M*, (7*),,¢ and (r*). x to 
order 1/M. The omission of the part of the recoil energy 
which is not included in Hg is also justified to this order. 
Thus, except for the arbitrary smearing out of the 
interaction term, we can consider our final set of 
equations as a result of a consistent expansion in 
powers of 1/M. If we had started from a nonrelativistic 
one-nucleon theory with an extended interaction instead 
of from (1), we would have obtained the Hamiltonian 
(42) directly by the same kind of transformations as 
described in the previous section. This might have been 
a more logical presentation than the one given here. 
However, with an extended interaction, the transforma- 
tions of the previous section become much more 
complicated, although not impossible to carry out. 
We rather prefcrred the simpler treatment. 

We shall now expand the meson field variables 


“Systematic ways of eliminating odd Dirac matrices were 
given by L. L. Foldy and 8. A, Wouthuysen [Phys. Rev. 78, 29 
(1950) ], and also by T. Tani [Soryushiron Kenkyu 1, 15 (1949) 
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¢ and m, by a set of spherical waves as follows. 
(x)= Le L wm ( 2an) ae, bw Pk 1, m(X) 
+ Herm. conj.]}, 


w(x) = Dog tm t(wn/2) fae, 1, me, 1, m(X) 
~ Herm. conj. |, 


(43) 


where w,= (k*+-y")' and 
Prk, t m(X) = (2/R)'kji(hr) Y;, m(9,¢). 


R is the radius of the normalization sphere. If we insert 
(43) into P,, each term of the resulting expansion 
contains the integral 


(44) 


J ve. L m Gk’, i, miX. 


However, the integral vanishes unless //=/4-1. This 
means that when we write P,’/2M in normal products 
of a* and a, the terms quadrilinear in a* and a always 
involve the transition of at least two mesons of different 
angular momenta. Hence, by definition, these do not 
contribute to Hz, and we obtain 


Hr= Di w(/2M) ax, mk, m, 


where we have suppressed the suffix /(=1). Hence, 
Hp» can be combined with H, to give 


A,+Hr= ar m(R?/2M + Wk) Qe, a Gi, mf 


Thus, the inclusion of the recoil energy of the nucleon, 
Hx», amounts to the change of the meson energy from 
w, to 


(45) 


(46) 


p= wet k?/2M. (47) 


If we insert the expansion (43) into R, Eq. (19), 
and T, Eq. (28), we get terms containing the integrals 


fox 4 moe, F, mk, 


Jx0vo. Lm’ Wee. v’, max. 


These again impose the selection rule /’/=/+1. Hence, 
(|R*|) and (|R-T| ) reduce to the expectation 
values of bilinear products of a* and a, since the 
eigenstate | ) of the Hamiltonian (42) contains only 
mesons in the p-state. The result of such a reduction is; 
{ |R*| ) 
= Fn wl A (omon) (onto Ge, & 
+x, we (3c? — R*)/con JD {|e Oe, m®| ), 
(|R-T| ) 
= on wl (mow) "Ga, we +25. w (So? — B) /on? 
KL wl |6(Ge, Oa’, m'— Fe, mi * Oe, m®)| ), 
( |S] ) 
= Fe 0 20 (wmon)*/ (wetow) Gr, & 


Fal li(ay me Oy’ ni Gy, may, =’) | /y 
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where 


" F 1 
Gee - fo. 4, mn Ge’, 4, wi = — kk'—— — 6(k— k’). (49) 
R_ dkdk’ kk’ 
In deriving the last two equations of (48), we used 
the relation 


Lal |4(@e, o'x,—m — Gb, mi Ge’,-m') | / 
a C (wr —we)/ (wet we) 1D mi |a( ae, ay, a! 


— Ob, may, a} ). 


The expectation values of products of a* and a are 
obtained from Miyazawa’s result’? with a slight 
modification coming from the replacement of ws by 
&, in out Hamiltonian. We obtain 


Dal [a wor, w |)» 
= (9/R)[9J(k,k’) +41 (k,k’) }, 
Dd =é |i( ae, me’, as ~~ Gy, ad To a) de 
= (w/R)[6J (k,k’)—~ 41 (k,k’) }, 
p ek” 


J (kk) =— - - 
12m? (open)? Gude 


(50) 


with 


U(Rk)U (k’), 


1 ek” 
I(k,k’)=—— —— 


U(k)U (k’) 
12%? (coun)! 





on()U(l) 
Ry a 
(wit Ge) (wit Ge’) 


where / is the renormalized coupling constant. We 
have neglected in the above treatment all the cross 
sections other than that in the (4,4) state, os. 

We shall neglect hereafter the cross-section term 
I(k,k’) although there is no difficulty in principle to 
evaluate it. The cross-section term always gives a 
correction of order 20-30% to the perturbation term 
and, therefore, cannot alter the result essentially. 
With this approximation, the result of insertion of 
(49), (50), and (51) into (48) is given by the following 
integrals (xR“"> > S dk), 


M-*( |R®| ),= (3/2/49?) f dh (ky ty?) 
0 


[(24+8?/2wk + kt/4on?-+ P,?) 
x U?-+kP,AU?/ak+k (AU /ak)*), 


2M-"( |R-T| dom (/atuta) f dh (kh? /i,?) 
0 


(52) 
(24-8 /4e? + kt/ Quy? + Pi’) 


KU? +kP OU"/dk+l? (dU /dk)* |, 


( {S| p= (2/24!) f de (K /uosin?) 
0 


X[(2+M/Bun? + PA)U 
+hP,AU"/dk+l? (AU /dk)*), 
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where 


Py=2— 2/20? — BP /wmnr— P/May. (53) 


If we put &,=e,, we return to the conventional 
extended-source theory. If we do this in ( |S| ), we get 
Salzman’s result.” 

It should also be noticed from (52) that with @,= ws. 
the three terms ( |S| ), M-'(|R-T| ), and M~*( | R*| ) 
depend on the cutoff momentum K as In(K/s), K/M, 
and (K/M)*, respectively. The recoil corrections of 
higher order than those calculated here would then be of 
order (K/M)* for the isotopic-vector part and of order 
(K/M)* for the isotopic-scalar part. For a cutoff 
momentum almost comparable with M, these higher 
order corrections might be important. It is not clear 
how much the situation can be improved by the 
inclusion of the recoil energy H x. 

The effect of the inclusion of the recoil energy Hx, 
namely the appearance & in the denominators, is 
essentially to reduce the contribution from higher 
meson momenta. This has several consequences, First, 
the values of the above quantities are reduced appreci- 
ably compared with the case of @,=w,, a8 we shall see 
in figures given below. Second, we can expect that the 
result becomes less sensitive to the detail of cutoff, 
This we can see by evaluating the term containing 
(0U/dk)* in Eq. (52). For instance, with a Yukawa- 
transform, 


U(k)=(1+-8/D*)"', (D=6y), 


the (dU /dk)* term gives about 40% of the total value 
of ( | R*| ) for dy=w,, while it gives 25% if we include 
the recoil energy, It may also be mentioned that the 
total pion charge is cut down too. With /*/4r=0.1 
and a square cutoff at 6yu, we obtain 


( |Qy| )p= 0.6 (1.0). 


The value in parentheses refers to the case Gp wy. 
Both of these values would be decreased by about 30% 
if we include the correction from the cross-section 
term. 

The following numerical values were obtained by 
using a square cutoff at k= 6y and a coupling constant 
f?/4n=0.1. The terms containing (0U//0k)* and U"/dk 
were neglected. There may be some ambiguity as to 
whether or not we should discard the term 0U/*/dk, 
since it is finite for a square cutoff. Fortunately, this 
term turns out to be very small in our case. 


M~*( |R*| ),= 0.13 (0.23) 10° cm’, 
(r*)y,.6™ (| S| )p= 0.34 (0.55) X10 cm’, 
(9*)e, n= 2M~( |R-T|), 0.34 (0.59) K10- cm’. 


The values in parentheses again refer to the case 
&, = wy. Hence, from (38), (34), and (35) we obtain 


(7°), 0.17 (0.27) 10- cm’, 
(rem, »* 0.17 (0.23) 10-% cm’, 
(7) em, «= 0.0 (0.04) X10 cm? 
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The correction to (r’),.5 from the cross section term 
wes evaluated by Treiman and Sachs” for the case 
= we, and decreases the perturbation term by 20%. 
Including the same correction, (**),.” would be 
decreased, and ‘r*), would be increased, by a similar 
amount, 

Equation (23) shows that the above figures should 
be interpreted as including the Foldy term {M~*x. This 
will be clear for (r*), which is proportional to M~*. 
Also (7*),, x should be regarded as including the Foldy 
term coming from the isotopic-vector part of the 
anomalous moment, since the latter, in units of the 
nuclear magneton, should be regarded as proportional 
to M in static theory. Then, the experimental values 
with which we compare the above numbers are 


(r*) = 0.62K10~" cm’, 
(9* ) ohn, >= 0.74 10°" cm’, 


(9*) ot a= —() 12x 10 26 « m’. 


Although the above interpretation of the Foldy term 
may be open to question, the conclusions we shall 
discuss in the next section will not be affected by this 
ambiguity. After all, the absolute values we obtain in 
such a theory should not be taken seriously. 


IV, DISCUSSION 


(ur result shows first that there is a definite tendency 
for the charge radius of the pion cloud to become very 
small as a result of the cancellation of the static pion 
size (r*),, » by the recoil correction (r’),, x. Consequently 
the smaliness of the neutron size follows, siice the 
contribution of the core size to the neutron disappeared 
already at the beginning [Eq. (35) ]. Secondly, the 
core size cannot be very large either. The above figure 
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for (r*), may still be an overestimation, since the 
analogous integral we get for the isotopic-scalar part 
of the nucleon moment in this theory gives a value five 
times as large as the experimental value. 

If the cutoff theory can be trusted to a certain extent, 
then we may conclude from the above result that the 
experimentally observed large core size must be 
attributed to something else than the recoil effect 
discussed in this paper. This does not necessarily mean 
that the conventional meson theory is unable to 
explain the large core size, because the contribution of 
the virtua! nucleon pairs is not included in the present 
calculation. The cancellation of the pion charge cloud 
by the recoil correction as shown above seems very 
remarkable. There is of course the possibility that the 
situation is completely changed by the inclusion of 
higher order recoil effect. At the same time we may 
not exclude the possibility that the pion charge size is 
actually small, and the apparent largeness of the core 
size has no relation to the smallness of the neutron 
charge radius. It may be noted in this connection that 
any fundamental! modification of the photon propagator 
may explain the apparent largeness of the core size, 
but not the smallness of the rms radius of the neutron 
(Y-L-R). The fact that the net charge of the neutron 
is zero, automatically excludes any such modification, 
as far as the second moment of the charge is concerned. 
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The cross section for electron-electron scattering in which the incident and target electrons have arbitrary 
spin orientations has been evaluated. For the special case in which the spin of the incident electron is polar 
ized along the direction of motion, two different spin effects are obtained, The first of these effects is simply 
a dependence of the cross section on the relative spin orientation ; the second effect corresponds to an up-down 
asymmetry in the cross section. Similar effects have been obtained for the scattering of polarized positrons 


on polarized electrons, 


The depolarization of electrons and muons in scattering on unpolarized electrons also has been considered, 
For electrons which lose an appreciable fraction of their initial energy in passing through matter, the depolar 
ization is appreciable. If the fractional energy loss is small the depolarization is proportional to the fractional 
energy loss. For nonrelativistic muons the depolarization which occurs as they are brought to rest in matter 


is found to be negligible. 


I, INTRODUCTION 


HE fact that we now know that beta decay 

provides us with a source of polarized electrons! 
leads to an interest in methods of measuring electron 
polarization. The use of Compton scattering on polar- 
ized electrons to detect the circular polarization of 
photons’ suggests that electron polarization can be 
measured by the corresponding experiment of Mller 
scattering on polarized electrons. Aside from the use 
of Mller scattering to detect the polarization of the 
electrons, one also is interested in the effect of electron- 
electron scattering on the depolarization of electrons in 
their passage through matter. Thus there are two effects 
in Mller scattering which are of interest. The first is 
the dependence of the cross section on the polarizations 
of the incident and target electrons; the second is the 
depolarization of a polarized electron scattered on an 
unpolarized electron, Although these two effects are 
very similar, the details of the two calculations are 
somewhat different. 

Let us first discuss the effects which would appear in 
an exact calculation of the cross section for the scatter- 
ing of polarized electrons on polarized electrons. If the 
incident electron has momentum p and spin’ in the 
direction |,, the target electron has spin in the direc- 
tion I,, and the scattered electron has momentum p’, 
the cross section will be a linear combination of terms 
of the form: 


(i-ly), (hiy-p)(le-p), (hie p’) (le p’), 
(i-p)(le-p’), (li-p)(a-p), (-px<p’), 
(y-pXp’), (hxXh-p’), (hx<h-p), (h-p)(h-pxp’) 
(p(y pXp’), (hp) pxp’), (hp) pp’). 


The coefficients of these terms are functions only of the 
scattering angle and the energy of the incident electron 


* Supported in part by the U.S. Atomic Energy Commission 
*R. B. Curtis and R. R. Lewis, Phys. Rev. 107, 543 (1957) 
* Goldhaber, Grodzins, and Sunyar, Phys. Rev. 106, §26 (1957) 
* By the direction of the spin of an electron we mean the 


direction in. the rest system of the electron. This direction is 


specified by a unit vector, | 


Those terms containing an odd number of vectors will 
change sign under either time reversal or spatial in- 
version; consequently their coefficients must have the 
same behavior. Since this behavior must be furnished 
by the Coulomb phase shifts, these coefficients must be 
proportional to these phase shifts. It follows that the 
terms containing an odd number of vectors may be 
neglected, since for electron-electron scattering the 
Coulomb phase shifts are exceedingly small and, indeed, 
vanish in the usual lowest order calculations,’ [The 
situation is quite different for the Coulomb scattering 
of electrons on heavy nuclei for which the Coulomb 
phase shifts are large and terms of the form (I, pX p’) 
give rise to the well-known right-left asymmetries, | 
The remaining terms, which contain an even number of 
vectors, will give the spin dependence of the electron- 
electron cross section, since there is no reason why they 
should be small. For example, if l= p/p and (1-1) =0 
then the terms (1,- p) (1): p’) and (1,- p’)(l,- p’) will corre- 
spond to an up-down asymmetry in the scattering 
relative to a plane perpendicular to l,. Another effect 
which appears is a dependence of the angular distribu 
tion of the scattered electrons upon the spin orientations 
of the incident and target electrons; e.g., the term 
(1,-p)(l.-p) will change sign if one of the spins is 
reversed but will not give rise to an asymmetry 

In the expression for the cross section for the scatter 
ing of polarized electrons on unpolarized electrons in 
which the spin of the scattered electron (defined as the 
higher energy scattered electron) is measured, the same 
type of terms listed above appear, where |, is now 
identified as the spin direction of the scattered electron 
Again only those terms containing an even number of 
vectors give significant contributions to the cross sec 
tion. In this case one is not interested in asymmetries 
in the, scattering but rather in the dependence of the 
polarization on the scattering angle. 

In the next section we shall discuss the cross section 
for the scattering of polarized electrons on polarized 


*C. Maller, Ann, Physik 14, 568 (1932). See also J. M. Jauch 
and F. Rohrlich, The Theory of Photons and Electrons (Addison 
Wesley, Inc., Cambridge, 1955), p, 252 
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Fic. 1. Feynman diagrams for electron-electron scattering 


electrons. The result for the scattering of polarized 
positrons on polarized electrons also will be given. In 
Secs. II] and IV we consider the problem of depolariza- 
tion in electron-electron and muon-electron scattering. 


Il. SCATTERING OF POLARIZED ELECTRONS ON 
POLARIZED ELECTRONS 


One expects that the lowest order calculation will give 
an accurate description of electron-electron scattering. 
The inadequacy of this calculation for very small angle 
scattering is not of practical importance since atomic 
binding effects, which are neglected, become important 
at small angles. The state of an electron will be de- 
scribed by giving its four-momentum p= (p,iW) and 
the direction of its spin in its rest system specified by the 
unit vector |, Following Tolhoek* we find it convenient 
to introduce the unit four-vector: 


(I-p) (I-p) 
+ p, t- ), (1) 
m(W +m) m 


which serves to describe the spin orientation. 

The cross section for the scattering of two electrons 
from states 1 and 2 into states 1’ and 2’ can be written 
in the following Lorentz-invariant form: 


S- ( 


WiWs 
da 
| (Pr pa)* 


XE Qe! My:|*8(Wy+Wy—Wy'—Wy), (2) 
f 


m*|' 


where }, denotes the sum over the appropriate mo- 
mentum conserving final states. We omit the average 
over initial states since 1 and 2 are pure states. The 
matrix element M,, consists, in lowest order, of two 
terms corresponding to the two diagrams in Fig. 1: 


(pr) yet (Pr) U( pa’ )yye( pa) 
My, = 4re* 
(pr’— pr)’ 


U( po’ )y ute ene) 
(po'— pr)? ) 


* Atomic binding effects are important when the energy loss 
in the collision is of the order of the binding energy. Binding 
effects may be neglected if the laboratory scattering angle 
O > 2ml/ (Ww mit) where / is the binding energy and W is 
initial laboratory energy 

*H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956) 


MULLIN 


This expression for M,; is inserted in Eq. (2) and the 
sum over spin states is written as a trace by use of 
energy and spin projection operators. We write the posi- 
tive-energy projection operator as (p,v,+im)y./2iW 
and the spin~positive-energy projection operator as 
(1+ tyevSs) (YePutim)y./4iW corresponding to a nor- 
malization of the plane wave amplitudes to unity. The 
cross section may then be written: 

(2m)*e! I 

=——— - ¥! ———3 (Wi + W.-W — Wy) 

| (ps pr)? —m*|! 1 W/W 


A B 


da 


C+D 
cute) 
(pi- pr')*(pi- pr’)? 
where >" // denotes the sum over final momentum states 
only, and 


A= 2{[ (pr prr)®+ (pr: pa’)* + 2m* (pr: pi’) + 2m* 
— m*| (Si°S2)(pr'— pr)? + (Si- pr’) (Sa: po’) }}, 
B= 2 (pr: pa)*+ (pr: pr’)*+ 2m? (po: pi’) + 2m* ] 
—m*{ (Si S2) (pr — pr)*+ (Sa: pr’) (Si po’) J), 
D={- 2{ (pr: po)*+-2m*( pi: po) 
+20 (Si- po) (Sa: pr’) (pr: pv’) 
+ (Sy> pr’) (Sa: pr) (pa: pr’) 
~ (Sy: pr’) (Sa: pr’) (pr: pa) 
— (Sy S2) (pr pr’) (pa: pr’) +m *(S1- po) (Sa: pr’) 
+m* (Sy: pr’) (Sa pi) +m? (Si pr) (Sa° pr) 
— 4m*"(S;-S2) (pi pa) }}. (5) 
For simplicity we now specialize to the center-of- 
mass coordinate system. In this system the energies 
and momenta of the incoming and outgoing electrons 
are related as shown in Fig. 2. The sum > /’ is the sum 
over the momentum p,'= p’, since, from conservation 
of momentum, p,’/=—p’. Upon inserting the proper 
expressions for the 4-momenta, the cross section may 


! ' 
ue 








pis -p' 


Fic. 2. Energy-momentum relations in the 
center-of-momentum system. 
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be written: 
do ri 1 
—— = ———{[(2y?—1)?(4—3 sin) 
dQ 4 y*(y?—1)* sin” 
+ (y?— 1)?(sin'#+4 sin’) ]+2(1—~y? sin) 
« (h- p’) (L- p’) —[ (4y?—3) sin” 
(y?—1)* sin# }(1,-1,)4+-2[1— (4y?—3) sin” 
+ (y—1)*(sin‘#— sin) }(1,- p)(l,- p) 
~2[1—+(y—1) sin’#) coséf (1,- p’) (1y- p) 
+(h-p)(Ie-p) J). (6) 


Of special interest is the case in which the incident 
spin is parallel or antiparallel to the incident mo- 
mentum,’ If one introduces ¥ and ¢ as the polar and 
azimuthal angles of the target spin relative to the 
incident direction and the scattering plane (see Fig. 3), 
Eq. (6) reduces to: 


ro | 
dQ " 4 y*(y*—1)* sin” 
+ (y?— 1)*(sin'9+ sin) ]—[(2y?—1) 
(y‘—1) sin? } cosy 
1) cos# sin? siny cosy}. (7) 


{{ (2y?—1)*(4—3 sin’) 


x (4y?— 3) sin’é 
— 2y(7’ 


The corresponding cross section for the scattering of 
positrons polarized along the incident direction on 
polarized electrons is: 


da* (1-+-cos#)? | 2 
ry” Dy! — 14y?+-7+ 
dQ 16y7(y?—1)? sin’ | y? 


(y?—1) (vty 
+2 ——($y?+-4) cosb+- 
Y’ y' 
: (y*—1) 
«K (Oy'+ 6y? +1) cos*6+-2 cos*6 
>‘ 
(y?—1)* (y?- 1) 
ro cos | - (y?—1)(7y?—3)4 


~' 
(y?7— 1)? 
x (7'—9y?+4) cosb+ (y?+-1)? cos*é 


(y?~—1)? 
+ (y?+1) cos | cos8) cosy 
7 


y? 


y' 


1 (-1) (1) 
. = cos6+ cov 


Y 7 - 


2y(7? -1} 


x (1—cos#) sind sinp cosy. (8) 


? After we had completed our calculation our attention was 
drawn to a preprint of a paper by Dr. A. Bincer in which the 
special case y= 0 is treated. Our results are in agreement with his 
for this case. [See A. Bincer, Phys. Rev. 107, 1467 (1957). } 
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Fic. 3, Angular relations for scattering of polarized electrons 
or positrons on polarized electrons 


In both the electron-electron and the positron-electron 
cross sections the spin dependence is manifested in two 
kinds of terms, one proportional to cosy and the other 
proportional to siny. Both terms change sign when 
either of the spin directions is reversed, and in addition 
the term proportional to siny corresponds to an up-down 
asymmetry relative to the y-s plane in Fig. 3, The 
effects of these inde 
pendently in the following pair of experiments: (1) The 
coefficient of cosy can be obtained by measuring the 
difference in the cross sections for parallel and anti 
parallel spins. (2) The coefficient of siny cosy can be 
by measuring the difference in the 
0 and ¢ the 
perpendicular to one another, To discuss these effects 


two terms may be detected 


obtained CTOsS 


sections al ¢ mr when two spins are 


it is convenient to introduce the quantity 


da*(W=Q) 
da* (y 


da*(y=m) 
A*(6,y) ' 
0) +-da*(y Ww) 


which is a measure of the relative magnitude of the 
cosy term, and the quantity 


WT 
wi(v-t 
2 


T 
io(v a= ~ 0) t da(v 
2 


which is a measure of the relative magnitude of the 
siny term. At 0= 9/2, where the quantities A* and A 
have their maximum values, 


B*(6,y) 


77° — 107?-+4 
A~(9/2,7) ' 
Dy — 147? +6 
and 
1)(77* 4) 
1*(9/2,y) 
1 1‘ t ly? +2 
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In the extreme relativistic limit (y-+“) both these 
expressions approach the limit —7/9. In the non- 
relativistic limit (y-+1), A~[(#/2),y}-+—1, reflecting 
the importance of the exclusion effect in electron- 
electron scattering, and A*{ (#/2),7}-+0, which shows 
that the corresponding annihilation effect is unim- 
portant in nonrelativistic positron-electron scattering. 
At 69/2, the quantity Bt is given by 


B67) =- 


which, of course, vanishes at 06= 9/2, At 0=a/3, anda 
laboratory energy of 1 Mev, B-= —0.05. 

As we have seen the coefficient of cosy in the cross 
sections is considerably larger than the coefficient of 
siny cosy. However, the up-down asymmetry due to 
the siny term can be studied with the advantageous 
geometry in which the scattering foil is perpendicular 
to the incident electron beam.,* 

The center-of-mass variables, 7, 0, used in the above 
formulas are related to the corresponding laboratory 
variables, 7’, #’, in the following way’: 


/ 


y' =2y'?—1, 
2—(y'+3) sin’ 
2+ (y'~1) sin” 


8(y'+-1) cosé’ 
dQ dy 
[2+ (y'—1) sin*#’ }? 


The angles ¥ and ¢ are the same in the two systems 


Ill, DEPOLARIZATION IN ELECTRON- 
ELECTRON SCATTERING 


Since the calculations are closely related to those of 
the previous section, we should like to discuss here the 
depolarization of Dirac particles scattered on electrons. 
‘This is only one of several effects which contribute to the 
depolarization of these particles in their passage through 
matter but is presumably the most important at low 
energies, Because the cross section per atom for Cou- 
lomb scattering of the particles by the nucleus is roughly 
Z times as great as the corresponding cross section for 
scattering on the atomic electrons, it might be expected 
that the depolarization due to Coulomb scattering 
should be at least as important as that due to electron 
scattering. However, a simple calculation shows that 
for small scattering angles the depolarization due to 
Coulomb scattering is negligible at all energies.'’ One can 
see this by noting first that in the Coulomb scattering 
a pure state is scattered into a pure state so that the 


*H. A. Tolhock, reference 6, p. 286 

* J. M. Jauch and F. Rohrlich, reference 4, p. 255 

This result was first obtained by M. E. Rose and H 
Phys. Rev. 55, 277 (1939) 
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2y(7?—1) sin cosé 
(2y*—1)*(4—3 sin’) + (y*—1)*(sin'#+4 sin’) 


MULLIN 


27(7?—1) 

Bt (x/2,7) = -—_—_—____-—-, (13) 
9y$— 144° +-777+2 
which vanishes at both the extreme relativistic and the 
nonrelativistic limits. At y?=2, which corresponds to a 
laboratory energy of 1 Mev, Bt{.(#/2),y ]}= —0.09. The 
azimuthal asymmetry for electron-electron scattering, 
B- (6,7), is 


(14) 


only effect is a rotation of the spin direction relative to 
its initial direction. The angle of rotation is always less 
than the scattering angle, corresponding to the well- 
known result that in the high-energy limit the spin 
remains along the direction of motion and in the low- 
energy limit the spin remains along its initial direction. 
Thus if one accepts only particles scattered into a small 
solid angle about the initial direction, depolarization 
due to Coulomb scattering is negligible. 

The calculation of the cross section for the scattering 
of an electron polarized along its direction of motion on 
an unpolarized electron in which the spin of one of the 
scattered electrons is detected, is very similar to that of 
the preceding section. The direction of the initial 
momentum is taken as the polar axis, the scattering 
angle is #, and the final spin direction is specified by the 
angles y, g. (See Fig. 4.) We obtain for the cross section 
in the center-of-momentum system, 


sin’ 


da ro? 1 | esas By'— 47? nac§ 
—1)? sin’? 


dQ & y*(y? 


1+-cosé 
ttt) ]+2027-—1) (2r- 1) 
sin’? 
1 cosé 
(H°—y—1)—+ (7-1) +r(—1) | comp 
sin?0 sin’ 
1+-cos6 l 
¢2(4—1) 2941] (2r+ ——+- 
sin’? _——sin’@ 


cos6 , 
—¥ sind siny cos¢}. 
sin’6 


(16) 


The transformation to laboratory coordinates is given 
in Eq. (15), It is convenient to introduce the fractional 
energy loss in the laboratory system, w, defined as the 
ratio of the energy loss to the incident kinetic energy. 
By using Eq. (15), w can be simply expressed in terms 
of the center-of-mass scattering angle : 

w= 4(1—cos6), (17) 


If one defines P(e,w) as the probability that if the 
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electron is scattered with fractional energy loss w, then the scattered electron has its spin parallel (« 
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+1) 


or antiparallel (e= —1) to the incident spin; then one finds 


P(ew) 
tf (21) (2y*—1)(1 


= € 


~w) — 2(3y?—¥ 


2 (2y?— 1)? — (84 — 47? — I) wl 


Ite (y—1)*(2y+1)? 


w+O(w"*). 


Pak 
2 (2y?—1)? 


In the nonrelativistic limit, 


l+e w* 
P(¢w)= — are " (19) 


It should be pointed out that these expressions are not 
valid when the energy loss in the laboratory system is 
of the order of the atomic binding energies. For such 
small energy losses the binding of the target electron 
cannot be neglected. Inclusion of these atomic binding 
effects will remove the small-angle divergence in the 
electron-electron cross section. 

At high energies one sees from the expression for the 
electron-electron cross section that the overwhelming 
majority of collisions correspond to a very small frac- 
tional energy loss. For example, an electron with 1 Mev 
of kinetic energy has a most probable fractional energy 
loss per collision of the order of 10~ or less." From 
Eq. (18) it follows that if, in its passage through matter, 
an electron loses an appreciable fraction of its initial 
kinetic energy, the probability of a “spin-flip” collision 
is also appreciable. For small total energy loss the 
depolarization is proportional to the fraction of the 
total energy which is lost. A more precise discussion of 
the dependence of the depolarization upon the energy 
loss requires a detailed statistical analysis of the 
electron-electron collisions 


OO eee meee ewe ee ewes 
~ 


J 


Fic. 4. Angular relations for scattering of polarized electrons 
on unpolarized electrons. 


“HH, me Bethe, Handbuch der Physik we Julius Springer, 
Berlin, 1933), second edition, Vol. 24, . See especially the 
helpful table on page 519 


—1)w(1—w)+2(y 


1) w(1—w) (1— 2w) +8 (y — 1)w?(1—w)*] 


w)+4(y?—1)*w*(1—w)* 


18) 


From Eq. (19) it is evident that at low energies, L.e., 
as the electrons are being brought to rest, the depolar 
ization effects of electron-electron: scattering are im 
portant. This is in fact that in 
low-energy Coulomb scattering the spin orientation is 


contrast with the 


unchanged. 


IV. DEPOLARIZATION OF MUONS 


It is of interest to consider the depolarization of 
muons in muon-electron scattering. For muon scatter 
ing the nonrelativistic limit is of primary interest 
since the muons coming from pions decaying at rest 
have Ba v/c&}. We have computed the cross section 
for the scattering of muons polarized along their dire 
tion of motion on unpolarized electrons. As in the 
discussion of electron depolarization, we define ((¢,0) 
as the probability that if the muon is scattered through 
a center-of-momentum angle @, then it has its spin 
parallel (e= +1) or antiparallel (« 1) to its initial 


spin. For nonrelativistic muons we find 


l+e mm’ 
A*{ sin? (0/2) 
2 


i 


Ole) sin*(0/2)+sin*(6/2) |, 


(20) 


where £ is evaluated in the laboratory system, and m 
and yw are, respectively, the masses of the electron and 
muon. The nonrelativistic relation between the frac 

tional energy loss in the laboratory system, w, and @ is 


w= (m/p)8* sin*(0/2). (21) 


From Eqs. (20) and (21), one sees that the depolariza 
tion of the muon is proportional to the fractional 
energy loss w. However, the constant of proportionality 
is §’m/y which is exceedingly small, 
as the muon is slowed down during its passage through 
matter, the depolarization due to collisions with ele 
trons is negligible. A simple calculation shows that the 
depolarization of the muon due to Coulomb scattering 
also is negligible. 
be brought to rest without appreciable depolarization 
After the muon is brought to rest, but before it decays, 
it will continue to interact with the electrons in the 
matter. These interactions may produce some depolar 
ization of the muon before it decays. 

The authors wish to thank Dr. M. E. Rose for a 
stimulating discussion. : 


This means that 


Thus we expect that the muon will 
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Center-of-Mass Motion in Many-Particle Systems*t 


S. Gartennaus anp C. ScHwartz 
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(Received April 29, 1957) 


An explicit construction is found for a unitary operator which insures the free motion of the center of mass 
of any many-particle wave function on which it is allowed to act. The transformation is used to calculate 
recoil correction terms for the internal energy and external interactions of nuclei, and some numerical evalu- 
ations are given for cases of interest. The many-body harmonic-oscillator problem is exactly soluble when one 
uses the transformation, and one is thus enabled to give a more general discussion of the spurious states. 


I, INTRODUCTION 


[' is a first law of physics’ that in the dynamical 
description of any isolated system of particles the 
total linear momentum is a constant of the motion. 
Despite this knowledge, one frequently disregards this 
principle in the construction of approximate wave 
functions (an independent-particle model for example) 
to describe a given state. Generally, there is good reason 
for this neglect, since if one extracts the proper center- 
of-mass (c.m.) motion for a system of A particles, the 
1—1 sets of spatial coordinates which remain to de- 
scribe the internal motions do not treat the particles in 
a symmetric manner, Thus, for example, it may become 
very difficult® to satisfy the Pauli principle for such an 
internal wave function. 

Neglect of the c.m, motion for a system of A equally 
massive particles will result in errors of order 1/A in 
, energy-level spectra, 
electromagnetic moments and transition rates, B-decay 
matrix elements, etc, These corrections may be im- 
portant for very light nuclei, provided of course one 
A accuracy. 
motion has led to 


calculations of binding energies 


can calculate these properties to at least 1 
Furthermore, the inclusion of c.m 
very important qualitative revisions as, for 
example, the N/A factor in the dipole sum rule and 
the T=0-0 forbiddenness for £1 transitions, Another 


more recent development is the recognition of the 
4 


sore 


spurious states 

One approach to the general c.m. problem which has 
been developed recently** consists of introducing three 
extra degrees of freedom into the A-body Hamiltonian 
so that one has 3 ¢.m. coordinates in addition to 3A 
internal coordinates. However, in this approach one 
must carry along a condition of constraint which 


* This work was supported in part by the U. 5. Air Force 
through the Air Force Office of Scientific Research, Air Research 
and Development Command. 

t A preliminary report of this work was presented in Bull. Am 
Phys. Soc. Ser. [1, 1, 383 (1956) 

1], Newton, Philosophiae Naturalis Principia Mathematica 
(S. Pepys, London, 1686). 

*Y. C, Hsieh and I. Bloch, Phys. Rev. 101, 205 (1956) ; 96, 382 
(1954); also 96, BS5(A) (1954) 

* J, P. Elliott and T. H. R. Skyrme, Proc, Roy, Soc, (London) 
A232, 561 (1955) 

‘ Lipkin, de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955). 

*R, Skinner, Can. J. Phys. 34, 901 (1956) 

*R. G. Sachs and N. Austern, Phys. Rev. $1, 705 (1951). 


reduces the 3A +3 coordinates to 3A independent ones. 
This technique is rather cumbersome and has not 
contributed to an understanding of such problems as 
the spurious states. 

In the present work we construct a unitary operator 
which, in a certain limit, imposes the correct ¢.m. 
motion on any many-particle wave function without 
changing any other over-all symmetry property, such 
as spin and parity. In order to achieve this, the trans- 
formation projects out of any state its translationally 
invariant part by referring all particle coordinates to 
the center of mass. Such a transformation, if carried 
out explicitly, would evidently be very singular since 
it reduces the number of degrees of freedom by three 
and may in this sense be thought of as being equivalent 
to the method of superfluous coordinates referred to 
above. Nevertheless, by appropriate limiting procedures 
the transformation can be handled and gives meaningful 
answers with a minimum of mathematical labor. 

Rules for obtaining recoil corrections appropriate for 
all calculations are given in Eq. (15). 


Il. UNITARY TRANSFORMATION 


The description of an isolated many-particle system 
is governed by a Hamiltonian of the form 


H=> (p2/2m)+V, (1) 


where p; is the momentum of the ith particle of mass 
m,; and V is an interaction which for the present 
purpose may depend only on the relative particle 
coordinates (r;—r1,;), the relative velocities, the spins, 
and the isotopic spins. Since the total momentum of 
the system must be conserved, the eigenfunctions of H 
must be translationally invariant except possibly for a 
trivial phase factor. More formally, one says that 
P= >>, p; commutes with H, and one can select the 
eigenfunctions of H to be simultaneously eigenfunctions 
of P (which is the generator of infinitesimal trans- 
lations). Even though in practice one cannot hope to 
find the exact eigenfunctions of H, one would frequently 
like to impose the translational invariance symmetry 
on any approximate wave functions. The common 
practice of using independent-particle wave functions, 
referred to some particular origin (vaguely thought to 
be the center of mass), is clearly incompatible with this 
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principle. In the present study we propose to find a 
transformation which makes any approximate wave 
function translationally invariant. 

In order to obtain such a transformation, consider 


that we are given a many-particle function 
(11,0 2,° > + fs) =(r,), (2) 


which depends’ on the particle coordinates r;. Out of 
this function, we wish to construct a new one, 


V(r) = U(r) P(r), (3) 
where L/ is some operator such that ¥ has the property 
V(r,+A)=¥(r,) (4) 


for arbitrary displacements of all the particle coordi- 
nates by an amount A. In terms of #, Eq. (4) reads 


U (r+ A)®(r¢+ A) = U(r, ¥(8,) (5) 


A solution of (5) which is valid for arbitrary functions 
# is 


U(r,) e siAR-P+P R) (6) 


where R is the c.m. operator for the system, i.e., 


R=>"j(m;/M)r;; M=> mi, (7) 


and A is a constant which is eventually allowed to 
become infinite.* To show that this is the desired 
operator, we use Eqs. (3)-(6) as given above to obtain 


W (r+ A) = U (14+ A)®(1,+-A) 
=exp{—}iA(R-P+P-R) 
—iAA-P)}O(r;+A), (8) 


which, upon using an operator identity derived in 
Appendix A, becomes 


WV (r,+ A) = ¢ siA(R-P+P-R 
Xexp{—iA-P(1—e*)}O(r+A). (9) 


Finally, using Taylor’s theorem, we have 


W(r,4+-A) =U (1) O(1,4+-4e"), (10) 


which clearly satisfies (4) if we take the limit A. 
It is thus established that a function ¥ which is con- 
structed from an arbitrary function ® in accordance 
with Eqs. (3) and (6), is translationally invariant. 

We note that the operator R-P is a scalar, and in 
addition for identical particles is symmetric under any 
permutation of the particle coordinates. Thus, sym- 
metries under rotation, inversion, and particle exchange 
which are contained in ® are also present in ¥. The 
operator U, therefore, adds new symmetries to a given 
function without destroying any already present. 


7 We suppress all spin and isotopic-spin variables since they are 
clearly irrelevant for our purposes. 

* It should be kept in mind that in writing R and P we always 
mean the explicit functions of the r; and p,; and mot any new 
variables 
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In general, one expects the functions ¥ to be struc 
turally much more complicated than the ® and thus 
one may fear that subsequent computations using the 
¥ will be too heavy a price to pay for the added sym 
metry. However, in practice one need never compute 
with ¥ but can still work with ® which is frequently 
selected for simplicities in subsequent computations 
To see how this comes about, let us consider the matrix 


element of an operator O, 
(W,,OV,), 
which because of (3) can be written in the form 


(Ub,,0U%,) = (&,,U'0U®,) (11) 
Inspection of (11) shows that one can calculate matrix 
elements with translationally invariant wave functions 
by using the given functions and using operators 


transformed according to the rule 
Ox TtOl U- ol (12 


where the second equality follows from the unitarity 
of U according to (6) 

The problem of calculating matrix elements with ¥ 
is thus reduced to finding the transformed operators 
Since spin and isotopic spin are invariant under U/, the 
only operators we need consider are the particle coordi 
nates and momenta. Straightforward computation using 
the well-known rule 


| 
A0e 8 = O+[S,0 }+—L5,[.8,0 | }4 
1 


yields 


re+Rie* (14b) 
In particular, we note from (14a) that P is transformed 
into Pe~* which vanishes in the limit A->@ as we would 
expect from (4). It should not be surprising that, as 
follows from (14b), R gets transformed into Re* which 
becomes infinite in the limit 
P and R is invariant under U (which is unitary), the 
fact that R-+~ as P-—»0 is merely the statement of the 
uncertainty principle, The reason that this infinity is 
not troublesome in practice follows from the observation 


Since the commutator of 


that in any measurement which refers only to the 
internal dynamics, the operators of interest can involve 
only the relative positions of the particles, which, as 
can be seen from (14b), bring in no infinities. In 
cases of doubt, one should always hold off the limit on 
A until the end of any calculation, On the basis of this 
discussion then, we can expect to require only the 
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following transformation : 
Oy 8-8 8, 
r—R-1r,—R, 
prop. (m,/ M)P, (15) 
Pi/ mi — Pj/ My—Ps/ Me Pj/M), 
P—), 


Matrix elements computed by using these transformed 
operators with arbitrary wave functions are then equal 
to those computed by using translationally invariant 
wave functions. 

As an example of the use of the transformation, let 
us transform the Hamiltonian given by (1). On the 
basis of the assumptions made about H, we see that V 
commutes with R and P and hence with U, and thus 
only the kinetic-energy part of H gets transformed. 
Using (15), we find that under LU, the Hamiltonian 
transforms according to 


H—+H' = H— (P*/2M),. (16) 


Now we note that P*/2M is a positive-definite operator. , 

and hence, the expectation value of the energy in thd 
; +" , ‘ . = 

state V is lower than it is with ®; Le., using (3) and 


(16), we have 


(VAY) = (© H—P*/2M b) < (4,4). 


hus, in this Rayleigh-Ritz sense, V is a better approxi- 
mation to the correct wave function than ® is; and 
further only if # is already translationally invariant 
does the equality in (17) hold. In Appendix B, a 
particular example’ of an energy calculation is con- 
sidered, where the c.m. motion exerts a dominating 
influence, 

It should be emphasized that the operator U is 
singular and frequently care must be exercised in its 
use. As has been pointed out above, in all cases of 
doubt, one should keep A finite until the end. For 
example, let us consider a function U/(r,) appearing 
on the right-hand side of a matrix element. Using 
properties of U discussed above, we have 


Ud(r) = (UO )U U1 =e Yb(,—R(1—e*)), (18) 
and we cannot take the limit on A directly. The factor 
of «*4 in (18) can be absorbed into the integration over 
R and is a reflection of the facts that the volume of 
normalization of the c.m. coordinate has been expanded 
by U, and also that we are left with 3 less degrees of 
freedom in &(r,—R). With this renormalization under- 


standing, we could write 
U(r.) =&(r,—R). 


However, once we have taken the limit on A, we can 
never undo it, since r,—R is invariant under U for all 


°C. Schwartz, Bull. Am. Phys. Soc. Ser. II, 2, 228 (1957) 
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(17) 
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A and thus 
U-*(A)U (@ )®(8;) #®(r;) 


for any A. Nevertheless, one can get useful results out 
of the transformation by never tampering with the 
wave functions but equivalently transforming all 
operators according to (15). In this way, no new 
difficulties are encountered. 


Ill. ELECTROMAGNETIC MOMENTS 


With the cautions of the preceding paragraphs in 
mind, one can apply the U transformation to the 
operators for the ‘electric and magnetic multipole 
interactions. However, since these operators, as usually 
derived, involve the particle coordinates r, referred to 
some fixed origin, direct application of the trans- 
formation would yield infinite results. In order to 
avoid this difficulty we must rederive the interaction 
operators by studying the interaction with the external 
field involving a finite momentum transfer, and allowing 
the nucleus as a whole to recoil. 

The initial nuclear state, chosen to be at rest, is 
written in accordance with (3) as 


V,= U%,, 
and the final state with some linear momentum K is 
V/= «= RU®,. 
The interaction Hamiltonian, 


H' =} Dd ife-j(poe™ +e e-j,(p,)), (19) 


represents the coupling of the appropriate nuclear 
currents” j,; with the external field ee'' carrying a 
momentum k. The transition matrix is then 


(W HY ;) = (@), Ue ™ 94 Dile-ji(pie™™ 


+e e-5,(p)}U%,), (20) 


which can be written in the form 


(%,,U~e* x) Ry >i gike (re R) 


K {e-j(prtk)+e-j(pyyU%). (21) 


Now we carry out the transformations U~', U (for 
finite A) on each part of this operator to obtain 


(«, exp{i(k—K)-Re}4 > ef (e-® 


m, 
x \e-i(p.+h-™Par—e ») 
M 


m, 
tei(p- —P(1—e ») }*.). (22) 
M 


“In the case of velocity-dependent or exchange forces, j may 
depend on (t;—1,), (pi/mi—p;/m,), @:, % as well as on py, but 
these will not be affected by the recoil 
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The limit A-*+* may now be taken and, except for the 
factor exp{i(k—K)-Re*), everything is obviously well 
defined. It is clear that as A-> this questionable factor 
oscillates infinitely rapidly and will make the entire 
matrix element zero when we integrate over any of the 
coordinates [ we recall that R=}>0;(m,/M)r, }. The only 
way to avoid this calamity is to put K=k, which 
eliminates this factor for all A. This is of course just the 
statement of momentum conservation which in usual 
treatments comes out in the form of a delta function, 
resulting from an integration over the coordinate R. 
We do not wish to treat R as an independent coordinate 
in order to retain 3A degrees of freedom for the function 
; yet we have been able to obtain the desired results 
by careful use of the c.m. transformation U, 

Now the remaining factors in (22) have just their 
customary form except for the replacements, 


p—pi— (m/M)P, rR. (23) 
In the simple case of no velocity-dependent forces and 
low-energy processes," the usual electric and magnetic 
multipole operators are given just by the solid har 
monics"” 


X im (8s) 5 ri V im(Oi, 93), 


and the orbital angular momentum 
rXp, 


We now include the recoil 

Xim(ti—R) and [(r;—R) X (p,— (m,/M)P } instead. 
Let us now set m,/M=1/A, and consider a few 

examples, The electric dipole (£1) operator becomes 


Di es(ti- R) = Di ries (Ze A)] 


corrections by using 


(24) 


which is already familiar in the literature.” The mag- 
netic dipole (M1) operator becomes (aside from spin- 


dependent parts which are unaffected by recoil) 

_ ei 1 ~ ri Xpi 2e; Ze 
¥ —~(ri—R)X (p.-—P) = - («- + ) 
i 2me A i‘ 2me ‘A £ 


rX prt X pi a. aa 
+42 - (- -— ) (25) 


te) 2mc A A A 2 


"We consider here the forms correct only to lowest order in # 
for each multipole. 

# In constructing the electric multipole operators, one normally 
eliminates py by using the relation py= (im;/h)( 1,1, ) or an ap 
propriate generalization for the case of velocity-dependent forces 
In our approach the replacement of pi—(m,/M)P by (im/h) 
xLU we wi—R] is not unique since [U“HU,R)=0. We do 
introduce only r;—R in this manner because it is the only trans 
lationally invariant form; ie., it is not affected by repeated 
applications of the U transformation. Furthermore there is the 
point that for any approximate wave functions, |a), the replace 
ment of (b|p|a) by (im/h)(Ey— E,)(b\r\ a) is not exactly correct 
even aside from center-of-mass problems. 

“4 See for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
p. OAl, 
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The electric quadrupole (£2) operator has exactly the 
same form as the M1 operator except that Xp, is 
replaced by the electric quadrupole tensor (ry, 
— (4)ry-r,). The modifications of the M1 and £2 matrix 
elements due to recoil effects are of two kinds; first, a 
sort of reduced-charge correction to the usual term; 
and second, exchange matrix elements involving two 
particles in orbits differing by one unit of J. For matrix 
elements between states each having no more than one 
incomplete shell (shell here means any groups of orbits 
having the same parity, as for example, in the harmonic 
oscillator), the recoil corrections can be summarized 
by giving to each particle in an orbit an effective 
orbital g-factor g, with the usual magnetic-moment 
operator, and an effective charge eg with the usual 
quadrupole operator. A straightforward calculation 
using (25) yields [in units of 1/(2me) } 


M1 Di guts XD; 


2e; Ze : 1 
gu ut (- + )}) -> li¢ il 
A. t (2141) 
11] id| 
x] UH+1)C1 vy+(r 4 r) 
r dr 
id | 
+ (1 "yr" || (26) 
\dr' 


where the matrix elements are integrals over radial 
functions only and the sum extends over all filled shells 
for which ’ =/41. If the states /, I’ are given as the 
eigenfunctions of a common static potential with 
eigenvalues EZ, and Ey, the term in square brackets can 
be more conveniently written in the form 


2m (l—I’) 


(ke, 
h U+1 


Ey) \din lt)? (27) 


Within a shell one may have £2 matrix elements which 
change | by 0 or +2. For these two cases we get two 
effective quadrupole charges 


El2= >, eg 2V am(;), 


2e; Ze 
llegr?\D)=edl |b) ( } Jo rl 
A A* 


(21—~1) (214-3) 


dir =] 


+1 


26, Ze 
(+2 egr?\Dmedla2\F D4 ( : evs 
A - 


2 +1 


23 da2ir l'ir\D), (29) 


where again all matrix elements mean integrals over 
radia] functions only and the states I! which contribute 
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in any matrix elements (/'|\r\/) are the closed shells for 
which ~l= +1. It should be repeated that these 
formulas for the recoil-corrected g,; and ég are correct 
only for matrix elements involving states in which the 
orbits of all L-shells which have at least one but less than 
2% 2X (2l+1) particles have a common parity, 

The recoil corrections for M1 and E2 matrix elements 
involving ground or low states in the harmonic-oscil- 
lator shell model may be readily evaluated, using Eqs. 
(27), (28), and (29); and one gets exactly zero in all 
cases as a result of a cancellation between the direct 
and exchange terms. This result is at first sight sur- 
prising and somewhat disappointing too, since one 
might have hoped to explain by this effect at least part 
of the small magnetic-moment deviation from the 
Schmidt value for N** and O'’, Now, however, the 
vanishing of recoil corrections to all multipole moments 
can be seen as a general property of the harmoni 
oscillator model within the limitations specified in 
reference 12, The result follows from the fact, first 
noted by Bethe and Rose,” that the antisymmetrized 
wave function for the lowest states in the harmonik 
oscillator shell model are automatically translationally 
invariant except for a factor exp|—(Av/2)R*]. Thus, 
if one carried out a coordinate transformation which 
separated internal coordinates from the ¢.m, coordi 
nates, one would have a wave function which contained 
only s-state components in the coordinate R. All the 
recoil-correction terms we have derived for the multi- 
pole operators involve R and P in some vector, or higher 
rank tensor form; thus, these correction terms all 
average to zero under integration over R.“ 

For a shell model with other than harmonic-oscillator 
radial wave functions the recoil corrections to M1, £2, 
etc., moments will not vanish, but for any reasonably 
shaped central potential they are expected to remain 
quite small, These terms have been evaluated for the 
infinite square-well wave functions with the following 
results: a particle in the first p-shell has 


2e, Ze 
gu ect ( t )co0s2) 
4 A 


de, Ze 
l €Q: l ey ; ( + yt 0.25 a (30b) 
As 


(30a) 


and for a particle in the first d-shell, the numbers in 
square brackets in Eqs. (30) are replaced’ by 0.029 and 

0.19, respectively 

The magnetic moments of the double magic +1 
nuclei V'* and O" both depart from the Schmidt values 
by about 0.02 nuclear magneton, but the recoil cor- 
rections as calculated with these numbers is only one- 
tenth of this (although in the right direction). It is 

“H. A. Bethe and M. E. Rose, Phys. Rev. 51, 283 (1937). See 
also H. R. Post, Proc. Phys. Soc. (London) A66, 649 (1953). 


'* See reference 3 and also J. P. Elliott and T. H. R. Skyrme, 
Nuovo cimento 4, 164 (1956) 
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conceivable that with wave functions given by a 
“wine-bottle-shaped” central potential, as could be 
given in a Hartree-Fock calculation by exchange forces, 
these corrections might increase to a significant fraction 
of the 0.02-nm discrepancy; but at this time they are 
too small to consider. For the Li isotopes the quadrupole 
recoil correction is, using the numbers given above, only 
about 5%, and thus negligible. Similarly, only about 
—6% of the small quadrupole moment of the odd- 
neutron nucleus O” is given by the preceding calcu- 
lation.'* 

The sole exception to the rule that recoil corrections 
vanish in the harmonic-oscillator model, and are thus 
very small in similar models, is the electric monopole 
operator, 


Lr 


“~- 
é 


2e, Ze 
eae 
A? 


i Pa Oe 
+ Deer] - ap | (31) 
A A A?* 


1) 


in which the recoil terms are scalar in R. This operator 
enters in to the description of elastic electron scattering 
at not too high energies and also governs zero—»zero 
transitions. The interpretation of the nuclear mean- 
square radius given by electron scattering according to 
the shell model will involve recoil corrections of magni 
tude 1/A. The recoil terms may be of some importance 
in an analysis of the monopole transition in O'* (it 
allows a “two-particle jump’’), but we have carried out 
no such calculation, For the monopole transition in C” 
the recoil terms, just as the usual operator,'’ give zero 
matrix element as long as one allows no particles to 
move out of the 1p-shell. 

The scattering of high-energy 7 rays on electrons is 
governed, in the Born approximation, by operators of 
the form e*'", For calculations with a shell model or 
any other nontranslationally invariant approximate 
wave function, this operator is replaced by e‘:(-® 
which in general involves the coordinates of all A 
particles at once. A few such terms have been calculated 
for some simple nuclei and the results yield simple 1/A 
corrections which are of interest in further studies."* 

In conclusion, we may state that we have studied 
the recoil corrections to operators describing various 
interactions of the nucleus with external fields, but 
that within the framework of the existing shell-model 
theory, we have found no numerically important 
corrections. 


IV. SPURIOUS STATES 


Elliott and Skyrme’ first noted the existence of 
spurious states for Fermi-Dirac particles coupled 
together in pairs by harmonic-oscillator potentials and 


One knows anyway from the strong £2 transition of the 872. 
kev level of O"’ that some collective excitations (or configuration 
mixing) is important here. 

7B. F. Sherman and D, G. Ravenhall, Phys. Rev. 103, 949 
(1956). 

"S. D. Drell and C. Schwartz (to be published) 
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gave a prescription for removing them. They showed 
that some states did not correspond to excitation of the 
internal coordinates but represented merely motion of 
the center of mass. This particular case of harmonic 
oscillator potentials will be discussed further in the 
next section. The existence of spurious states is not 
confined to the harmonic oscillator for which the 
analysis is reasonably simple, but may arise, for ex 
ample, whenever one uses any sort of independent- 
particle description and thus some care may be required 
in interpretations of results. As has been pointed out,’ 
one may deduce qualitatively as well as quantitatively 
incorrect results by neglecting ¢.m. motion, 

The basic problem of the spurious states lies in the 
fact that for purposes of describing internal dynamics 
one would like to use eigenfunctions of H, Eq. (1), 
which involve 3A coordinates (for reasons of simplicity 
in including antisymmetrization, etc.), while in actu 
ality one should really use solutions involving 3A —3 
degrees of freedom. Now, following the customary 
procedure one writes down a set of functions ®, which 
are approximate eigenfunctions of (1) belonging to the 
eigenvalue E, and which are constructed without 
regard for c.m. motions. However, using our prescrip 
tion one would take the functions V, =U, to be the 
eigenfunctions of H with eigenvalues Z,; that is, we 
have 

AV ,= EV», (32) 
which implies directly the equation, 


(H—P*/2M)®,=E,&,. 


It follows that the functions ®, are really eigenfunctions 
of H—P*/2M rather than of H. Also, using (4), we see 
that (32) can be rewritten into the form 


(H—P*/2M)¥,=E,¥., 


(33) 


(34) 


which is formally the same equation as (33), Now ¥, 
involves only 3A—3 degrees of freedom since it is 
independent of R, while , which formally satisfies the 
same equation, has its full 3A degrees of freedom. 
Hence, it seems reasonable to conclude that there may 
exist more states ®, than ¥,. We conclude thus that 
the operator U has the potentiality of taking several 
states #,” into a single state V,. Following Elliott and 
Skyrme, of the several states ," one would keep one, 
call the remainder spurious and ignore them, in con- 
structing a complete set of internal states. That is, one 
must first recognize that several ®,'° correspond to the 
same W, and then count all of these 4," only once. 
Further, since U is unitary, a collection of #,"° which 
belong to the same VY, must have the same energy 
Thus, we see that it is vital for the description of the 
internal dynamics of a system of particles to confine 
oneself to translationally invariant functions, Other- 
wise, spurious states enter and one might, for example, 
assign incorrect weights to levels or possibly (as first 
pointed out by Elliott and Skyrme) predict energy 
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levels where none might exist. In calculating matrix 
elements, one can completely rely on the operator U 
to remove spurious gtates without taking the trouble 


to recognize them explicitly. 


V. HARMONIC OSCILLATOR 


The quantum-mechanical problem of many particles 
bound by Hooke’s law forces between all pairs can be 
solved exactly by going to the normal modes. However, 
it is in general difficult to pick the individual particle 
coordinate out of the normal coordinates in order to 
apply antisymmetrization according to the Pauli 
principle? Use of the transformation for the ¢.m. 
motion yields a very solution to this 
problem. 

The Hamiltonian for this sytem of A particles is 


convenient 


(35) 
imt 2m 25 


where we have set all masses and spring constants equal 
for the situation of interest. We describe the trans 
lationally invariant solution W of H via our unitary 
c.m. transformation, ¥= U4, and satisfies H’)= Fa, 
where 


Hl! = H— (P*/2Am) 
It is now convenient to break up //’ into two parts: 
H' = Hot, 


A ? kA 
Hy= > he +—t? 1; 
im | 2m 2 


pe Ber pop 
Hh=-—¥ ¥ |—+4 


A it j=t 2m 


Ak 
won (36) 
2 


The exact solution of this transformed harmon 
oscillator problem can be found once one notices the 
important fact that 1, commutes with Hy». For then, 
the functions which diagonalize the matrix of Ho also 
diagonalize the total H’, and the eigenfunctions of Hy 
are exactly the shell-model wave functions describing 
A particles moving in a common oscillator potential. 
We have thus proved that the exact solution WV for the 
many-body oscillator problem is just the shell-model 
wave function *, corrected for center-of-mass motion,” 
Special attention must be given to the case of 
degenerate states @, for then one will have to diago 
nalize the (finite) matrix of H,; in all nondegenerate 
states one need only take the expectation value of H, 
as an energy shift. The effect of 1, on certain groups of 
degenerate solutions will lead to the identification of 
spurious states, and this problem will now be studied in 
detail, 
* It is interesting to note that one could add a two-body spin 
orbit force, (@¢+-@,)-((ty—1,) X (pep) ] to (35) and still have 
the exact solution in shell-model form since this interaction also 
commutes with H»+H, 
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First note that H, can be written 


Hy — (P*/2Am) — (A*k/2)R?, (37) 


and if one took the (improper) liberty of speaking of 
R as a new coordinate, independent of the r;, one would 
say that the c.m, moved in an h-o potential with the 
same frequency w= (Ak/m)' as each individual par- 
ticle,“ The diagonalization of 1, would then correspond 
to separating the eigenstates of the c.m. motion. If any 
group of states differs only in the state of the c.m. 
motion, only one-—say the 1s state-—need be retained 
to describe the internal energy state of the system; the 
others would be called spurious states which have 
appeared because of the excessive degrees of freedom 
employed, This freehand description may be of use in 
discussing the rigorous analysis to follow. 
Let us rewrite 17, once again: 


> (a; ayt+ay-a;'}, (38) 


l 
Hy I, 
A 2A ini 


where 
a,= (2mhw)*(p.— imut;) 


and a,', its Hermitian conjugate, are the familiar 
lowering and raising operators. The first term in this 
expression for 1, is handled in the obvious way. Matrix 
elements of the second term, which we shall call @, have 
the following selection rules: @ is diagonal in the total! 
orbital angular momentum and all spins; only two 
individual particles may change their states, with one 
jumping up one oscillator quantum and the other 
jumping down by one shell, each changing its orbital 
quantum number / by +1 unit. 

For states in which there is only one shell incom 
pletely filled and any number of other filled shells, (#7, 
is diagonal in the orbital classification of states ® of 
Ho and there are no spurious states. This results from 
the fact that @ will have only exchange matrix elements 
involving particles in the other closed shells, Because 
of the spherical symmetry of the closed shells the matrix 
of @ is effectively a scalar quantity in the coordinates 
of the particles in the unfilled shells and cannot mix 
any states, For such cases the energy shift due to the 
diagonal matrix element of H, works out to be H, 

ihw, One is drawn to interpret this as a subtraction 
of the energy of the c.m. moving in a 1s orbit." When 
there are two or more unfilled shells, there may be 
exchange matrix elements of @ between particles in 
these two shells which can mix up the orbital occupa- 
tions. We shall look at the excited states of closed-shell 
nuclei as examples. 

Consider a nucleus whose ground state has all shells 
closed and the last closed shell has total quantum 
number NV; this state, which we shall call %o, has 
L=S=T=0 and its energy is shifted —jhw by (%o, 
H ,). The individual particle orbits are described by 
the total quantum number N,, where the energy of the 
orbit is given by E,;= (Ni+4)hw and the orbital angular- 
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momentum quantum numbers allowed within any shell 
are l= N, N—2, N—4, ---. The first excited states, %,, 
arise from moving one particle out of the N shell and 
putting it into the N+1 shell. There are several orbits 
1,, 4)’ «>> in the shell NV from which to take this particle 
and several orbits /2, lo’ --- in the shell N+1 into which 
to put it. Each %, will thus be labeled by the orbital 
quantum numbers /,, /, describing the hole and particle 
orbits, respectively, and the total quantum numbers 
L, S, T as well as M values for the latter. We have of 
course 


(®,(14TSL) Ha (L'1/T'S'L’) 
=[ (4,1 Po) +hw biuidundrrbgeb.1, 


and the matrix of H, in the states %,, is also diagonal 
in the quantum numbers T'SL, but H, is not in general 
diagonal in |,, lh. We then calculate by standard 
techniques 


N+1 
UdbeTSL Hy \hy'ly’ TSL) ~bivbiin| as (1+ . Yh 
A 


(39) 


a, ’ 
. > (N+ Lat 20". +143) 
A Ugti 


4s 
+ “P 6781 (N +1 )2!!a"|| NJ) 
x(Ny'\\al|N+1 4’). (40) 


The double-barred matrices are the reduced-matrix 
elements as defined by Racah,™ and the only non- 
vanishing reduced-matrix elements of a, a! are the 
following : 


(N+1,/+1 flat) =i{ (+1)(N+/4+3}! 
(N+1,I—1|atl| VJ) =i((N—1+2)}), 


(41a) 
(41b) 


and 
(NI \\aliN DD = (—1)" (Wat! NY Y* 


= (N,J\\at\|N’ I). (42) 


It is seen from (40) that only in the states for which 
T=S=0, L=1 (i.e., "P states) can H, mix orbits. For 
all other states, H, is diagonal and we have 


N+1 hw 
ne 


(H\)= - (i+ — )huo— 
A (2ly+1)A 


KL be(N 412+ 2)— (at 1) (N —h+-1)) 


= — fiw, (43) 


which is the same shift suffered by the ground state po. 
The matrix of H, in the "P states will have a diagonal 
element of — fw and also the contribution from the 
second term in (40) which we now evaluate for the 
general case. 

First note that this matrix can be written in product 


™ G. Racah, Phys. Rev. 62, 438 (1942). 
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dw 
(yle| H+ hw Ly'ly/) = —<1, a l,l’ a L,’ 


é 
Jd 


and for any matrix A,gg which can be written Aag 
= A,Bs, one can find the eigenvalues directly. There 
exists a unitary matrix 7 which can diagonalize A ag: 


Lar Tpa°A py Ty, - i) LE 
but since Agg factors, we have 
(Lo6 ApT sa*) (20, ByT ys) = dabas, 


and since the two factors on the left are independent, 
we must have }s Ag7's.2*=0 except for one particular 
value of a, which we call ao; or >, B,T,,=0 except for 
one particular value of 6, which we call 5. In either case 
the eigenvalues of a, of Aqg are thus all zero except for 
one of them, do, which may be nonzero and is just equal 
to the trace of As. For our problem, the desired trace 


1s 


(44) 


dws 
—— F C+D) N +443) +1, (N —1,4+2)], 
3A 0 


which works out to be exactly —fw. It also follows that 
the relative probabilities of the orbital components of 
this one state are proportional to the corresponding 
diagonal matrix elements. 

Thus, we see that out of the many degenerate excited 
states at energy fw above the singly degenerate "'S 
ground state, one particular state of character "P has 
been separated out and moved down to exactly the 
energy level of the ground state. This special "P state, 
which will be recognized as a spurious state, has the 
orbital composition 


= > O(N N+11,"P) 


iy le 


] 
(Litde+1) 
3A 


4 
KLIN +4-+1o(lo+1) —hi (4+ 3] _ (45) 


Following Elliott and Skyrme, it will then be found 
that one can write ,, = R%, (within a constant). When 
we now apply the LU operator to get the physical states, 
we have VWo=U%, for the ground state; and for the 
aforementioned spurious state we obtain U4,, 
= URUU%=lim(A— @ )e RUG, whic hybecomes a 
null state. The more general! statement is that whenever 
some model states #; can be written in terms of another 
(apparently independent) model state % as 9%, 
= F(R), then, when the U’ operator is applied, we 
have 

Vo= U%, 

¥,= UF, (R)do= 


F(O)UN, (46) 


Thus, the states Wo, VY, are not linearly independent and 
correspond to only a single eigenstate; one can then 
work with only one of the states, say Wo, and the other 


MANY-~PARTICLE SYSTEMS 489 
¥, are called spurious. We have remarked before that 
since U is a unitary operator, the states @; which are 
spurious with respect to some 4) must have exactly the 
same energy as > in the model 

For higher excited states one expects to find several 
spurious states. Among the second excited states of a 
closed shell there should be two spurious states-—"'S 
and "D-—corresponding to the physical ground state 
with 2fw of excitation in the c.m. coordinate R. There 
would also be a number of spurious states found by 
adding one hw of c.m. excitation (i.e., a p-state) to each 
of the proper states at one fw excitation, 

The detailed working out of all these results is simple 
only for the harmonic oscillator, and it is fortunate that 
this model does appear to be a good starting point for 
the description of light nuclei. For any other shell model 
the spurious states do exist although one will not be 
able to display them so neatly, However, as long as one 
uses the formalism of the U transformation and works 
only with translationally invariant operators, no errors 
will be made. Thus, for example, if one sets out to 
diagonalize an energy matrix in some representation 
not free of spurious states, the labor might be increased 
by the superfluous degree of freedom, but consistent 
use of the U operator would prevent the spurious com 
ponents from coupling with the proper ones under any 
measurement referring to the internal dynamics 
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APPENDIX A 


In order to prove the identity, Eq. (8) Eq. (9), we 
shall prove the following operator identity. If A, B are 
arbitrary operators which obey 


[A,B] ab, (Al) 


where a@ is a constant ¢ number, then 


l~—é m4 
e4ts e4 exp B 
ao 1 


To prove this we write 


MAYA 


C erAgBO) | 


(A3) 


where \ is a parameter which we eventually set equal 
to 1 and O(A) is a c-number function of A, and O(0) «0 
We differentiate (A3) with respect to , and on suitable 
rearrangement we obtain 


dO 
B eo BIg +A Ber A BO 


dy 


which upon application of (13) and (Al) reduces to 


dO/dhe= oe 
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This equation has as its solution (subject to the above 
boundary conditions) O(A)=(1/a)(1—e~**), and sub- 
stituting this into (A3) and setting \=1 we obtain the 
desired result (A2). 

The identity Eq. (8)= Eq. (9) now follows if we take 


A= —4iA(R-P+P-R); Bo —ida-P, 


in which case aA, 

In passing we may also point out that, if one uses 
techniques similar to those above, the unitary trans- 
formation 


i 
eS exp) ~ 20 ae (ty Det Dy' hs) |, 
2 ii 


where a, is a real matrix, induces a linear transforma- 
tion among the coordinates and momenta. Straight- 
forward calculation shows that 


87 eS ox >; £/(€*) js, 


chp 8 me FE") By, 
where 
(6%) byt ayt (1/21)S 6 Giudast 


Using this, we can induce some linear transformations 
among coordinates and momenta of wave functions and 
operators. It is not clear that all linear transformations 
can easily be written in this form, but on occasion it 
may be useful to have the foregoing formal techniques 
available 
APPENDIX B 

Since the usual Hartree-Fock approximation (anti- 
symmetrized-product wave function) is not trans- 
lationally invariant, one can improve this wave function 
by using the c.m. operator U. Instead of the original 
Hamiltonian H, one now seeks Hartree-Fock solutions 
for the transformed Hamiltonian 


U“HU = H—P*/2M, 


which would generally appear (for a system of A 
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equally massive particles) as 


A-1 pe Pi’ PD. 
(22g ep, 

A ‘2m «i 2Am 
Aviles and Jastrow" have recently reported results 


of a Hartree-Fock calculation (ignoring the c.m. 
motion) for He*. With a two-body force 


(B1) 


V(r) = VoP eo" /ur, 


where w'=1.17K10™" cm, Vo= —67.3 Mev, and P, 
(as averaged in He*) =0.845, they find a binding energy 
of only 10 Mev. This result is very much less than the 
binding energy of 55 Mev obtained by Irving” for the 
same problem by the use of the trial function 


" ' 
={> rf} exp, —al > nv| ; 


<j i<j 


Since for He* one has all particles in an s-state, the 
terms p;p; (t# 7) do not contribute; and so the c.m. 
corrected’ Hamiltonian differs from the original one 
only by a factor } in the kinetic-energy term. 

Using, as an approximation to the Hartree-Fock 
solution, the trial 1s orbital =e~*'(1+ar) with this 
simply modified Hamiltonian, we have obtained a 
binding energy of 44 Mev at u/a=0.33. The complete 
Hartree-Fock solution should come even closer to 
Irving’s result. 

The recoil correction for He*—taking the Hartree- 
Fock result from 18% to 80% of Irving’s answer—is 
so very large because the kinetic and potential energies 
are both very large (200 Mev) in this particular prob- 
lem. Thus, a 25% decrease in the kinetic energy gives 
a much larger percent-wise increase in the difference 
between kinetic and potential energies. 

"J. Aviles and R. Jastrow, Bull. Am. Phys. Soc. Ser. II, 2, 25 


(1957). 
"= J, Irving, Phil. Mag. 42, 338 (1951). 
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Associated Photoproduction of K and a Particles and 
Possible “Up-down” Asymmetry in the a Decay* 
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The possibility of detecting parity nonconservation in the decay of A particles produced by the reaction 
y+p-+A°+ K* is discussed. The photoproduction matrix is studied from a phenomenological point of view, 
and the conditions essential for the detection of an “up-down” asymmetry are examined 


HE nonconservation of parity in the weak inter- 

actions involving neutrinos has been firmly 
established by various recent experiments. The question 
naturally arises as to whether we can possibly detect 
parity nonconservation in decay interactions where 
the neutrino plays no role. Following the original 
suggestion of Lee and Yang,’ attempts have been made 
to observe a possible “up-down” asymmetry arising 
from the parity-nonconserving decay of hyperons 
produced by 


r+p-V+K, (1) 


where Y may stand for A or 2. ‘To date no asymmetry 
has been reported out of a total of several hundred 
events.’ 

In order to find possible causes for the lack of asym- 
metry, let us recall that the angular distribution of the 
decay pion is given by’ 

da 


W (0,£)dQdé = dA 1 +-ap(O)E |dé. (2) 
dQ 


In this formula ~ is defined as the projection of the 
momentum of the decay pion in the direction normal to 
the production plane (i.e., along pi, py) in units of 
its maximum value (=99 Mev/c in the case of A°-+p 
+a”) a is the asymmetry parameter arising from the 
parity-nonconserving decay interaction of the hyperon, 
and some field-theoretic speculations are made as to 
its magnitude in Appendix I. do/d& stands for the 
angular distribution of associated photoproduction of 
K and A particles in the center-of-mass system. P(@) 
is the polarization of the hyperon defined in the usual 
manner.‘ Then the lack of asymmetry can be attributed 
to either (or possibly both) of the following two 
reasons : 


(A) There is no interference between the s and p 
states of the pion-nucleon system resulting from the 


* Supported in part by the joint program of the Office of Naval 
Research and the U. §. Atomic Energy Commission 

1T. D, Lee and C. N. Yang, Phys. Rev. 104, 254 (1956) 

*R. H. Dalitz (private communication), based on the work 
of the Columbia, Bologna, Brookhaven, and Michigan groups 

* Lee, Steinberger, Feinberg, Kabir, and Yang, Phys. Kev 
106, 1367 (1957). In the following we assume that the spin of 
the hyperon Y is § and that of the K meson is zero as assumed 
in the above reference 

‘See, e.g. L. Wolfenstein, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1956), Vol. 6, p. 43 


decay of the hyperon, and this fact implies a=0, This 
may be the case if the decay into a p-state is highly 
suppressed [in which case the relatively frequent 
mesonic decay of ,He* (and ,H*) forces us to conclude 
that the spin of ,4He* (and ,H"*) is zero*®] or if the 
parity-conserving and parity-nonconserving amplitudes 
are =90° out of phase. The latter situation is nearly 
accomplished when charge-conjugation invariance is 
not violated, since the effect of the final-state interaction 
is negligible, especially in the case of the A decay 
where the pion kinetic energy is only 37 Mev. 

(B) The process (1) does not lead to a significant 
amount of polarization of the hyperon. It is well known 
that polarization in such processes arises from the 
interference between the spin-flip and the non-spin-flip 
amplitudes. The observed angular distribution is 
strongly peaked in the beam direction* (forward or 
backward depending on the type of hyperon), It is 
particularly worth noting that the most peaked 
angular distribution resulting from s and p waves alone 
is 


da/dQ« (14cos6)’, (3) 
whic) implies no spin-flip, and hence P(0) <0, 


If (B) is the major reason for our failure to detect the 
nonconservation of parity, we may ask whether or 
not a photoproduction process such as 


y+ poA'+ Kt (4) 


polarizes the hyperon. To answer this question it is 
essential that we study the structure of the photo 
production matrix with special attention to possible 
polarization of the hyperon. In the following we 
restrict ourselves to associated photoproduction of 
K and A particles, but the method is readily applicable 
to associated photoproduction of K and Z particles, 
The threshold for the reaction (4) is 0.91 Bev in the 
laboratory system, For the incident y-ray energy below 
1.05 Bev, we may assume that only s and p waves are 
important in the final state of the K-A system.’ The 


*R. H. Dalitz (private communication); M. Gell-Mann 
Phys. Rev. 107, 1296 (1957 
* Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger 
Phys, Rev. 103, 1827 (1956); D. A, Glaser et al. (to be published) 
’ Note in this connection that any meson field theory predicts 
a term in the matrix element of the form Ax siné/(1—8x cos) 


which arises from the direct “photoelectric” ejection of the K* 
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production matrix for the pseudoscalar K meson* is 
identical in structure to that for the pion,’ 


T!*) = iAo-e— Bl (kXe)-G—i(o ek -g—o-he-4)) 
~Cl2(kxe) -G+i(o-ek-g—o-he-g)) 
+hiD(o-ke-d+o-ek-d), (5) 
The forma! structure of the production matrix for the 


scalar K meson can be readily obtained from the above 
by the transformation 


e hXe, kxe—-+—e (6) 


transformation to changing the 
parity of the photon leaving the baryon 


Such a 
intrinsic 
parities unchanged, which is equivalent to considering 


amounts 


the meson whose parity is opposite to that of the 
one before.” Thus the production matrix for the scalar 


K meson is 
iAa: (kXe)+ Ble-g—ia: (eXq) } 
+C[2e-4-+ ia: (eX) | 
+hiDlo-k(kxe)-G+o-(kxe)k-g). (7) 


T@ 


In (5) and (7), e stands for the polarization vector of 
the incident ray; & and @ are unit vectors defined by 


h=k/\kl, g=4/\a), (8) 


where q and k represent the momenta of the K meson 
and the photon, respectively. As tabulated in Table I, 
A, B, C, and D have definite meaning in terms of 
electromagnetic The 
coefficients are chosen in such a manner that they would 
be purely real if both the final state K-A interaction 
and the effect of a virtual pion-nucleon system were 


multipoles. phases of these 


negligible, as assumed in the case of lowest order 
perturbation calculations, 

When the initial y ray is unpolarized, we readily 
obtain from (5) and (7) the differential cross section 
da/dQ and polarization P(@): 


da/di= N{\A+(B—C+4D)cosd|?-+(\ 4C 


+4D\*+|—B—4§C+4D)\? |sin#), (9) 


V sind Im{ A*(2B+C—4D) 
+3B*(C—4D) cosd), 


P(0)\da/dQ 
(10) 


V stands for the relativistic phase factor 


N = g{ ki E,(k)+k I Ea(q)+wx(q) |}, (11) 
particle, and which contains all angular momenta with relative 
strength 8x! for 1x >1. This term may be particularly important 
for the scalar K, See M. Kawaguchi and M. J. Moravesik, Phys 
Rev, 107, 563 (1957) 

* As usual, we define the intrinsic parity of the A hyperon to 
be the same as that of the proton 

*K. Brueckner and K. M. Watson, Phys. Rev. 86, 923 (1952) 

” Note the similarity of our problem to that of the Minami 
ambiguity in pion-nucleon scattering: S. Minami, Progr. Theoret 
Phys. Japan 11, 213 (1954) 
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where 
E,(k) = (M +k), 
E,(q) = (M+ ¢)', 
wx (q)= (ux*?+¢)!. 
(We take h=c=1 throughout.) The differential cross 
section and the polarization when the incident y ray 
is polarized is given in Appendix II for completeness. 
By substituting (9) and (10) into (2), we obtain for the 
distribution of the decay pion 
W (6,£)dQdt = N{|A+(B—C+4D) cosd\?+(|§C 
+4D\?+|—B-—4C+4D)*) sin} 
xX d024dt—aN sind Im{A*(2B+C 
—4D)+3B*(C—}D) cosd}dQehde. 


(12) 


(13) 


Apart from the assumption that only s- and p-wave 
K mesons are produced, no approximation has been 
made so far. We note that near threshold the momentum 
dependence of the coefficients A, B, C, and D are 
likely to be given by the last column of Table I, where 
» stands for |q|/ux. Then the polarization, if present 
at all, arises mainly from the interference term between 
A and (2B+C—4D), The maximum polarization is 
attained at 0@=/2 near threshold. 

In the photoproduction of pions the application of 
the Wigner time-reversal establishes the well-known 
relation between the phase of the photoproduction 
amplitude and the corresponding scattering phase 
shift of pion-nucleon scattering." Unfortunately the 
relation is not strictly applicable in associated photo- 
production of K and A particles where there is a strong 
interaction between the K-A system and a virtual 
r-nucleon system, since, in the language of reference 12, 
So (the S matrix before we turn on the electromagnetic 
interaction) is no longer diagonal because of the 
strong interactions among various “channels.” However, 
the qualitative conclusion drawn from Watson’s 
theorem and from the assumption that the scattering 
phase shift goes as #'*' is probably correct in the 
sense that the departure from reality of the coefficients 
is more important for A(s-wave amplitude) than for 
p-wave amplitudes near threshold. If Watson’s theorem 
were strictly valid in our case, ?(x/2) would be given by 


P(m/2)= +sinds'*" |\2B4+C—4§D\/|A\, (14) 


which leads to an 9 threshold dependence. 5s‘*” is 
the s-wave phase shift for K*-A scattering, about which 
nothing is known, Numerically, if the s-wave contribu- 
tion to the K*-A scattering cross section at low energies 
is of the order of 5 mb, the phase shift in question is 
=().5y radians, 

In conclusion, we should like to note that the failure 
to observe any “up-down” asymmetry in the decay 
of hyperons produced in x-p collisions does not a priori 
imply the impossibility of detecting such an asymmetry 

" K. M. Watson, Phys. Rev. 95, 228 (1954). 


"% E. Fermi, Nuovo cimento Suppl. 2, 17 (1955),/Sec. 8. 
" We are indebted to Dr. P. Kabir for this remark. 
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TaB.e I. Photoproduction amplitudes. 
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in the case of associated photoproduction of K and A 
particles. Only preliminary measurements of this 
associated photoproduction cross section have been 
available, but there is some indication that neither the 
excitation function nor the angular distribution varies 
significantly in the region 0.96-1.06 Bev and 60° <é 
<90°, which may indicate the importance of the 
s-state."* Further measurements of the angular distribu- 
tion, especially in the region 6=130°, will greatly 
clarify our understanding of the production matrix, 
and may throw light on the possibility of detecting 
nonconservation of parity. Once the numerical value 
of a is determined either from photoproduction or 
from other experiments, the study of the decay of the 
A particle, which serves as a “natural analyzer,” will 
give vital information on the structure of the production 
matrix itself, especially at higher energies where the 
conventional phenomenological approach may break 
down. 
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APPENDIX I 


In this section we speculate on the order of magnitude 
of the asymmetry parameter a from a field-theoretic 
point of view. We restrict ourselves to a decay interac 
tion of the Yukawa type'® rather than that of the 
Fermi type.'* 


Hine =OWVo(Ea+E8 V6)Ws 
t Od, 
t———Wplgvrtgv’versWa. (15) 


Mr OX, 


For simplicity we ignore the effect of the final state 
interaction, which is known to be small for the A 
decay due to the smallness of the pion-nucleon phase 
shift at the corresponding energy. 


“RK. R. Wilson (private communication); P. L. Donaho and 
R. L. Walker, Bull. Am. Phys. Soc. Ser. II, 2, 235 (1957). 

 Oneda, Hori, and Wakasa, Progr. Theoret. Phys. Japan 
15, 302 (1956). 

'M. Gell-Mann, Proceedings of the Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, Inc., 
New York, 1956). 
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It is evident from (15) that even if we require 
gs= gs =0 or gy=gy' =O, the value of a is completely 
undetermined. However, in the following special 
cases, which are somewhat suggested by recent experi- 
ments on weak interactions, definite values of @ can 
be obtained. 


Case (I). Scalar coupling; gs’ = 
gv =gv =0. Then 
2pe(Ly( Pe) +My) COSA 


gsie” with A real, 


a 


(Ey( pr) +M,)*+ p,’ 
Case (II). Vector coupling; gy’ = | gy\e", gs= gs = 0. 
2p.(My?— M,*)(E5(py) +My) cosr 
(Ey (pr) +My)? (Ma— M,)?+(Ma+M,)* 97 


(17) 


In (16) and (17), p, stands for the momentum of the 
decay pion in the rest system of the A. 
If invariance under time reversal is valid, then 


and * 
a= +0,10 


a= +0,89 


for Case (1), 
(18) 
for Case (11). 


If invariance under charge conjugation is assumed, 
then 

etw/2, 
and 

ax 


for both cases, to the approximation that the final-state 
interaction is negligible, 


APPENDIX I 

In this section we obtain the angular distribution 
and polarization when the incident y ray is polarized. 
We choose our coordinates in such a way that @ lies 
in the x—z plane, and k is along the z-axis as usual, 
Let the angle that e, which always lies in the «—y 
plane, makes with the x-axis for the pseudoscalar 

(scalar) K meson be g(y— 4). Then 
da/dQ= | A+ (B—C+4D)cosd |\*+-{| B+ 2C |? sin’ ¢ 
+|—B+C+4D)\* cos’ g)sin’@, (19) 


The polarization of the A is not necessarily in the 
direction perpendicular to the production plane. 
P(6)da/dQ 
= N sind Im[t{ A*(3C-+4D)+[ B*(3C+ 4D) 

-2C*D | cosb} sin’ g+ 29{ A*( B+ 2C) 

+ B*(3C—4D)—C*D) cod} sin’ y 

+ 2j{A*(B—C—4D)+ (— B*+C*)D cosd)} cos’ y 

+h{ —3B*°C—4(B*+2C*)D) sin2g]. (20) 

In this formula 4, j, k are unit vectors along the x, y, z 
axes, respectively. In particular, J= — (pj.X py)/ 


PinXpy|. Averaging over y, we readily obtain (9) 
and (10). 
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VYCLOTRON resonance has been observed in single 
crystals of tin at 24 kMc/sec. The possibility of 
observing cyclotron resonance in metals was first 
recognized by Azbel and Kaner,' who studied the 
problem by solving the transport equation. The problem 
has also been discussed by Chambers.’ Heine’ has 
rederived and extended the results of Azbel and Kaner 
using the ineffectiveness concept.‘ 

Cyclotron resonance in metals is observed under 
anomalous skin-effect conditions where the electron 
mean free path is large compared with the skin depth 
The static magnetic field and the microwave electric 
field are applied approximately parallel to the crystal 
surface and in this case to each other. The electrons 
contributing to the resonance execute helical motion, 
rising into the skin depth on each revolution, A resonant 
absorption will occur when the electrons arrive in the 
skin depth in synchronism with the microwave electric 
field or when H = H, m*cw/e, where H is the applied 
magnetic field, w the angular microwave frequency, 
m®* an effective mass which will be called the cyclotron 
mass, ¢ the electronic charge, and ¢ the speed of light. 
In contrast with the situation in semiconductors® 
where the oscillating electric field penetrates uniformly 
throughout the material, the confining of the electric 
field to the skin depth makes possible additional reso- 
nances at values of H=H./n, where n is an integer. 
These subharmonic resonances result from the larger 
orbits of the electrons in lower magnetic fields for which 
the electrons complete a revolution and return into the 
skin depth in m cycles of the microwave electric field. 

Coin-shaped single crystals were grown from 99.9999% 
pure tin obtained from the Vulcan Detinning Company. 
The surface was electropolished to a mirror finish, and 
care was taken to avoid straining the sample. The 
crystal was mounted in the microwave cavity so that 
its orientation with respect to the applied magnetic 
field could be varied. All measurements were made at 
4°K. Figure 1 shows a typical curve of dR/dH vs H, 
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Fic. 1. A ty pical curve of dR/dH vs H, showing the fifth 
rough the thirteenth subharmonics. 


where R is the real part of the surface impedance, as 
obtained from the microwave losses in the cavity con- 
taining the crystal. The fifth through the thirteenth 
subharmonics are visible. 

Faweett® has measured the magnetic field dependence 
of microwave absorption in single crystals of tin and 
found a maximum in the absorption which is probably 
correctly attributed to a cyclotron resonance. In the 
present work the identification of cyclotron resonance 
was verified by the observation of the predicted sub- 
harmonic resonances with values of » in some cases up 
to 15, and by the observation of the linear dependence 
of H, on microwave frequency. This linear dependence 
was determined from a 10% variation in frequency. 
Cyclotron masses from 0.2 to 3 electron masses have 
been observed. A clearly distinguishable pattern of sub- 
harmonics was observed only for certain sample orienta- 
tions, In some directions the anisotropy was sufficient 
to give a 50% change in cyclotron mass with a 3° change 
of orientation of the sample. For many orientations, 
patterns for two or more masses were superimposed, 
Curves showing many clearly defined subharmonics 
have been observed with the magnetic field at an angle 
as high as 30° from parallel to the crystal surface. 

The relatively strong signal at low field is not yet 
completely understood. Heine’ has suggested that it is 
associated with the changeover (at the field H, of 
reference 3) from the usual anomalous skin-effect con- 
ditions (1 =0) to the situation envisaged by Azbel and 
Kaner. In the latter the curvature of the path in the 
magnetic field pulls the electrons out of the skin depth 
and is an important factor in determining the surface 
current. Samples in which the mean free time r was 
evidently too short to allow observation of cyclotron 
resonance nevertheless exhibited the low-field effect. 
This might be expected since the requirement on r for 
the suggested mechanism is much less than for cyclotron 
resonance, However, this variation of microwave ab- 
sorption with magnetic field can be eliminated by 
etching and cold working the sample. No large ani- 
sotropy has been observed in the low-field effect. 
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rhe de resistance of a polycrystalline rod of the tin 
used was measured and the ratio of resistance at room 
temperature to that at 4°K was found to be 40.000. 
The assumption of one electron per atom and an 
effective mass equal to the electronic mass yields a re- 
laxation time r~30X 10~"! sec at 4°K. Relaxation times 
estimated from the resonance results range up to five 
times this value, implying mean free paths of the 
carriers involved in the resonance of the order of a 
millimeter. Experiments are in progress to determine 
as completely as possible the Fermi surface in tin and 
to extend the technique to other metals. 

The authors wish to thank Dr. Volker Heine for 
many valuable discussions. 
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ISCOVERY of an exponential temperature de- 

pendence of the electronic specific heat in super- 
conductors' suggested the existence of a gap in the 
one-electron energy states of order AE~kT., where T, 
is the superconducting transition temperature. This was 
followed by several electromagnetic experiments’ de- 
signed to reveal more of the details of the energy gap by 
studying the effect on superconductors of photons of 
energy hv~kT,.. A recently proposed theory of super- 
conductivity® has as one of its features a temperature- 
dependent energy gap. The present paper presents 
experimental evidence for such an energy gap obtained 
from microwave absorption studies of aluminum. 

An improved version of the apparatus described in a 
previous paper’ was used to obtain more accurate 
measurements of microwave absorption in aluminum 
(T,=1.175°K) over an increased wavelength and tem- 
perature range. Following convention we have expressed 
the absorptivity in terms of the surface resistance ratio, 
rez R/R, (where R and R, are, respectively, the surface 
resistances at a given temperature and in the normal 
state just above 7,). Measurements of r as a function 
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of the reduced temperature, ‘= 7/T,, at three wave 
lengths for an annealed, chemically brightened sample 
(Al 3)* are shown in Fig. 1. Unfortunately, the meas- 
urements at other frequencies were only made on an 
unannealed sample of slightly different design (Al 2) 
which showed a residual absorption at /=0, However, 
by subtracting this residual absorption from the total 
absorption at 0.6527, and 2.37k7,, the corrected curves 
for Al 2 were found to be in good agreement with the 
corresponding curves for Al 3. Thus, we included 
similarly corrected measurements on Al 2 at 1,23&7, 
and 1.5547, in our analysis. 

From Fig. 1 it will be seen that the curves do not 
drop abruptly as ¢ decreases below {= 1, in contrast to 
lower frequency measurements, but show a definite 
rounding which becomes more pronounced as we go to 
higher frequencies, This marked change in the character 
of the curves suggests that we are no longer in the region 
where the behavior predicted by the usual two-fluid 
model is obeyed but instead have encountered quantum 
effects associated with the existence of a gap in the 
electron energy states 

One quantum effect occurs when the photon energy, 
hv, exceeds the gap energy, SH, and transitions of 
superconducting electrons are induced across the gap, 
leading to absorption of energy. Since the proposed 
energy gap decreases with temperature,'’ vanishing at 
t=1, the photon energy required to exceed the gap 
becomes smaller as / increases. Thus, for each photon 
energy there exists a particular temperature above 
which the gap is exceeded and transitions across the 
gap occur. A second quantum effect associated with an 
energy gap is the modification of the shielding properties 
of the superconducting electrons from the London 








Fis. 1. Surface resistance ratio, 7, as a function of reduced 
temperature, {, at three wavelengths for aluminum. To avoid 
coutadet, some of the experimental data for (>1 have been 
omitted, Different symbols on the same curve indicate runs made 
on different days. The method by which the dashed curve was 
obtained is explained in the text 
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Fic. 2, Additional absorption resulting from quantum effects 
expressed in terms of Ar vs t 


behavior, leading to an increased penetration of the 
field into the metal when Ay~AE(1).4 Both of these 
effects lead to an increased absorption in excess of the 
“classical” (no energy gap) predictions. 

In order to determine the temperature at which our 
curves exhibit quantum effects, we first calculate the 
“classical” absorption, using a two-fluid model of 
superconductivity, the normal electrons being treated 
by the theory of the anomalous skin effect while the 
superconducting electrons are described by the London 
theory.’ The additional assumption \(0)/A() = (1—@*)! 
[where A(/) is the superconducting penetration depth 
at /|* makes it possible to scale up low-frequency curves 
to obtain the ‘‘classical’’ contribution to the absorptivity 
at higher frequencies. The curve resulting from scaling 
up our 0,65k7, data to 2.37kT, is shown by the dashed 
line of Fig. 1. The difference between this curve and 
the observed curve represents the additional absorption 
resulting from transitions across the gap and increased 
penetration of the field. 

The additional absorption at various frequencies is 
indicated by the plot of Ar vs ¢ in Fig. 2. At all but the 
highest frequency it is possible to determine the onset 
of the additional absorption with some confidence, At 
the highest frequency (Av= 3.0447.) we were unable to 
measure to sufficiently low temperatures to determine 
the onset temperature [we are at present limited to 
t= 0.75 (0.88°K) |, However, by continuing the curve 
as indicated by the dashed line, the intercept can be 
estimated as (0.55. If the actual shape of this curve 
resembles the lower frequency curves, then the onset 
occurs at a much lower temperature. 

On the assumption that the onset Of additional 
absorption occurs when Ay= SE(t), the observed tem- 
perature variation of the energy gap is shown in Fig. 3 
The horizontal extent of the symbols does not indicate 
the uncertainty in the determination; the right-hand 
extreme represents the intercept of the dashed lines of 
Fig. 2; the left-hand extreme, the intercept of the solid 
lines. At 3.0427, of course, no lower limit is determined. 
The solid line represents the theory of Bardeen, Cooper, 
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Fic. 3, The energy gap in aluminum as a function of reduced 
temperature (7,~1.175°K). The horizontal bars refer to the 
present experiment; the solid curve to the theory of Bardeen, 
Cooper, and Schrieffer; the dashed curve represents their theory 
scaled to AE(0) =3,0k7-, (suggested by specific heat data). 


and Schrieffer; the dashed line represents a scaling of 
their theory to AE(0)=3.0kT, (suggested by specifi 
heat data’), 

The present results are consistent with an energy-gap 
variation with temperature of the type predicted by 
theory.’ The value of the gap at absolute zero inferred 
from the measurements is between 3.0 and 3.5 kT. 
The complication of possible increased absorption due 
to increased penetration of the field into the sample 
when hvy~AE(1) prevents accurate experimental deter- 
mination of the gap width at each temperature; how- 
ever, at absolute zero, only if hy>AE(O), is r>0, 
independent of penetration effects, so that the gap, 
AE(0), can be determined uniquely. 

The results of Blevins, Gordy, and Fairbank? on tin 
are in disagreement with our results in that they find 
a sharp break in the r vs / curves at successively lower 
“transition temperatures” as they go to higher fre- 
quencies. This difference in behavior is discussed in 
detail in the accompanying letter on tin.’ 

Glover and Tinkham‘ have compared their measure- 
ments of the transmission of thin films of lead and tin 
with an energy-gap model of superconductivity at 
absolute zero. They measured at discrete microwave 
frequencies over the range 0.3k7, to 1.2kT, and broad 
bands of infrared energy starting at ~3kT, to ~40kT,. 
They conclude that, for the model they chose, the 
energy gap at absolute zero is of the order of magnitude 
of 3kT., in reasonable agreement with the present 
result. 

It is expected that more accurate information con- 
cerning the value of the gap at absolute zero and the 
variation of the gap with temperature may be obtained 
by an extension of our measurements to higher quantum 
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energies, ~6kT., and to lower reduced temperatures, 
rA.3, 

We wish to thank J. D. Wells for assistance with the 
microwave components and T. Holstein and A. T. 
Forrester for helpful discussions of the work. 
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HERE is now a considerable body of experi- 
mental'* and theoretical® evidence associating 
the superconducting state with an energy gap of the 
order of kT,, where 7, is the superconducting transition 
temperature. The absorption by superconductors of 
electromagnetic radiation with photon energies in this 
range provides a particularly direct approach to the 
study of such a gap. Tin, with a transition temperature 
of 3.72°K, is well suited to a study of this sort. It is 
easy to reach temperatures which are sufficiently low 
that absorption by normal electrons is very small, and 
that the superconducting energy gap, according to the 
latest ideas, has reached its limiting value. The interest- 
ing wavelength range, for a transition temperature of 
3.72°K, is 1 to 4 mm, a difficult but_accessible micro- 
wave region. 

For these wavelengths it is necessary to use crystal 
harmonic generators; therefore a technique is needed 
which is capable of operating with very small power 
levels. Accordingly, the experiment which has been 
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Fic. 1. Surface resisvance ratio of superconducting tin 
as a function of reduced temperature 


undertaken is one in which measurements are made on 
the temperature variation of the power transmitted by 
a length of superconducting tin wave guide—for the 
present work a piece of extruded tin of inside dimensions 
0.008 in. 0,122 in. and 12 in. long, with an average 
attenuation at the transition temperature of about 
1.5 db. In this work, direct measurements were made 
of the difference between the transmitted power levels 
at two temperatures. This was accomplished by having 
the crystal detector feed a receiver synchronized with 
periodic temperature variations in the sample, This 
technique gives a very accurate indication of the shape 
of the curves in the vicinity of 7, 
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FG. 2. A comparison between the surface resistance measure 
ments for tin by Blevins, Gordy, and Pairbank (dashed curves) 
and our measurements (solid curves and experimental points) 
in the vicinity of the superconducting transition temperature 





498 LETTERS TO 

The deduction of the surface resistance R from data 
on the transmitted power requires a knowledge of one 
additional parameter ; for example, the generated power 
reduced by the losses in the lines to and from the tin 
sample ; measurements of this have been made by using 
two different length samples. Our choice of this param- 
eter to make R-) as 7-0 is justified (a) by the 
measurements which lead to R/R,=0+0.25 at T=0; 
(b) by the work of Biondi, Garfunkel, and McCoubrey,* 
who find for aluminum that R-+0 as T--0 whenever 
hia /kT,.<2.5; and (c) by the expectation (which is 
consistent with our results) that the energy gap at 
T =0 is larger than any of the photon energies used in 
this work, 

Using appropriate dimensionless quantities, surface 
resistance is shown in Fig. 1 as a function of tempera 
ture, for several frequencies. Independent of the choice 
of the value of R/R, at T=0, our curves do not show 
the outstanding characteristic found in similar studies 
on tin by Blevins, Gordy, and Fairbank,’ i.e., a marked 
decrease in the “temperature for the onset of super- 
conductivity” with increasing frequency, as shown in 
two of their curves reproduced in Fig. 2. All of our 
curves are seen to drop away from R/R,=1 at a single 
temperature. The differences between our curves and 
those of Blevins ef al. lie outside the indicated scatter 
of either experiment 

It is apparent that the values of R/R,, for tempera- 
tures just below 7, are greater for hw/kT,>1 than 
could be expected from the nature of the low-frequency 
curves. The appearance suggests that an absorption 
process not active at lower frequencies has become 
important. Following the analysis for aluminum, differ 
ences have been taken between the actual R/R, curves 
and those scaled up from low-frequency data on the 
basis of a two-fluid model. If it is assumed that these 
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kia. 3, A comparison between the energy gaps inferred from 


our measurements and the theoretical curve of Bardeen, Cooper, 


and Schrieffer 
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differences are due to an absorption by the super- 
conducting electrons, it is possible to make an estimate 
of the temperature for which the energy gap is equal to 
the photon energy for each curve. Values so obtained 
are compared with the theoretical curve of Bardeen ef al,’ 
in Fig. 3. Because absorption per unit volume and 
penetration depth are intimately tied together in de- 
termining the surface resistance, the proper evaluation 
of the errors made in our determination of the gap 
requires a much more involved analysis. While the 
agreement in Fig. 3 is gratifying, a more rigorous com- 
parison of theory and experiment will be obtained 
when calculations of the absorptivity from the theory 
of Bardeen, Cooper, and Schrieffer become available. 

We would like to thank T. Holstein for numerous 
discussions of this work. We are very grateful to R. S. 
Oh! of Bell Telephone Laboratories, who supplied the 
silicon crystals used in our harmonic generators, and 
who gave us some valuable suggestions concerning 
their use. 

? Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 102, 
656 (1956); W. S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 
662 (1956); B. B. Goodman, Compt. rend. 244, 2899 (1957), 

* Blevins, Gordy, and Fairbank, Phys. Rev. 100, 1215 (1955). 

* Biondi, Garfunkel, and McCoubrey, Phys. Rev. 101, 1427 
(1956). 

*R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956), 
and to be published, M. Tinkham, Phys. Rev. 104, 845 (1956). 

* Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957), 
and to be published. 

Rev. 108, 495 


* Biondi, Garfunkel, and McCoubrey, Phys 
(1957), preceding Letter. 


Dislocations in Whiskers 


W. W. Wess, R. D. Dracsporr, ann W. D. Forcenc 
Metals Research Laboratories, Flectro Metallurgical Company, 
Division of Union Carbide Cor poration, 

Niagara Falls, New York 
(Received August 26, 1957) 


HE discovery of the exceptional! strength of thin 

filamentary crystals or ‘‘whiskers” of tin' has 
prompted development of detailed theories’* of the 
growth and defect structure of whiskers, all of which 
are based on the operation of screw dislocations in the 
whiskers. However, no conclusive experimental evi- 
dence for these screw dislocations has yet been reported, 
We have studied a variety of whiskers using an x-ray 
technique and have observed screw dislocations in some 
of them. 

Earlier attempts to detect screw dislocations in 
whiskers using x-ray diffraction methods have been 
made** by exploiting a calculation by Eshelby’ showing 
that a screw dislocation parallel to the axis of a cylindri- 
cal whisker produces a lattice twist about the axis 
given by a= (b/#R*)/(1—£/R*), where b is the Burgers 
vector of the screw dislocation, R is the whisker radius, 
and £ is the displacement of the dislocation from the 
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whisker axis.* We have used an improved technique? in 
which the lattice twists are determined from the tilt 
of equatorial Laue spots obtained by utilizing x-rays 
from a microfocus tube, and recorded on a cylindrical 
camera coaxial with the whisker. The twist is given by 
a=k tanp, where p is the tilt angle of the Laue diffrac- 
tion image of the whisker and & is a constant determined 
by camera geometry which is so arranged that the Laue 
spots are distorted only by twisting of the diffraction 
planes in the whisker. Effective precautions are taken 
to avoid any deformation during handling, and motion, 
misalignment, or strain during exposure, 

Our most common observation with whiskers of zinc, 
copper, iron nickel, manganese, and sometimes silver 
and palladium grown by chemical reaction® is the lack 
of any detectable lattice twist. Any twist more than 
0.01 that expected of a prime axial screw dislocation 
would have been observed. This does not eliminate a 
dislocation mechanism for growth of these whiskers 
because there may be (1) an even number of parallel co- 
operating screw dislocations with equal magnitudes of 
Burgers vectors of each sign, or (2) a screw dislocation 
that climbs or is forced out through the lateral surface 
of the whiskers. 

On the other hand, nine sapphire (a-Al,O;) whiskers’: ” 
with (00-1) growth axes were each found without 
exception to contain an axial screw dislocation with a 
Burgers vector equal to an integral multiple of the 
prime Burgers vector in the (00-1) direction. These 
dislocations are clearly shown by axial pores about 0.1 
to 1.0 in diameter as predicted by Frank.’' The x-ray 
measurement of the lattice twist used to compute 6 
was confirmed by optical observation of the twist of 
the (10-0) facets on the lateral surfaces of the whiskers. 

Numerous whiskers of silver, palladium, and copper 
grown by chemical reaction appeared as single crystals 
in the form of both helices and nominally straight but 
twisted prisms. A nominally straight silver whisker and 
a helical palladium whisker,’ both with low-index 
growth axes, showed large axial twists corresponding 
to screw dislocations with large Burgers vectors. The 
observed lattice twists could be accounted for by an 
axial dislocation (or group of dislocations) with a net 
Burgers vector equal to an integral multiple of atom 
periodicities in the direction of the growth axis. A single- 
crystal helical copper whisker showed no lattice twist. 
Several straight palladium whiskers in the form of 
tightly twisted prisms showed high-index growth direc- 
tions close to the (211) direction and lattice twists 
corresponding to Burgers vectors from zero to un- 
measurably large values. 

We conjecture that the contortions of these whiskers 
are due to climb of the dislocation inside the tip of the 
whisker during growth due to condensation of <0.1% 
vacancies that are trapped in the lattice at the tip of 
the whisker during growth. This forces the point of 
intersection of the dislocation with the surface to 
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prescribe a helical path which successively crosses the 
several facets comprising the growing whisker tip, thus 
periodically changing the effective growth direction. 
The observed growth forms can be accounted for by 
variations of the ratio of the radius of gyration of the 
dislocation terminus to the radius of the whisker, the 
ratio of the rate of gyration to the rate of growth, and 
the orientation of the net Burgers vector. 

In most of our tin whiskers grown by stress activation 
no lattice twist was detected, but two had uniform 
twists corresponding to calculated Burgers vectors for 
axial dislocations of about 0.2 and 0.4 A. Previcusly, 
Treuting* reported small lattice twists in tin whiskers 
that may have been plastically deformed, while Hirsch*® 
reported that no twists were detectable 

The hypothesized presence of screw dislocations in 
some whiskers has been unequivocally confirmed, and 
some complexities of their behavior have been noted 
Further details of our observations will be published 
later. 


'C. Herring and J. K. Galt, Phys. Rev. 85, 1060 (1952); 
Compton, Mendozza, and Arnold, Corrosion 7, 327 (1951) 

* J. D, Eshelby, Phys, Rev. 91, 755 (1953); F. C. Frank, Phil 
Mag. 44, 854 (1953); Amelinckx, Bontinck, Dekeyser, and Seitz, 
Phil. Mag. 2, 355 (1957) 

*G. W. Sears, Acta Metallurgica 1, 457 (1953); S. S. Brenner, 
Acta Metallurgica 4, 62 (1956); W. W. Piper and W. L. Roth, 
Phys. Rev. 92, 503 (1953) 

*R. G. Treuting, Bull. Am. Phys. Soc 
Acta Metallurgica $, 173 (1957) 

*P. B. Hirsch, Lake Placid Conference (1956) 

‘p Shlichta, Bull. Am. Phys. Soc. Ser. II, 2, 263 (1957) 

J. D. Eshelby, J. Appl. Phys. 24, 176 (1953) 

* According, to unpublished calculations of J. Ford and 1 
Vreeland, only small corrections are necessary in using Eshelby’s 
formula for axial dislocations in whiskers of square or hexagonal 
cross section. 

*R. D. Dragsdorf and W. W. Webb (to be published) 

“W. W. Webb and W. D. Forgeng, J. Appl. Phys. (to be 
published) 
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High Negative Nuclear Polarizations 
in a Liquid’ t 
Torery 


Lawrence H, Benwetr anno H. C 


Department of Physics, Rutgers U niversity, 
New Brunswick, New Jersey 
(Received August 19, 1957) 


if gover partially saturating the electron spin reso 
nance (ESR) in a solution of sodium and naph 
thalene in 1,2-dimethoxyethane, we have observed by 
means of a simultaneous nuclear magnetic resonance 
(NMR) experiment, negative nuclear polarizations of 
the proton spins of up to sixty-five times the equi 


librium value. We cail this an inverted Overhauser 
effect.'* 
The naphthalene in the solution is ionized by the 


addition of an electron forming an ionic free radical.’ 
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We have detecved the ESK of this free radical by means 
of an amplitude bridge* at 50 Mc/sec in a steady field 
of 178 oersteds. The width between maximum and 
minimum slopes was 2.6 oersteds. In the same steady 
field, we observed the proton resonance of the solvent 
ether at 76.8 kc/sec using a modified Pound-Watkins 
spectrometer, (In the approximately 0.1N solution we 
used, less than one percent of the observed NMR is 
contributed by the protons of the naphthalene.) Small 
sine-wave modulation of the steady field at 200 cycles/ 
sec provided the derivative of the absorption curve 
which was monitored by a phase-sénsitive lock-in de- 
tector, the output of which is proportional to the 
nuclear polarization, Simultaneously, the ESR is par- 
tially saturated by applying a large 50-Mc/sec voltage 
across a two-turn coil, within which is located both the 
nuclear resonance coil and the free-radical sample. The 
50-Mc/sec magnetic field H, is proportional to the 
voltage; hence the saturation factor s (s@y?H,’T\T:) 
is proportional to the square of the voltage. Voltages 
(V ) from zero to 400 volts rms were used corresponding 
to values of s from zero to about one-quarter. A plot 
of the experimental values of nuclear polarization as a 
function of V* is shown in Fig. 1. A represents the signal 
on the lock-in detector; A» the value of A with zero 
50-Mc/sec voltage applied. A/Ao is the amount of 
nuclear polarization achieved, The effect of a very 
small degree of saturation of the ESR is to depolarize 
the nuclei. Higher saturation levels of the ESR cause 
the proton polarization to increase in the negative 
direction, corresponding to a larger number of nuclei in 
the upper energy state. This situation has some of the 
characteristics of a negative absolute temperature. 
However, as has been pointed out by several observers,° 
the Overhauser effect is not an equilibrium process and 
hence the concept of negative temperature is not 
thermodynamically applicable to it. 

When negative polarization of the protons is achieved, 
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the detection of the NMR is not by absorption but by 
stimulated emission, suggesting the possibility that the 
Overhauser effect could be used for a low-noise molecular 
amplifier. 

The nuclear polarization expected is 


A it 2 


Ag 2%n l+s 


(1) 


We call s(obs) the values of s obtained from Eq. (1) 
when the experimental values of A/Ao are inserted. 
A plot of s(obs) against V* (Fig. 2) yields a straight 
line with slope 1.51 10~*. If we assume 7 = 7; for the 
electrons and insert the value of 17, at the center of the 
ESR coil computed from the geometry as a function 
of V, we get s= 1.58 10~* V*, in good agreement with 
Fig. 2. The fact that the effect is substantially complete 
for each degree of saturation is in good accord with the 
assumption that the protons can only relax to the 
lattice via their magnetic dipolar interaction with the 
“free” electron. If, for example, an I-§ interaction 
dominates, the normal Overhauser effect would be 
observed. This was the case for sodium dissolved in 
liquid ammonia, which is the only example of an 
Overhauser effect in a liquid previously reported.* 

We expect to make a study of the concentration 
dependence of the effect. 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command, and also by the Rutgers University 
Research Council. 

t Since submission of this letter, we have learned of somewhat 
similar results obtained in a different material by Abragam, 
Cambrisson, and Solomon, Compt. rend, 245, 157 (1957). 

1A. W. Overhauser, Phys. Rev. 92, 411 (1953). 

* A. Abragam, Phys. Rev. 98, 1729 (1955). 

‘Lipkin, Paul, Townsend, and Weissman, Science 117, 534 
(1953). 

*H. A. Thomas and R. D. Huntoon, Phys. Rev. 20, 516 (1949). 


* For example, C. P. Slichter, Phys. Rev. 99, 1822 (1955). 
*T. R. Carver and C. P. Slichter, Phys. Rev. 102, 975 (1956). 
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Photoproduction of K Mesons in Hydrogen* 


A. Sitverman, R. R. Winson, anp W. M. Woopwarp 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received August 28, 1957) 


E have used the 1080-Mev bremsstrahlung beam 

from the Cornell electron synchrotron to measure 
the differential cross section for production of Kt 
mesons at 155° center-of-mass angle by 1-Bev photons. 
The experimental arrangement is shown in Fig. 1. 
Positively charged particles in the momentum interval 
(175+10) Mev/c are bent through 90° by the double 
focusing (n=4) magnet, M. A particle emerging from 
the magnet is identified as a K particle if it makes 
sufficiently large pulses in counters A, B, C, and D 
together with a count in the side counter Z within 
5X10~* sec of the prompt A B C D coincidences. 
Counter E is a cylindrical shell of Scintillon whose 
o.d. =8 in., i.d.=4 in., and length =6 in. Discrimination 
against mesons, whose flux is about 5 10* that of the 
K’s, is accomplished by demanding large pulses in A, B, 
and C, # mesons of momentum 175 Mev/c give pulses 
about } that of K’s of the same momentum. Protons of 
this momentum stop in counter B. The gains on 
counters A, B, and C are adjusted by observing the 
pulse-height distribution produced in each of the 
counters by # mesons and protons. Protons are ob- 
served in B, C, and D by removing the necessary 
counters, This pulse-height requirement, together with 
the momentum selection is, in principle, sufficient to 
select K mesons. However, with counters A, B, and C 
set to eliminate # mesons, the coincidence rate in 
A, B, C, and D is still 50 the K-meson rate. These 
coincidences, which are less than 1% of the x mesons 
traversing the magnet, probably arise from # mesons 
and protons which traverse the magnet in some un- 
predicted way, i.e., scattering from the pole faces, and 
so do not have the predicted pulse heights in counters 
A BC. To eliminate this background we require 
counter E to detect at least one of the decay particles 
of the K mesons, With this additional requirement, the 
background is less than 10% of the K rate. 
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Fic, 1, Schematic arrangement of the apparatus (not to scale). 
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The D E coincidences are made with two different 
resolving times—5 X10~* sec and 5X10" sec. The fast 
resolving time is chosen to be long compared with the 
K lifetime (rg =1.24X10~* sec) so that not many K’s 
will be missed ; and short compared to the w-e lifetime 
(r,= 2,22 10~* sec) so that the efficiency for w-e detec 
tion is poor. The slow coincidences (Tresoiving = 5X 10~' 
sec) are taken to obtain information about the acci- 
dental rate and the w-e contamination, It is possible for 
a slow r meson to stop in counter D, decay into a 
w# meson which remains in counter D, and then have 
the electron from the yw-e decay register in counter £, 
This would, of course, satisfy the criteria for a K meson. 
he ratio of accidental counts and the w-e background 
in the fast and slow channels should both be in the 
ratio of the two resolving times. By making both the 
slow and fast coincidences we could determine that both 
of the foregoing background sources were negligible. 
The reaction being observed is presumably y+p-> 
K*+A°. The. other known reactions by which K's 
could be produced are ruled out by the kinematics and 
the peak beam energy. The observations were made at 
a laboratory angle (between the K meson and the y-ray 
beam) of 34°. The K’s were produced at a center-of 
mass angle of (155410)° by y rays of energy (990+ 30) 
Mev. The target was liquid hydrogen. Let Riux be the 
upper end of the bremsstrahlung spectrum, Obser 
vations were made under the following conditions 
(a) Rinax = 1080 Mev, target full; (b) Rin. 1080 Mev, 
target empty; (Cc) Rmax = 900 Mev, target full, The last 
run was taken as a measure of the non-K-particle con 
tamination since the threshold for the reaction y+ p-* 
K*-+-A° is 910 Mev. The results are shown in Table I 


Tasve IL, Production and background counts for the reaction 
y+ p-+K*+A® at a laboratory angie of 34° 


Target Integrated beam 


Full 


Empty 
Full 


13.8 K10'* Mey 
4.87 10" Mey 
5.83 10" Mey 


The single count in the &,.,=900 Mev run is con 
sistent with the expected accidental rate. The expected 
accidental rate at the lower beam energy is about five 
times as great as that at the higher energy because of 
the shorter time spread of the beam. 

The corrections for decay in flight and efficiency of 
counter E detecting one of the decay products are made 
assuming a lifetime for all K’s of 1.24K10~* sec and 
the usual distribution of decay modes,’ There is at 
present no information about the distribution from K's 
produced by y rays. After the appropriate corrections 
are made, the cross section measured is 


155°) = (0,89+-0,21) K 10°"! cm?/sterad 
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for a 7 ray of energy (990430) Mev. The error is 
statistical, We estimate systematic errors to be about 
OY, primarily arising from uncertainty about the 
bremsstrahlung spectrum close to the upper end. The 
beam integration was carried out using a total absorp- 
tion ion chamber.’ 

Measurements of the photoproduction of K mesons 
by 1-Bev y rays have been reported previously by 
Donoho and Walker at the California Institute of 
Technology.’ Their measurements together with ours 
are plotted in Fig. 2, The curves drawn are from calcu- 
lations by Fujii and Marshak.‘ The curve labeled 5S’ is 
caleulated for a scalar K meson and the one labeled 
PS’ is for a pseudoscalar K meson. An anomalous 
magnetic moment of 1.793 nm is taken for the proton 
and 1,212 nm for the A° in both cases, The form of the 
curve for salar K mesons is typical of photoelectric 
production (retarded sin*#) and seems to be rather 
insensitive to the detailed assumptions of the theory. 
The PS’ curve depends critically on the assumption of 
the theory, particularly the sign and magnitude of the 
anomalous moment of the A®. The absolute values of 
the cross sections determine the coupling constant 
Gwa®/4e which is otherwise arbitrary in the theory. 
The results are consistent with a scalar K meson with 
a coupling constant Gy«a’/4r= 3241. This is a rather 
large coupling constant. It should be emphasized that 
the above statement is meant to indicate a trend and 
should not be taken as strong evidence against pseudo- 
scalar K mesons.’ Because of the sensitivity of the 
calculations to the precise choice of anomalous moment, 
the present experimental data are insufficient to allow 
a reliable choice between the scalar and pseudoscalar 
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Fi6. 2. Plot of the measured differential cross sections from 
this experiment and that of Donoho and Walker. The curves 
labeled PS’ and 5S’ are taken from the calculations of Fujii and 
Marshak. The assumptions under which the calculations were 
made are discussed in the text 
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theories to be made. This decision must await more 
complete information about the angular distribution, 
particularly at forward angles. 
* Supported in part by the joint program of the Office of Naval 
Research and the U. §. Atomic Energy Commission. 
' Hoang, Kaplon, and Yekutieli, Phys. Rev. 105, 282 (1957). 
This r contains many other references. 
, *R. R. Wilson, Nuclear Instr. 1, 101 (1957). 
» *P.L. Donoho and R. L. Walker, Phys. Rev. 107, 1198 (1957). 
‘A. Fujii and R. Marshak (private communication). See also 
A. Fujii and R. Marshak, Phys. Rev. 107, 570 (1957), and 
M. Kawaguchi and M. J, Moravesik, Phys. Rev. 107, 563 (i957). 
* In fact, the K meson could be a parity doublet and have both 
scalar and pseudoscalar components 


Time Reversal in Nuclear Interactions* 


E. M, Hentey, Department of Physics, University of Washington, 
Seattle, Washington; and Brookhaven National 
Laboratory, U pton, New York 
AND 
B. A. Jaconssonn, Department of Physics, University 
of Washington, Seattle, Washington 
(Received August 19, 1957) 


HE recent demonstration’ that parity conserva- 
tion, charge-conjugation invariance, and perhaps 
time-reversal (TR) invariance do not hold in weak 
interactions should cause physicists to re-examine the 
foundations of their beliefs that strong interactions are 
invariant with respect to these symmetries. Lee and 
Yang’? summarize some of the older evidence for 
believing in the parity conservation of strong inter- 
actions; their conclusions have been considerably 
strengthened by recent experiments,’ which indicate 
that states with opposite parity are not mixed by 
nuclear forces with amplitudes as large as 10~* to 10~*. 
We have accepted the evidence for parity conserva- 
tion in strong interactions as amply convincing, and 
have examined in some detail TR invariance in nuclear 
interactions. One conclusion of this study is that the 
present data do not exclude the possibility that nuclear 
forces which are odd with respect to TR may be present 
with a strength of as much as 10-20% of the total 
force. This figure is obtained from angular correlation 
studies* of successive radiations in Hg"*, as well as 
from the reactions*~’ p+ H*e2n-+ He’, p+ He*=7+ Het," 
and p+Li’d+Li*. In angular correlations, if one of 
the radiations in a cascade consists of a superposition 
of two angular mementa, then TR invariance predicts* 
an interference term with a phase of 0° or 180°. The 
most sensitive determination of the phase that we 
have found is in the angular correlation of thet 
2(£2+-M1)2(£2)0 cascade in Hg" in which the phase 
is found to be larger than 159°. In nuclear reactions, 
the lack of TR invariance would be manifested by the 
nonreality of certain matrix elements and by the con- 
sequent lack of the reciprocity property of the S matrix, 
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For the reactions listed above, forward and backward 
cross sections satisfied the reciprocity condition to 
within 20%. 

A second conclusion of our study, which we expect to 
amplify in a forthcoming detailed paper, is that many 
experiments which initially seem to test TR invariance, 
actually may not be sensitive to this symmetry. Thus, 
the lack of TR invariance does not rule out detailed 
balance in many reactions. This is assured by the 
Hermitian property of the Hamiltonian, for example, 
when first-order perturbation theory applies and spins 
are not measured. A less familiar restriction is im- 
posed by the unitarity property of the S matrix, which 
implies that (a|.S|b)=exp(ids)(b|S!a) on the energy 
shell, when, for example, only two channels are open. 
An academic illustration is the s-wave interaction 
n*-+ne2n"+p. In most nuclear reactions a model is 
necessary before the sensitivity of detailed balance with 
respect to TR invariance can be predicted. The usual 
models’: predict a lack of sensitivity to TR invariance 
in p+ pe2nt+d, and in the forward angular distribu- 
tions of direct processes such as (d,p) and (p,d) re- 
actions. 

There are effects in elastic scattering which can in 
principle reveal a breakdown of TR invariance, but 
those we have examined are only of second order in the 
force terms that change sign under time reversal. For 
example, in a double scattering in which the second 
process takes place at the same energy and angle as the 
first, o(left-left)—o (left-right) can be negative only if 
TR invariance is violated. It is unfortunate that experi- 
mental evidence exists'' only for a system of total 
spin 4, in which special case the positiveness of the 
above quantity follows from parity conservation and 
rotational invariance alone. 

We hope that the above discussion will encourage 
physicists to perform high-precision experiments to 
test TR invariance in nuclear physics. In detailed 
balance experiments it is important to have many 
competing channels open.'* For correlation experiments 
of successive radiations, the most sensitive measure- 
ment of the interference phase of two competing 
radiations occurs when these are about equal in strength 
and are followed or preceded by a pure radiation. In 
correlation experiments, a null-type test of TR in- 
variance has been suggested by Lee and Yang.” The 
detection of a term of the form (p- kx k’)k-k’, where 
p is the momentum of the electron preceding gamma-ray 
emission and k and k’ specify the directions of two 
successive gammas, would prove that TR invariance 
cannot hold in strong interactions. A further test of 
TR invariance in nuclear interactions occurs in beta 
decay ; for example, experiments suggested by Jackson, 
Treiman, and Wyld" determine not only TR invariance 
in beta decay, but also in strong interactions, If TR 
invariance is found not to hold in such experiments, 
it becomes all the more important to determine whether 
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the breakdown occurs because of weak 


interactions. 


or strong 


* Supported in part by the U. S$. Atomic Energy Commission. 

' Wu, Ambler, Hayward, Hoppes, and Hudson, Phys. Rev, 105, 
1413 (1957); Garwin, Lederman, and Weinrich, Phys. Rev. 105, 
1415 (1957); J. I. Friedman and V. L. Telegdi, Phys. Rev. 105, 


1681 (1957) 
* T. D. Lee and C. N, Yang, Phys. Rev. 104, 254 (1956), 
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Rev. 107, 1203 (1957). 
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Absence of Interference Effects in the 
6 Decay of Polarized Co” and 
Co” Nuclei 


E. Amecer, R. W. Haywarp, D. D. Hoppgs, 
ano R. P, Hupson 
National Bureau of Standards, Washington, D. C., 
(Received August 19, 1957) 


N an earlier communication! we reported that the 
asymmetry of the electrons emitted from polarized 

Co nuclei was approximately one-third that from 
Co” It was concluded that the interference term 
between the Fermi and Gamow-Teller interactions was 
quite small, that a reinvestigation of the magnitude of 
the ratio |My!*/|Mor|* would be important for a 
precise interpretation of the results, and that further 
information on the coupling constants Cy, Cy’, C4, and 
C4’ would be necessary in order to correlate the experi- 
mentally observed asymmetry with the theoretical 
predictions.’ 

In order to examine further the effects on this asym 
metry of an interference between the Fermi and 
Gamow-Teller interactions, we have performed addi 
tional experiments with polarized Co” and Co nuclei, 

The measurements made on Co“ employed essentially 
the same apparatus and methods used in the measure- 
ments on Co® and Co, the difference being that the 
warmup times were increased to about 30 minutes 
Although the decay scheme of Co“ is rather complex,’ 
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the positron group of 1.50-Mev maximum energy de- 
caying to the second excited state in Fe was used 
without appreciable interfering effects from other 
radiations. This state in Fe decays by cascade emission 
of 1,24- and 0,845-Mev gamma rays. Although the spin 
sequence 4*(8)4*(7)2*(7)0* is well known,‘ the ob- 
served gamma-ray anisotropy cannot be used as a 
reliable criterion for the degree of polarization achieved 
since both the 1.24- and 0.845-Mev transitions are fed 
also by transitions from higher levels in Fe** where the 
spins and level sequence have not been definitely 
established, Nevertheless, the temperature achieved in 
the source after adiabatic demagnetization may be 
taken to be the same as that achieved with sources of 
Co® and Co“ mounted on cerium magnesium nitrate 
crystals in identical geometries. Knowledge of this 
temperature combined with the measured value of the 
magnetic moment® of Co“ allows the value of (J,)/J to 
be calculated.’ The observed asymmetry coefficient 
a’ ma/{((J,)/J)(0/c))\, corrected for scattering effects 
and Compton-electron background, is 0.2214-0.021. 
In Fig. 1 this value for a’ is compared with the pre- 
dictions of the two-component’ neutrino theory and the 
twin-neutrino’'” theory as a function of the Fermi to 
Gamow-Teler mixing ratio for various combinations of 
the scalar, vector, and tensor beta interactions. The 
combinations involving the axial vector interaction are 
not compatible in general with the experimental] results. 

In Co™, one of the possible explanations for the 
apparent lack of an interference term between the Fermi 
and Gamow- Teller interactions is that the cross products 
involving the scalar and tensor coupling coefficients are 
imaginary quantities.’ This explanation implies, of 
course, that time-reversal invariance is violated, and it 
becomes most important to check this aspect. Curtis 
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Fo. 1, Theoretical beta asymmetry es Fermi to Gamow-Teller 
mixing ratio for Co, The dashed lines represent the range of the 
experimental value. 7'+.S means that Cr and Cs are real and like 
in sign. 7 +45 means that Cs is imaginary but like Cr in sign 
The curves representing the two-component theory are labeled 
with the coupling t and those representing the twin-com- 
ponent theory are labeled “‘n” for all the coupling types considered. 
The average momentum of Co beta —_ has been used to 
calculate terms involving momentum dependence 
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and Lewis"' and Morita and Morita" have calculated 
a beta-gamma correlation function for transitions in 
oriented nuclei which may be used as a means of 
determining the validity of time-reversal invariance in 
the beta interaction involving Fermi and Gamow- 
Teller interference. The pertinent portion of their 
correlation function is given as 


W (J pk) =14+-((5/7) (4) fo(I - px kh) (I -k) 
+(10/3)(4) fal -pxk)P.(J-b)) 


x Im| CxCr"*+C¥'Cr* —CyC," 


Za 
—Cy'Cy*Fi—(CC," 
p 


+CsCut—CyCr"*-Cy'Cr)| 
v b 
X | Mv! |Mor| - 2/|e(1+—)] 
¢ W 


1 
f= man —4J(J+1)), Pa (u)=$(78—3u), 


where 


l 
f= 1X mdm (1/T)(6P°+6) — 5) ¥ mm 


+(3/35)J(J—1)(J+1)(J+2)), 


and where J, f, & are unit vectors in the direction of the 
orientation axis, the electron momentum, and the 
photon momentum, respectively. It should be noted 
that the correlation function gives a term that is asym- 
metric under reflection in the plane J, p. It should also 
be noted that the coupling coefficients involved here 
are the same as those appearing in the interference 
term of the expression’ for the beta asymmetry, except 
that the roles of the imaginary parts and the real parts 
are interchanged, 

An experiment was performed to measure this corre- 
lation, Co nuclei were polarized along the x axis by 
application of an 800-gauss magnetic field. Coincidences 
were recorded between betas emitted in a 1.6% solid 
angle along the s axis with »/c>0.5 and each of two 
gamma-ray channels. Each channel) consisted of two 
detectors connected in parallel and located diametrically 
opposite one another in the x-y plane, and individually 
subtending a 2% solid angle at the source. These 
detector-pairs were positioned symmetrically with re- 
spect to, and made an angle of 37° on either side of, 
the polarization axis. The coincidence resolving time 
was approximately 0.6 usec, giving a chance coincidence 
rate about 0.8 that of the true coincidence rate. The 
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Fic, 2. Theoretical beta-gamma correlation and beta asymmetry 

vs Fermi to Gamow-Teller mixing ratio for Co*. The terminology 


is the same as in Fig. 1. The arrow indicates the measured value 
of Griffing and Wheatley for the mixing ratio. 


individual counting rates of the beta and gamma 
channels were observed as well. An additional gamma- 
ray counter was placed in the plane perpendicular to 
the axis of the polarization to monitor the gamma-ray 
anisotropy from which the average nuclear polarization 
can be determined, About 10° coincidences were re- 
corded in each channel with the nuclei polarized, and 
an equal number recorded with the nuclei randomly 
oriented. 


rHE EDITOR 505 

The observed correlation [W (J,p,4)—W (J, —, k)] 
(Wp A+W OC, —p, k)] corrected for backscattering 
effects is —0.014+-0.034, In Fig. 2, this value is com- 
pared with the predictions of the simple theories referred 
to above evaluated for the average positron velocity 
and the values of f; and f, as determined from the 
gamma-ray anisotropy. Also in Fig. 2, the beta asym- 
metry coefficient, a’ = 0.325+-0.047, obtained from our 
earlier experiments,' is compared with the predictions 
of these theories. 

For the two-component theory, it appears that there 
is a conflict between the value of the Fermi to Gamow- 
Teller mixing ratio measured by Griffing and Wheatley" 
and the supposition that the Fermi interaction is scalar, 
whether the interference terms are either real or 
imaginary. The measurements of Boehm and Wapstra" 
on the beta-gamma circular-polarization correlation in 
Co™, involving the real part of the interference terms, 
are in agreement with our results. 

We wish to thank R. B. Curtis, R. R 
M. Morita, and C. S. Wu for discussions leading to 
the beta-gamma correlation experiment 
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